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Abstract

This paper presents the results of 120 determinations

of the shear modulus (G) of a saturated granular soil
(20-40 Ottawa sand) in different conditions of relative
density (D,), effective consolidation pressure (0,) and level
of torsional excitation (T,). The equipment used was a
resonant-column apparatus manufactured by Wykeham
Farrance and the tests were performed with relative density
values of 20, 40, 60 and 80%, effective consolidation pres-
sures of 50, 100, 150, 200, 250 and 300 kPa, and torsional
excitations of 0.025, 0.05, 0.1, 0.2 and 0.4 volts (V), leading
to shear strains (y) between 0.002% and 0.023%. The
results led to very simple empirical expressions for the shear
modulus as a function of the angular strain for different
effective consolidation pressures and void-ratio values.

1 INTRODUCTION

The dynamic behaviour of granular soils has been
intensively studied around the world for several decades
now and the results obtained from various research
programs are disseminated through the proceedings of
international conferences and indexed journals related
to geotechnical engineering. Since there is abundant
information on the dynamic behaviour of granular soils
and many of the topics dealt with are commonplace; this
paper will only focus on references directly related to
resonant-column tests, either from the point of view of
the development of the test itself or from their utilization
to obtain shear-wave velocities, shear-stiftness moduli
and damping ratios.

The resonant column was first used by Ishimato and lida
(1937) [1] and Iida (1938, 1940) [2, 3] to test Japanese
soils, and then nearly two decades later by Bishop (1959)
[4]. Since the 1960s, this technique has been widely used
in many countries and has been subjected to countless
modifications in the restraints applied to the speci-

men ends. Some of the many works on this matter are
described below. For the sake of clarity, the references
have been grouped by the main objective of the research
rather than following a chronological order. Appearing
first are the most relevant analyses of the test apparatus
itself and of how to use the resonant column. Wilson
and Dietrich (1960) [5] used one of the most novel - at
that time — resonant columns in the USA to test clay
samples. Hall and Richard (1963) [6] designed and
developed a “fixed-free” resonant-column apparatus, i.e.,
the specimen is fixed at the base and free at the upper
end, therefore allowing the soil samples to be subjected
to torsional and longitudinal vibrations. Drnevich et

al. (1966, 1967) (7, 8] developed equipment for hollow
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cylindrical soil specimens, to determine the shear modu-
lus and the damping ratio under large deformations;

the reason for using hollow specimens being related

to the difficulty in obtaining a representative value of
the angular strain in solid samples. In addition, they
developed the theory in which the interpretation of the
results obtained from the resonant column test is based.
The operational principle of resonant-column equip-
ment, the calibration recommendations, the processing
of the data and the interpretation of the results were
clearly described by Drnevich et al. (1978) [9]. Menq
(2003) [10] developed a resonant-column apparatus that
allows testing of specimens up to 15 cm in diameter that
was used to study the dynamic properties of sand and
gravel. Clayton et al. (2009) [11] used aluminium rods
of various diameters to evaluate the polar moment of
inertia of the excitation system (I,) and found that this
value depended on the stiffness of the rod employed

in calibrating their apparatus. However, calibrating the
resonant column employed for our research led to a
constant I, value. Clayton (2011) [12] refers to some
in-situ and laboratory methods to estimate the stiffness
and analysed in detail factors influencing the stiffness
value obtained from very-small-strain tests, like the
range of strains, anisotropy and velocity of loading.

Recently, some manufacturers of equipment for obtain-
ing dynamic parameters have marketed relatively sophis-
ticated models for resonant column tests that allow better
control and better simulation during execution of the
tests; among others Wykeham Farrance in the UK, which
made the device used for this investigation. A detailed
description of the equipment is presented later on.

In general, the resonant column test is the most
commonly used laboratory technique to measure the
dynamic properties of soils subjected to a low level of
deformation. The various designs developed so far imply
the application of axial or torsional harmonic loads to
solid or hollow specimens by means of electro-magnetic
systems capable of accurately controlling the frequency
and amplitude of the different types of waves that can
be generated. On the other hand, Al-Sanad and Aggour
(1984) [13] applied random loads and Tawfig et al.
(1988) [14], impulsive loads.

Resonant-column tests also make it possible to deter-
mine the velocity of shear waves and to analyse their
influence on other test parameters. Some researches

on this point are presented below. Hardin and Richart
(1963) [15] measured the shear-wave propagation veloc-
ity in samples prepared with Ottawa sand, with crushed
quartz sand and with crushed quartz silts, subjected to
small strains, and they proposed empirical correlations
to calculate the shear modulus as a function of the void
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ratio and the effective consolidation pressure. Hardin
(1965) [16], based on the theory of linear vibrations of

a cylindrical rod, presents an expression to calculate

the shear wave propagation velocity (V) as a function
of the resonant frequency, the polar moment of inertia,
the height of the specimen and the polar moment of
inertia of the system. Richart et al. (1970) [17] proved
mathematically that proportionality exists between the
resonant frequency of the specimen and the correspond-
ing shear-wave propagation velocity. Santamarina and
Cascante (1996) [18] used a resonant column apparatus
capable of applying both compressive and tensile devia-
toric stresses to measure the velocity of shear and damp-
ing waves under small strains. These velocities turned
out to depend mainly on the isotropic stress, while the
deviatoric stress played a lesser role.

Probably, the factor most often analysed with this equip-
ment has been the shear modulus, obtained in cyclic
shear tests.

Kuribayashi et al. (1975) [19] found that the shear
modulus of several materials is not a function of the
relative density, but rather of the void ratio. Iwasaki et

al. (1978) [20] present the average variation trend of

the shear modulus in eight different types of sand as a
function of the angular strain. In addition, they found
that in the case of Toyura sand, within a wide range of
deformations, a linear relationship exists between the
shear modulus and the effective consolidation pressure.
Tatsuoka et al. (1979) [21] determined that the shear
modulus, within a wide range of deformations, is not
affected by the initial structure of the tested specimens.
Alarcon-Guzman et al. (1989) [22] investigated the
effect of the principal stress ratio on the shear modulus,
concluding that this factor has a less important effect on
the determination of the maximum shear modulus, but
drastically affects the secant shear modulus. Saxena et al.
(1989) [23] extensively reviewed empirical relations for
obtaining G,,,, and the damping (D) under small strain
and conducted resonant-column tests on Monterey No. 0
Sand and showed that published relations overestimated
Gpnax and underestimated D for this sand. Lo Presti et

al. (1997) [24] evaluated the influence of the strain rate
in the determination of the shear modulus of granular
soils, and found that this factor has a very small effect
on the maximum shear modulus. Diaz-Rodriguez and
Lépez-Flores (1999) [25] proposed an empirical function
(a potential expression) between the shear modulus and
the isotropic consolidation stresses (¢ ;). Wichtmann
and Triantafyllidis (2004) [26] analysed the influence of
the history of dynamic loading on the properties of dry
sands; the results thus obtained indicated that a dynamic
pre-stressing moderately affects the shear modulus under
small deformations. Gu et al. (2013) [27] used bender
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elements to test three different sands subjected to small
strains and found that both G, (shear modulus) and M,
(constraint modulus) increase with the density and the
confining pressure. They found G, to be more sensitive
to Eq (Young’s modulus) and proposed empirical rela-
tions between the Poisson ratio and G, and M,,.

Finally, some works are presented that analyse how the
soil identification properties (grading, particle shape,
etc.) influence results.

Chang and Ko (1982) [28] tested 23 samples of Denver
sand and found that the maximum shear modulus is - to
a large extent — a function of the coefficient of unifor-
mity, whereas the effect of the mean size of the particles
is minimal. Koono et al. (1993) [29] executed what can
be regarded as a field resonant-column test in a gravel
deposit. Wichtmann and Triantafyllidis (2009, 2013 and
2014) [30, 31, 32] evaluated the influence of the coef-
ficient of uniformity and of the grain size distribution
for 27 types of clean sand in the determination of the
maximum shear modulus: the results obtained indicate
that for equal values of the void ratio and of the effective
consolidation pressure, the maximum shear modulus
decreases as the coefficient of uniformity increases,
whereas it does not change with the mean particle size.
Martinez (2012) [33] studied the influence of the soil
index properties on the determination of the dynamic
parameters of a saturated granular soil. Senetakis et al.
(2012) [34] tested sands with different grading curves,
particle origin and shape under very small strains.
Volcanic sands showed significantly lower G, values
than those of quartz sands, whereas their D, were only
slightly lower compared to quartz sands.

Yang and Gu (2013) [35] found that, in the range of
small strains, the shear modulus varies very little in
terms of particle size.

Senetakis and Madhusudhan (2015) [36] tested quartz
sands and angular-grained gravels and they proposed
potential functions to relate G, with p. The exponent ng
was shown to be dependent on the specimen preparation
procedure. Finally, Payan et al. (2016) [37, 38] observed
that the published formulae cannot accurately relate the
shear modulus under small strain with the void ratio
and confining pressure, probably because the particle
shape was not taken into account. Based on critical-state
theories, they propose a new expression, including the
effect of grading curves and particle shapes.

Taking into account the background information
presented above, the objective of this investigation is an
in-depth study of the influence of the relative density,
effective consolidation pressure and torsional excitation

values on the shear modulus of a saturated granular sand
and to develop simple empirical functions to correlate
these parameters.

2 MATERIAL USED

The tests were performed on 20-40 Ottawa sand (maxi-
mum, minimum and average particle sizes are 0.85, 0.43
and 0.64 mm, respectively). It is a standard material
employed in many other investigations into the behav-
iour of granular soil. Its main characteristics are: very
hard, uniform particles (the coefficient of uniformity
turned out to be Cu = 1.35), fine and rounded grains and
nearly pure quartz in composition.

The index properties of particles passing mesh 20 and
retained in mesh 40 are as follows: specific gravity

G, = 2.669, maximum void ratio e_,,,= 0.754, and mini-
mum void ratio e_,;, = 0.554. The initial properties of the
specimens tested are presented in Table 1.

Table 1. Properties of specimens tested.

Relative Height, Diameter, Mass, Drydensity Void

density, H, D, g Pd> ratio, e
Dy, % mm mm g/cm3
20 105 49.5 314.59 1.557 0.714
40 105 49.5 322.13 1.594 0.674
60 105 49.5 330.05 1.633 0.634
80 105 49.5 338.36 1.675 0.594

2.2 Description of the equipment used

The resonant-column apparatus consists of a forced
oscillation system with a single torsional degree of free-
dom that makes the specimen vibrate within a range of
frequencies in which its first natural mode can be found.
In this particular investigation, the specimen remained
fixed at its base and was free to vibrate at its upper end.

Testing was performed with the resonant-column device
manufactured by Wykeham Farrance, Fig. 1. The frequency
of the resonant-column tests is higher than 10 Hz, while

in cyclic torsional shear mode the equipment typically
operates at frequencies below 2 Hz. In this research, the
frequency range was between 74 Hz and 140 Hz.

This instrumented and automated equipment provides

a series of advantages, among which mention can be
made of the following. It combines resonant-column and
simple torsional shear functions. It determines automati-
cally the resonant frequency, the shear-wave velocity,

the shear modulus, the angular strain and the damping
ratio, this latter parameter by using the Half-Power
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Figure 1. Resonant-column apparatus manufactured
by Wykeham Farrance.

method or the Free Vibration Decay method. There is no
need to externally use either an oscilloscope or a func-
tion generator. The internal floating structure for the
excitation system allows the execution of tests in which
the specimens can experience large axial deformations
during consolidation. It makes it possible to visualize, in
real time, the response of the sensors during the test.

The equipment is basically constituted by two polycar-
bonate hollow cylindrical cells allowing, by means of

the internal cell, the application of the consolidation
pressure to the specimen through a fluid, without the
electronic components being submerged, and - through
the external cell - the application to the fluid of a confin-
ing pressure provided by a pneumatically operated
system; a lower base through which the back pressure is
applied and drainage of the specimen is allowed during
the consolidation stage; a corrugated head piece with no
possibility of drainage, to transmit the torsional forces to
the specimen; a driving mechanism constituted by eight
coils and four magnets to apply the torsional load to the
specimen; an accelerometer attached to the mechanism
to generate the torsional action and to provide the infor-
mation necessary to calculate the shear-wave propagation
velocity (Vs); an LVDT to measure axial deformations
(with a stroke of +/- 12.5 mm and an accuracy of 0.2%),
two proximity transducers to measure angular deforma-
tions in case the data supplied by the accelerometer is
not used to calculate them; three pressure transducers

to measure the chamber pressure (c,), the back pressure
(Bp) and the pore water pressure (u); a transducer to
register volume changes during the consolidation stage;
a compact unit fitted with a power source, a manual
pressure regulator, two electric pressure regulators, eight
electronic components for signal conditioning and a
control and data-acquisition module; and a computer for
equipment control and data acquisition.

3 THEORETICAL BACKGROUND

According to the theory of torsional vibrations in a
cylindrical rod, expression (1) relates the shear-wave
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propagation velocity (v;) to the shear modulus (G) and
to the unit mass density (p).
v=1¢ o
Jo)

Expression (2), obtained by Hardin (1965) [13], calculates
the shear-wave propagation velocity (v) as a function of
the resonant frequency (F,), the polar moment of inertia
of the excitation mechanism about its symmetry axis (),
the polar moment of inertia of the specimen about its
symmetry axis (I) and the height of the sample (h).

27-F h
ﬁ-tan,[)’=l;whereﬂ=ﬁ7’

- )

0 Vs

Implicit equation (2) can be represented graphically as a
function of S, as depicted in Fig. 2.

I/ tends o infinity when P = 272

B-rnP=111,

0.s

0
0.001 0.01 Q1 | 10 100 1000 10000

N,

Figure 2. Graphical representation of the implicit equation (2).

Equation (3) is obtained from (1) and (2).

21,2
G —*4”;; PRz (3)
For this particular equipment the height of the specimen
and the polar moment of the excitation mechanism

are fixed constants. Their values are: h = 10.5 cm
I, = 13.1kg - cm?.

I, was obtained by calibration with two rods of the

same dimensions and made up of different materials

and turned out to be independent of the rod’s stiffness.
However, Clayton et al. (2009) [11] found that, in their
equipment, I, was dependent on the rod’s stiftness. Our
I, value lies outside the range reported by them (2.99 to
4.32 kg-cm?) and it seems as though low values of I, will
depend on the rod’s stiftness, while high I, values will not.

The specimen diameter is D = 4.95 cm.
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The densities of the samples used for this experiment
range from

psar(min)=1.974 gr/cm® to py,(max)=2.048 gr/cm? or
Psar = 2.011 £ 0.037 gr/cm®

For the central value, p,, = 2 gr/cm?, the value of the
polar moment of inertia of the specimen is:

= 3L27TD4hp=1.24kg-cm2 (4)

The corresponding value of ; obtained from equation (2)

B-tg f=12=00046is =0303rd (B=17.4°)

13.1

The shear-wave velocity can be obtained from the reso-
nant frequency, F,, measured during the test

ve%:z.lw,ﬁ (FrenH,)  (5)
S

and the corresponding value of the shear modulus
G=v - p=951F2kN/m? (F,en H,).

3.1 Experimental program

This investigation was aimed at determining the effect of
the relative density, the effective consolidation pressure
and the magnitude of the torsional excitation on the
shear modulus.

A total of 120 determinations of the resonant frequency
for saturated specimens were made in specimens
measuring 49.5 millimetres in diameter and 105 milli-
metres in height. They all had a height-to-diameter ratio
equal to 2.12, thus eliminating the uncertainty related

to the slenderness of the specimens; the ratio specimen
diameter to particle diameter was of about 120, therefore
eliminating the scale effect.

The total number of tests is a result of the combination
of relative densities equal to 20, 40, 60 and 80%, effective
consolidation pressures equal to 50, 100, 150, 200, 250
and 300 kPa and amplitudes of sinusoidal waves equal
to 0.025, 0.05, 0.1, 0.2 and 0.4 volts. The frequency
varied between 74 Hz and 140 Hz, which corresponds to
angular deformations between 0.002% and 0.023%. The
backpressure was equal to 400 kPa for all the tests.

3.2 Preparation and setting of specimens

The accessories depicted in Fig. 3 that are necessary for
making specimens with the sedimentation method were
used to carry out the tests reported herein.

Figure 3. Basic elements for the specimen preparation:
1) lifting device of the three-part mould; 2) fixed lower base;
3) porous stone; 4) three-part split mould; 5) latex membrane;
6) O-Ring; 7) O-Ring stretcher; 8) extension of three-part mould;
9) 500-cm> beaker with de-aired water; and 10) loading head.

The sample-preparation procedure was similar to other
laboratory tests using sand. The need to reproduce speci-
mens complying with a certain relative density led to a
setting process that was very careful and repetitive.

3.3 Effect of the sample density on the ratio %

r

The value of the ratio between the shear modulus and
the square of the resonant frequency, G/FZ, turns out to
be only slightly affected by the sample density.

In fact, the theoretical value of that ratio is:
21.2
G, _4r'h ©6)

When the density, p, increases, the value of 8 also
increases and the result is that the value of R is almost
unchanged.

In fact, taking the derivative of R with respect to p, we

obtain: @-5_@%

dp p B dp

From equation (2), and taking the previously indicated
value of I, we obtain:

(7)

1 #D*h
B-tgp T p (8

o

Differentiating with respect to p gives:

dap B_|_Btep
ds [tgﬂ+ e ﬁ] p )

to obtain:
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dp p.1+a sen 23

(10)

and, with the help of equation (7)
dR _dp [a__lj (11)
R pla+l

With a > 1, any increase in the density always produces
an increase in the value of R.

For the particular case of p,, = 2 gr/cm? equations (10)
=1.064 and %= 0.032 9.

and (11) are: o=
sen 2
The amplitude of the range of densities for this

experimental program is 4p_0.037_ 0.019 and, asa
Yol

Table 2. Results corresponding to relative densities equal
to 20 and 40%.

consequence, the relative variation of R is:i—RE 0.00061,

Thus, the rationale for normalizing G with respect to F,?
is that, for practical purposes and for the density range
of the samples tested in this investigation, the ratio G/F,?
can be considered to be a constant that depends on the
equipment characteristics, but it does not depend on the
density of the sample being tested.

4 RESULTS

The results of the 120 determinations of the resonant
frequency, the angular strains measured and the values
of the shear modulus G thus obtained are presented in
tables 2 and 3.

Table 3. Results corresponding to relative densities equal
to 60 and 80%.

D, = 20% D, = 40%

’

o T,
‘ E; G Y F, G Y

kPa \% Hz MPa % Hz  MPa %

D, =60% D, =80%

UC TE
B G Y F; G Y

kPa A% Hz MPa % Hz  MPa %

50 0.025 855 692 0.004 86.6 722 0.005

50 0.025 874 734 0.005 888 747 0.003

50 0.05 844 675 0.006 857 70.6 0.007

50 0.05 849 693 0.007 877 72.8 0.006

50 0.1 826 646 0.009 841 681 0.011

50 0.1 84.1 681 0.010 86.6 71.1 0.009

50 0.2 80.1 608 0.014 820 64.7 0.017

50 0.2 809 63.0 0.015 834 660 0.014

50 0.4 747 528 0.019 772 574 0.023

50 04 777 580 0.022 79.0 59.2 0.020

100 0.025 105.0 104.0 0.002 107.0 110.0 0.005

100 0.025 104.0 104.0 0.004 109.0 113.0 0.004

100 0.05 104.0 102.0 0.004 106.0 107.0 0.007

100 0.05 104.0 103.0 0.007 108.0 111.0 0.006

100 0.1 102.0 98.1 0.008 106.0 107.0 0.011

100 0.1 103.0 101.0 0.011 107.0 108.0 0.009

100 0.2 99.7 941 0.014 103.0 101.0 0.016

100 0.2 100.0 963 0.016 104.0 103.0 0.014

100 0.4 95.0 855 0.022 99.0 94.0 0.023

100 0.4 96.4 88.8 0.023 100.0 949 0.021

150  0.025 116.0 128.0 0.003 119.0 135.0 0.004

150 0.025 117.0 131.0 0.004 121.0 140.0 0.004

150 0.05 115.0 126.0 0.005 118.0 132.0 0.007

150 0.05 117.0 129.0 0.007 120.0 136.0 0.006

150 0.1 113.0 122.0 0.009 117.0 131.0 0.010

150 0.1 1160 127.0 0.010 118.0 132.0 0.009

150 02 111.0 117.0 0.014 115.0 126.0 0.015

150 02 1140 123.0 0.015 117.0 130.0 0.014

150 04 107.0 108.0 0.022 111.0 117.0 0.022

150 04 110.0 115.0 0.022 113.0 120.0 0.021

200 0.025 125.0 147.0 0.003 128.0 155.0 0.004

200 0.025 126.0 152.0 0.004 131.0 163.0 0.003

200 0.05 123.0 144.0 0.005 126.0 152.0 0.006

200  0.05 126.0 150.0 0.006 130.0 159.0 0.006

200 0.1 122.0 142.0 0.009 126.0 151.0 0.010

200 0.1 1250 148.0 0.010 128.0 155.0 0.009

200 0.2 1200 137.0 0.014 123.0 145.0 0.015

200 0.2 123.0 144.0 0.015 127.0 153.0 0.013

200 04 117.0 129.0 0.020 120.0 137.0 0.020

200 04 120.0 136.0 0.020 123.0 144.0 0.019

250 0.025 131.0 163.0 0.003 135.0 172.0 0.004

250 0.025 1340 170.0 0.004 138.0 181.0 0.003

250 0.05 130.0 160.0 0.005 134.0 170.0 0.006

250 0.05 133.0 168.0 0.006 137.0 179.0 0.005

250 0.1 128.0 156.0 0.009 133.0 168.0 0.009

250 0.1 131.0 163.0 0.009 136.0 174.0 0.009

250 0.2 127.0 153.0 0.014 131.0 162.0 0.014

250 0.2 130.0 161.0 0.014 134.0 171.0 0.013

250 04 123.0 143.0 0.019 127.0 1540 0.017

250 04 1260 151.0 0.018 131.0 163.0 0.017

300 0.025 137.0 178.0 0.003 141.0 188.0 0.003

300 0.025 140.0 187.0 0.003 145.0 198.0 0.003

300 0.05 136.0 175.0 0.005 140.0 185.0 0.005

300 0.05 139.0 184.0 0.006 143.0 195.0 0.005

300 0.1 1350 174.0 0.009 139.0 183.0 0.009

300 0.1 138.0 180.0 0.009 142.0 191.0 0.008

300 0.2 133.0 167.0 0.014 137.0 178.0 0.014

300 02 137.0 177.0 0.014 141.0 188.0 0.013

300 04 1290 158.0 0.017 1340 171.0 0.016

300 04 133.0 167.0 0.016 136.0 175.0 0.015
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Although the void ratio or the sample density is little
modified under the static conditions of consolidation,
at low pressures, this effect was taken into account in
this research. In fact, the software implemented in the
equipment evaluates the G-module from the conditions
of the specimens at the end of the consolidation phase
and obviously using equation (3).

The results obtained make it possible to evaluate the
effect of factors such as angular strain, effective consoli-
dation pressure and relative density in the determination
of the shear modulus through the execution of the
resonant-column test.

4.1 Shear modulus versus angular strain

In general, the angular strain experienced by the
material increases as the level of torsional excitation
increases. Fig. 4 shows this fact; however, only the results
corresponding to D, = 20% are included herein. The
shear strain in Fig. 4 and 5 is the average shear strain
(Ym)» obtained as 2*y,,,./3, where Y. is the maximum
shear strain measured by the accelerometer.

o, = 50 kPs

00
250
200
150
100

o

Torsional axcitation, TV
e

0.005 001 0015 002 0025
Angular strain, x %

Figure 4. Typical variation trend of the angular strain as a
function of the torsional excitation level, for D, = 20%.

Fig. 6 shows the variation trends of the shear modulus as
a function of the angular strains for effective consolida-
tion pressures varying from 50 to 300 kPa and a relative
density of 20%. It can be observed that in the range of
small deformations (0.002-0.023%) the degradation of
the shear modulus (or an increase of the inverse value of
G) can be approximated as a linear function of the angu-
lar strain. This linear-type degradation recurs within the
range of relative densities and effective consolidation
pressures studied herein.

As these variation trends are similar, only the graphics
corresponding to the relative densities equal to 20% have
been included.

D, = 20%
\\ W0
l‘” -\\ &)

100 =

w© r\\‘ o' 50 kPa

Shear stiffness modulus, G, MPa

0 0.01 002 003

Angular strain, 7, %o

D, = 20%
® o =2kPa
19 + $

F(NMPa) x 10

Inverse of shear stiffness modulus, | ¢

vy (%)

Figure 5. Typical variation trends of the shear modulus G, and
its inverse 1/G as a function of the angular strain for different
effective consolidation pressures and relative densities of 20%.

The degradation of the shear modulus (or the inverse of
G) as a function of the angular strain has low values and
reaches a maximum of 24% when the relative density

is equal to 20%, the effective consolidation pressure
amounts to 50 kPa and the angular strain increases from
0.0035% to 0.019% (large dots 1 and 2, Fig. 5).

The simplest mathematical model used to simulate the
degradation of the shear modulus G as the strain, y,
increases is the one suggested by Hardin and Drnevich

(1972) [39].
1_1 4,
] (1+7 j (12)

ref

where G, and v,,rare the two parameters of the model.

In order to find values of G, and y,,rof the Hardin and
Drnevich model that can contribute to better analyse the
results of the investigation, a diagram of 1/G versus y has
been plotted and the best fit for straight lines was obtained.
The resulting G, and v, values are given in Table 4.

Fig. 6 represents the relationship between shear modulus
(G,) and the void ratio (e); in this case the void ratio is
denoted by e to distinguish it from number e, the base of
natural logarithms.

Acta Geotechnica Slovenica, 2017/2 39.



H. Patifio et al.: Shear modulus of a saturated granular soil derived from resonant-column tests

Table 4. Values of G, and vy, that best fit the test results.

Value of G, (MPa)

Consolidation pressure ¢’ (kPa)
50 100 150 200 250 300
20 75.8 107.5 133.3 151.5 166.7 185.2
40 78.1 116.3 140.9 161.3 178.6 192.3
60 78.7 109.9 1370 158.7 1754 1923
80 80.0 119.1 1449 166.7 185.2 204.1

D,

Value of y,f (%)

Consolidation pressure ¢’, (kPa)
50 100 150 200 250 300
20 0.045 0.092 0.100 0.124 0.122 0.118
40 0.068 0.103 0.114 0.124 0.114 0.147
60 0.062 0.104 0.124 0.141 0.118 0.122
80 0.060 0.085 0.106 0.124 0.130 0.107

D,

Dr = 20%
25
200 1
o ... G, = 26437 Mty
.. 22097
2 19 g R*=0.973
= e
Jw }—er— e a OEIS
‘»
“w
0702 0704 0.706 a7as ar anz 07k

Void ratio, ¢

Figure 6. Value of shear modulus G,, vs void ratio (e).

As we can see in Table 4, the fact that G, is sometimes
even larger in samples with D, = 40% than in samples
with D, = 60% is due to the narrow range of variation
coupled with the unavoidable experimental scatter of
results. The low sensitivity of G, can be attributed to the
nature of the sand, made of hard quartz grains (rounded
and very uniform in size), which implies only little vari-
ation between the maximum and minimum void ratios.

4.2 Increase of G, with o',

The values of the shear modulus for small strains, G,
obtained as indicated in the previous paragraph, are
given in Table 4. It is clear that for each value of the
relative density, the value of G, increases as the consoli-
dation pressure increases. See Fig. 7. Usually, the relation
among these values (G, and ¢7,) is thought to be of the

type.
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GO=K(Z°j P, (13)

where K is a “modulus number”, N is an “exponent

number” and p, is the value of a standard reference
pressure. For this particular investigation a value of
Po = 98.1 kPa is used.

o

200

G, (MPy)

L

o 0 100 150 200 50 300 %0
o, (kPa)

Figure 7. Values of G, and ¢’ for D, = 20%.

In order to investigate whether the expression (13) is
applicable to this particular case, values of G were plot-
ted versus the corresponding values of ¢’; on a log-log
diagram. Fig. 8 is the plot that corresponds to D, = 20%.

©

log (¢, )

Figure 8. Double log plot of G, and 0’, data for D, = 20%.

From this type of plot the model parameters can be
automatically obtained from the data fit, made by mini-
mizing the sum of the squares of the deviations of the
test results that correspond to each relative density.

If the results of this research are compared to those
recently obtained by Senetakis and Madhusudhan
(2015) [36], Fig. 9 shows that even though the particle
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Table 5. Automatically adjusted values of the dimensionless
model parameters K and N.

Relative density K N
20 % 1084 0.495
40 % 1143 0.501
60 % 1122 0.502
80 % 1175 0.517

size differs roughly over an order of magnitude, the
trend of the variation of G, with ¢’. for the Ottawa sand
coincides with that of specimen 6-2 tested by Senetakis.

Dr=20%
250
-
I G, = 11,308¢" 4%
200 il R?=10,999
L
£ 150 - 'Y ® This research
=
= . ® Senetakis S6-1
& o
100 - 4 A Senetakis 56-2
3
50 A
0
0 50 100 150 200 250 300 350
c'., kPa

Figure 9. Values of G, and &’ for D, = 20%.

N tends to decrease slightly when the void ratio
increases; it could even be suggested that N remains at a
constant value of 0.50. This behaviour is different to the
results obtained by Gu et al (2013) [27] using Toyoura
sand, for which N tends to increase slightly with the void
ratio. In reality, when the variation range is very narrow,
some sands will show a tendency to increase N with

an increase of the void ratio and in some others N will
decrease slightly, as in Ottawa Sand.

4.3 Increase of yes With o,

From the values of y,,rin Table 4 it seems that this
parameter could be considered to be a constant but
only for consolidation pressures above 200 kPa; for
lower values of the consolidation pressure, the value of
Yref decreases and it can no longer be considered as a
constant in an hypothetical mathematical model.

A better option, which would account for the effect of
large G degradation rates for lower values of the consoli-
dation pressure, could be based on considering y,.ras a
variable that depends on the consolidation pressure.

It seems appropriate to assume that the degradation of
the modulus G, when the angular deformation increases,
should be mainly conditioned by the ratio

T
S= ¥ max (1 4)
Ty
Being Ty 4, the ‘maximum shear stress applied’ and ¢
the shear strength of the sand.

The value of T, 1, can be approximated by

Ty max = G Ymax
and t¢ can be estimated by
=0, tgo
With these considerations, the following degradation

equation can be proposed:

87y (s
O

c

G=G, 1-A

where A = dimensionless constant that would mainly
depend on the shear strength of the tested sand, 1.

The value of y,.s would then be given by the following
expression:

U’
e = 16
T G A (16)

o

Furthermore, it is known that G, increases with the
square root of 0’c and, as a consequence, a value of Y,
increasing with the square root of ¢’, should be expected.

For this reason, a value of y,,can be found to reasonably fit
the data with an expression involving (¢’ /py)®°. The best
fit is given in Fig. 10. As we can see, the relative density also
has an effect on y,,5 but it is not easy to draw a clear figure
showing the effect of the relative density at present.

*20 w40 60 &0 "

R

09 (e fp Pt 100

Reference shear deformation, v, (109)
o
-
o

0 50 100 150 200 250 300 350
Consolidation pressure, o', (kPa)

Figure 10. Reference values of the shear deformation.

This should be valid for values of y with the interval
2x10° <y<23x10°

and for the range of densities of this particular investiga-
tion and for consolidation pressures lower than 200 kPa.
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4.4 Influence of void ratio on the shear modulus

Four nominal values of the relative densities are used
to prepare the samples for testing. These are relatively
precise data, since the volume of the sample and the
associated mass are known with a margin of error of
about 0.1%.

During the process of consolidation some reduction in
the volume takes place that increases the relative density.
This change of relative density has been investigated by
running an oedometer test on a sample prepared with
an initial relative density of 20%. The results are given in
Fig. 11.

D, = 20%, Nominad value

Refative density D, (%)

J 100 00 30 &0 00

Effoctive consoidation pressure, o', (kPa)

Figure 11. Increase of relative density. Oedometer test.

In resonant-column tests the consolidation pressure

is applied in three directions and, as a consequence,
changes in the relative density should be expected to

be higher than the ones taking place in the oedometer
tests, where the consolidation pressure ¢’ is only applied
directly in the vertical direction. The theoretical relation
of the volume changes between one-dimensional and
three-dimensional consolidation is R = 3/(1+2 k). For
this particular case and assuming an approximate value
of k, = 0.5, a factor R = 1.5 is obtained.

The real relative densities of the samples after consolida-
tion are greater than the nominal values used in this
investigation. Now, in order to better approach the effect
of specimen densities, somewhat larger values of the
relative densities are used.

It is known that the void ratio is a better parameter to
analyze the dynamic moduli of sands than the relative
density. Two different sands that have similar void ratios
could have quite similar shear moduli even if their rela-
tive densities were quite different. In the same manner,
two sands with equal relative densities could have quite
different shear moduli.
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Since the void ratio is a better parameter, the values of
the relative density have been translated into void-ratio
values. For this particular sand, with values of

emax= 0.754 and e;, = 0.554, the following relation
exists between the relative densities and the void ratios:

e —¢ _ 0754-e _0754-¢

Dr = max = —
€ nax — € 0.754 - 0.554 0.20

max min

(17)

Based on this expression and taking into consideration
the small increase of the relative densities during the
consolidation process of the samples, the values of the
void ratios to represent the expected value of each test
are given in Table 6.

Table 6. Values of the void ratio for each test series.

Relative density

Relative density D.* Void ratio
D: Ex ectéd after ¢
Normal value pececa during the test
consolidation
20% 22% 0.71
40% 42% 0.67
60% 62% 0.63
80% 82% 0.59

.
g 1150
g 1100
=
r~
-
g 1050
g
-
o
1000 | ] ! |
0.50 0.55 060 085 0.70 0.75

Void ratio, e

Figure 12. Value of the model modulus number
K vs. void ratio, e.

055
H
g 0525

-

c
é 0.500 4 ! \
=
5
s 0475 4
a

0450 + + + +

050 055 060 065 070 075

Void ratio, ¢

Figure 13. Value of the model modulus exponent,
N, vs. void ratio, e.
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Variations of the parameters K and N obtained in previ-
ous paragraphs are now plotted in Fig. 12 and Fig. 13 as
a function of the void ratio.

5 DISCUSSION

The interpretation of the data obtained by testing the 120
samples of 20-40 Ottawa sand leads to proposing the
following value for the shear modulus:

-1 N
G= [1+Lj k[ij ‘P, (18)
7{31‘ po

where the main variables are:

v = angular deformation.
o’. = consolidation pressure

In this expression, p, is a reference pressure with the
value, p, = 98.1 kPa = 1 kp/cm?.

The values of the dimensionless parameters are:
1

G C

Po

0,5
Yrer = 0.9 [ j I x10° <1.26 x 107 (19)

k =1000 (1.54 - 0.63e)
N =0.5(1.22 - 0.33e)

where e = void ratio.

Senetakis and Madhusudhan (2015) [36] remarked

that when relating G, with p’ through a potential func-
tion, the exponent ng decreases slightly as the relative
density increases. This research has also found that G,
can be related to ¢, through potential functions with an
exponent N that increases slightly with relative density.
As mentioned, the trend in the variation of N would not
necessarily be the same, as many factors are different in
the various research tests. Moreover, the ranges of varia-
tion for the exponent N are very narrow. This model

is considered to be valid for the range of consolidation
pressures, the angular deformation and the void ratio
covered for this investigation.

Those ranges are:

0’:: 50 to 300 kPa
Yimax: 2 X 107 t0 23 x 107
e:0.59t0 0.71

Most authors, among them Richart et al. (1970) [11],
Prakash (1981) [40], Das (1983) [41], accept that round
grained sands, tested in the resonant column device

in dry conditions, have a shear modulus that can be
estimated using the following expression:

0.5
2.17—e)’ o,
G = 697 % g po 3 (—] (20)

o

where e = void ratio; p, = reference pressure (0.1 MPa)
and o', = consolidation pressure.

This quite famous correlation was first established by
Hardin and Richart (1963) [12] and does apply to dry
sands tested under resonant-column conditions with
shear deformations of the order of y,,,, = 10 rd.

For the central value of the void ratio of this investiga-
tion, e = 0.65 and 0, = 150 kPa, the above expression
yields the following results:

G =1.207-p, = 118 MPa

From the results of this investigation it can be obtained,
for the same conditions (¢°, = 150 kPa, e = 0.65).

]
G=(1+Lj x137MPa  (21)
}/ref

Vrep= 1.11 x 107

It can be seen that both results would coincide if the
value of y is:

y=18x10"

It can be concluded that the approach given in this paper
agrees quite closely, at least for the central value of G,
with the established practice.

This investigation deals with saturated sands, whereas
the one used to make the comparison, Hardin and
Richart (1963) [15], deals with dry soil. This may lead
us to conclude that the effect of saturation on the value
of the shear modulus could be quite small, practically
negligible.

But there is one difference in respect to the influence
of the void ratio on the value of the shear modulus.
According to the old reference considered in this
discussion [7], changing the void ratio from e = 0.71

to e = 0.59 (extreme values in this research) increases
the shear modulus by 26%, irrespective of the other test
variables. However, according to this investigation, the
change in the modulus depends on the consolidation
pressure, but it is, in any case, less than 16%.

This discrepancy could be considered as an artifact of
the unavoidable imprecision of laboratory tests or it
could be a real difference in behavior due to the effect of
the sample saturation.
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6

CONCLUSIONS

A total of 120 saturated specimens of Ottawa sand were
tested in a resonant-column apparatus under angular
strains (y) of 0.002 to 0.023%, relative densities ranging
from 20 to 80% and effective consolidation pressures
(0’.) between 50 and 300 kPa. The obtained shear modu-
lus (G) was related to the other intervening parameters.
The main conclusions derived are as follows:

1

Relative density is the factor with the least influence
on the obtained shear modulus. Following in impor-
tance are the angular strains.

The greatest influence in the value of the shear
modulus is the effective consolidation pressure.

A simple empirical expression is proposed for G as a
function of y and ¢’;, for the range of y tested.

For the same y and Dr, the variation trend of G, as a
function of ¢’;, can be fit to a potential function with
a correlation coefficient practically equal to unity.

A simple expression (18) is proposed for G, also
taking into account the void ratio (e) values. This
research has explored a somewhat narrow range of e
and therefore this proposal could be less precise than
those made to consider other effects.

Although the material used was saturated Ottawa
sand, the model defined in this paper might be valid
in the case of other uniform granular soils with fine
to medium rounded grains and quartz origin.
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