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.Since the earliest days of robotics research when it was recognized that kinematic sin-
gularities physically hamper the free manipulation of objects in task space, there has
been a popular consensus that singular configurations are unsuitable for practical use
and should be avoided. At best they may be included with the expectation of gracefully-
degraded performance in their vicinity [1,2]. In this article we question the validity of
such conclusions, citing examples that show how humans use singularity configurations
of their limbs to gain mechanical advantage, and investigate the possibility of obtain-
ing similar benefits in robotic systems. It is shown that minimization of joint torques
in redundant systems leads to human-like behavior that favors singularities, but that
stable implementation of such behavior requires a strategy which gives the robot more
autonomy with respect to timing task execution. Application of such a strategy to a 2R

robot performing static lifting is considered in detail.

1 Introduction

A fundamental objective of robot design and con-
trol is to mask the characteristics of the under-
lying machine to provide an abstraction that is
easily understood and programmed. To ease task
specification we would like a manipulator arm
(walking machine leg) to behave as a disembodied
hand (foot) whose motion, force, or impedance
[3] can be arbitrarily programmed to fit a task.
For convenience it is sensible to specify tasks in
a cartesian space that we and our sensors can
readily identify with. To this end, robot mech-
anisms, actuators, and control systems have been
designed and implemented with varying degrees
of success.

Unfortunately, all real robots have limita-
tions in speed, workspace, and force capabil-
ity that compromise the ideal abstraction of

an arbitrarily-programmable disembodied hand
(foot). To further complicate matters, these lim-
itations are interrelated in a complex way for all

" robots, except gantry robots. To a large extent

these problems can be ameliorated through de-
sign and control. Mechanical design methodolo-
gies have been developed to optimize workspace
size and shape [4], minimize the directional distor-
tion of motion and force capability [5] and even to
move 'kinematip singularities, which severely dis-
tort directional force and motion characteristics,
out of the intended workspace [6]. In addition, re-
searchers have turned to redundant manipulators
whose extra degrees of freedom offer new possibil-
ities for avoiding singularities and improving the
directional uniformity of motion and force char-
acteristics, now called dexterity [7], through con-
trol. Nevertheless, by their vary nature, artic-
ulated robots distort cartesian force and motion
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characteristics and include configurations of ulti-
mate distortion: kinematic singularities.

Our objective in this paper is to demonstrate
that kinematic singularities and ill-conditioned
configurations offer untapped potentials that may
be exploited through an alternative model (ab-
straction) for robot behavior that is better suited

. to taking advantage of these potentials. In doing -

so we hope to provoke increased interest in kine-
matic singularities as well as in alternative strate-
gies for programming useful robot behavior.

2 Background

Kinematic singularities can be conceptualized as
configurations of local folding in the mapping of a
toroidal joint space onto an dissimilar manifold of
spatial end-effector positions/orientations [8]. For
the case of a 2R planar robot, two joint positions
(elbow-left and elbow-right) map onto the same
end-effector position and folding of the joint space
manifold with respect to the mapping accounts for
the transition from inside the workspace, where
two joint solutions generally exist, to outside the
workspace, where there are no solutions. For the
special case of equal link length geometry, the in-
side workspace boundary (normally a circle) col-
lapses to a point which is the image of a one pa-
rameter locus of singular configurations in joint
space. Physically, the end point will be in the
workspace center whenever the two links fold over
each other.

Figure 1: Velocity ellipses for 2R robot with equal
link lengths.

Although singularity configurations are sparse
compared to regular configurations, their influ-
ence extends to significant portions of the sur-
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rounding workspace, distorting the directional
properties of nearby regular configurations in pro-
portion to their proximity. As illustrated in Fig.1,
uniform joint velocity capability, represented by
circles in the joint space, become ellipses in the
task space and collapse in at least one direction
near singularity configurations. This is true of
both force and motion characteristics and extends
to dynamic properties, such as effective inertia,
as well [9, 10]. Tt is an exaggeration to say that
singularities cause this behavior, they are only ex-
treme manifestations of it.
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Figure 2: (a) Velocity ellipses, (b) force ellipses,
and (c) torque “peanuts” along radial workspace
section (2R robot with equal link lengths).

A more complete understanding can be ob-
tained by considering the relation between the
force and motion distortions. By comparing force
and velocity ellipses along a radial section of the
2R manipulator‘s workspace (Fig.2(a-b)) we see
that the distortions are complementary. At the
workspace boundary, joint actuators can support
infinite radial loads, but radial velocities become
impossible. Conversely, tangential velocities at
the workspace boundary are enhanced and tan-
gential force capability is diminished. This com-
plementary property persists, with diminished
distortion, at regular configurations and extends
to general spatial manipulators as well. An alter-
nate way to represent directional force character-
istics is to plot the norm of joint torques needed
to support a unit tip force in each direction. As
shown in Fig.2(c) this results in “peanut”-shaped
figures that, in contrast to force ellipses, remain
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bounded at singularities.

It can be shown that force and velocity ellipses
share the same principle directions, but have re-
ciprocal principle axes lengths [11]. For this rea-
son it is convenient to consider only velocity el-
lipses, henceforth called manipulability ellipses,
with the understanding that both force and ve-
locity characteristics can be inferred from them.
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Figure 3: Manipulability ellipses: (a) the only 2R
robot with isotropic configurations I, = Lg\/i,
(b) 2R robot without isotropic configurations Lo

= [1V2.

Truly uniform properties only occur at so-called
isotropic configurations [12], which only exist for

special robot geometries. Figure 3 compares the

manipulability ellipses for two robots with iden-
tical workspaces. The first robot is the only 2R
geometry that has isotropic configurations.

3 Potentials for Exploitation

Thie idea that singularities may be useful was first
suggested by K.H. Hunt [13] who recognized that,
at singularity configurations, the space of instan-
taneous joint screws fails to span the entire screw
space. This enables any reciprocal wrench applied
to the end effector to be transmitted through the
structure without loading any actuators. This
means that there is a potential for applying or
withstanding extremely high loads in certain di-
rections at singularities. Although this argument
has been often repeated, and suggested as use-
ful for practical application, e.g. drilling [14], to
the authors’ knowledge it has yet to be applied in
practice.

Nevertheless, it is easy to verify that humans
take advantage of this principle when walking or
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standing, for example. To see this consider the
2R planar manipulator as a approximation of the
human leg. When outstretched to a singular-
ity configuration, radial loads can be transmitted
through the structure without loading the joint
actuators. This is how humans avoid muscle fa-
tigue while supporting their weight when walking
or standing.

Although effective for walking, this exam-
ple also points out the specialization of mo-
tion required to take full advantage of singular-
ities which are local and directionally-oriented
within the workspace. In walking, the end-
point (foot) only moves tangentially around the
workspace boundary where singularities support
the radially-directed load. If the 2R manipula-
tor were applied to drilling for example, it would
be necessary to locate the end-effector and work-
piece near either the center or the boundary of
the workspace and to align them appropriately
with respect to the direction of heavy loading.
Furthermore, once this is done, we should expect
to apply only small motions in the direction of
heavy loading (dril]jng) because large ones would
move robot too far from the region of maximum
mechanical advantage. Obviously, this approach
would be awkward to apply in practice.

Figure 4: Manipulability ellipses for a 3R robot:
(a) configurations optimized for maximum dex-
terity (minimum condition number), (b) configu-
rations optimized to minimize the norm of joint
torques for a vertical tip load.

" Ideally, we would like to achieve maximum me-

chanical advantage in any chosen direction at any
end-effector position in the workspace (arbitrary
placement and alignment of singularities). How-
ever, because this seems impossible, we might set-
tle for extending the influence of singularities to
larger portions of the workspace. In principle,
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Figure 5: Archer modeled by planar dual arms
with a constant force spring.

this can be achieved through redundancy: analo-
gous to the way redundancy can been exploited
to increase dexterity (uniformity in properties)
throughout the workspace [9], it can also be ex-
ploited to propagate nonuniformity of properties
(i.e., ill-conditioned configurations and singular-
ities) throughout the workspace.This principle is
confirmed in Fig. 4 which compares manipula-
bility ellipses for a 3R planar robots whose con-
figuration at each workspace position has been
optimized to (a) maximize uniformity (minimize
condition number), and (b) minimize the joint
torques needed to balance a vertical tip load.

4 Human Exploitation of
Singular Configurations

Further insight into potentials for robotic appli-
cations can be gained by considering how humans
use singularities.

In performing the so-called “clean and jerk”,
weight lifters take advantage of the singularity
configurations of their arms. From the floor, the
weight is thrown upward using forces generated by
leg muscles and transmitted through their arms
which are stretched downward in a singular con-
figuration. The weight is then caught with arms
folded in a second singularity configuration that
is similar to the center point singularity of the 2R
manipulator. After a pause, the weight is again
thrown upward using leg muscles and caught with
arms stretched overhead in a third singularity
configuration. Obviously, the weight is too heavy
for the arms to manipulate except near these sin-
gularities and the lifting process is one of ballisti-
cally transferring the weight between them.

These examples show that in walking and
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weightlifting humans use singularity configura-
tions mainly to support heavy loads, rather than
to apply forces. In this sense, singularities trans-
form the mechanism (limbs) into a structure with
respect to certain directions of applied loads.

In drawing a bow, archers also make use of
ill-conditioned configurations and singularities to
minimize muscle effort in their arms. As an ex-
planation, consider the planar dual arm system
shown in Fig.5b as approximation of an archer.
The bow has been modeled by a constant force
spring and the system has three degrees of redun-
dancy with respect to extending the spring. Fig
6(a) shows the pseudoinverse solution which min-
imizes joint motion. Figure 6(b) shows an alter-
nate solution which minimizes joint torques (sec-
tion 7) and is obviously similar to human behav-
ior. Figure 7(a) shows plots that compare joint
torques versus spring length for the two solutions,
confirming that the second solution substantially
reduces effort.

Figure 6: Archer solutions: (a) minimal joint mo-
tion (b) minimal joint torques.

The manipulability ellipsoids in Fig.6(b) show
that singularity configurations play an important
role in minimizing effort. Because the initial con-
figuration is not well suited to the spring load,
the flattened ellipses are first reoriented by self-
motion. The resulting increase in mechanical ad-
vantage provides a dramatic decrease in torque
(Fig.7(a)). The spring is then extended with the
left arm outstretched and the right arm drawing
backward toward its center point. The final pos-
ture can be sustained without effort due to sin-
gularity configurations of both arms. Although
this model does not consider joint limits or in-
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terference with the body, it is clear that human
archers use essentially the same strategy, taking
advantage of singularity configurations to mini-
mize effort and to reduce fatigue while aiming.
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Figure 7: Comparison of archer solutions: (a)
norm of joint torques, (b) joint displacement ver-
sus spring length for archer solutions.

In addition to confirming the importance of re-
dundancy, this example shows that ill-conditioned
configurations near singularities are well suited to
applying forces.

5 The Need for Temporal
Autonomy

As stressed in the introduction, kinematic sin-
gularities are usually regarded as nuisances that
should be avoided because they confound the
planning and execution of timed-end effector tra-
jectories.

Exactly at a singularity, the Jacobian ma-
trix relating joint velocities to the cartesian end-
effector velocity loses rank and the usual joint rate
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solution becomes indeterminate. Although this
mathematical problem can be overcome by an un-
timed parametric formulation [15] which consid-
ers higher-order kinematics if necessary [16), there
still remains the underlying physical problem of
Joint rates becoming unbounded for certain direc-
tions of finite end-effector velocity. More impor-
tantly, joint rates also become unreasonably large
for substantial regions of ill-conditioned regular
configurations close to singularities.

Physically, the situation can be understood
from the flattening of the manipulability ellipses
near singularities: small end-effector velocities
(displacements) in the flattened direction require
large joint rates (displacements). Although, this
is generally viewed as a problem, it is actually the
definition of mechanical advantage. Large end-
effector velocities in the flattened direction are
simply not possible, but large forces are. From
this perspective, redundancy can be interpreted
as a mechanism for changing transmission ratio:
ill-conditioned configurations provide low trans-
mission ratios with respect to motions in flattened
directions and high transmission ratios with re-
spect to motions in the lengthened directions.

The main obstacle to making use of ill-
conditioned configurations is the complexity of ve-
locity limitations which make it very difficult to
plan the timing of end-effector motions. This is
illustrated in Fig.7(b) which plots joint displace-
ment versus spring length for the two archer so-
lutions of Fig 6. The minimum torque solution is
far less uniform and requires far more joint mo-
tion, especially near singularities. This makes it
almost impossible to prescribe the rate of spring
extension without exceeding joint rate limits.

This means that the ideal abstraction of a
disembodied hand that can be arbitrarily pro-
grammed within simple velocity bounds must be
compromised and replaced with a more sophisti-
cated view: one that includes more consideration
of the machine that moves the hand. But, rather
than burden the task planner with complicated
details, it is better to simply relieve the planner of
timing considerations altogether: let the planner
specify the geometry of task execution, but let the
robot control system determine timing in accor-
dance with the robot’s capability. This provides a
simple abstraction which is similar to human su-
pervision: tasks are assigned, but precise timing
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of their execution is not dictated. For tasks such
as welding, which require more-or-less strict ve-
locity control along a path, this strategy may not
be appropriate. But there are many other tasks
in which timing is of secondary importance and
can be sacrificed in favor of increased mechanical
advantage.

6 Temporally-Autonomous
Path Control

Hollerbach and Suh [17], resolved redundancy to
minimize joint torques subject to robot dynamics.
In doing so, they found the robot was likely to
blunder into a region near a singularity, where
joint rates become unacceptably large. In this
section we will consider a similar, but simpler,
problem: resolving redundancy to minimize joint
torques in a robot subject to a static end effector
forces, ignoring dynamics.

Various investigators [18-20] have proposed the
use of generalized inverses of the form

§=Jti—(I-JtI)VH (1)
which minimizes a potential function H(6) sub-
ject to the kinematic constraint JO(t) = 7#(¢).
Here 4(t) tepresents the joint rates, r(t) repre-
sents a timed end-effector trajectory, J(8) is the
Jacobian matrix, J* = JT(JJT)~1 is the Moore-
Penrose generalized inverse, and VH is the gra-
dient of H(#8).

Taking H(6) = 1777, where 7(8) = JTf rep-
resents the configuration-dependent joint torques
resulting from the application of a static tip force
f, we obtain an inverse rate solution which mini-
mizes the norm of joint torques, subject to execu-
tion of the timed-trajectory 7(t). Unfortunately
this solution fails. As the robot moves toward sin-
gularities in an effort to minimize joint torques,
larger and larger joint rates are needed to exe-
cute the timed-trajectory, r(t). Eventually, joint
rate limits are exceeded and control is lost. How-
ever, this is not the fault of singularities, which in
fact provide the mechanism for minimizing joint
torques. Rather, as discussed in the previous sec-
tion, it is the fault of an inappropriate timing
specification which does not consider joint rate
limitations.

J. Kieffer, J. Lenaréic

As an alternative strategy, consider that an un-
timed trajectory specification r(A) is given, and
let timing be determined by the controller. The
generalized inverse can then be expressed

0=J'A-u(I-JtI)\WVH (2)
where A and ft are positive scalars determined on-
line by the controller. The first term provides tra-
jectory execution while the second provides self-
motion that minimizes joint torques. In deter-
mining A and g at any instant, the controller can
govern the relative priority of joint torque mini-
mization versus trajectory execution while simul-
taneously ensuring that joint rates remain within
physically-realizable bounds.

A detailed exploration of such a strategy is
beyond the scope of this paper and certainly
includes significant obstacles, including numeri-
cal problems in the close proximity of singular-
ities where the matrix JJT (needed to compute
Jt = JT(JJT)=1) looses rank. However, further
insight can be gained by examining a crude exam-
ple of this strategy applied to a 2R robot lifting
problem.

7 Static Lifting with a 2R
Robot

Figure 8(a) depicts a 2R robot lifting a weight.
Ignoring the z-coordinate of the tip, the system
has one degree of redundancy with respect to lift-
ing in the y-direction. The problem is to lift the
weight while minimizing joint torques. The links
are considered massless and the weight static.

(a)

y
AR

weight

Figure 8: (a) 2R weightlifting robot, (b) tip tra-
jectories for k=0,2,4, and 600.
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One approach to generating an optimal trajec-
tory is to perform a sequence of constant-y slice
optimizations beginning a y = —2 and proceeding
upward. However, to get more insight into the
obstacles to control, we will consider a control-
oriented approach based on the previous section.

(a) 151

® 7

Figure 9: Weightlifting robot motions: (a) k=0:
minimal joint motlons, (b) k=600: minimal
torques.

In particular, trajectories will be generated

based on integrating equation (2) with incremen-

tal steps of constant length § in joint space. Let
each integration step be defined as follows.

(3)

where

v=J% —k(I-J*J)VH (4)

Here k provides weighting with respect to
torque minimization versus trajectory execution.
Since the operator projects the torque gradi-
ent VH onto the null space of J, there is no
chance of backward motion along the trajectory,
r(X)=y(A)=A. If k(] — JtJ)VH is large with
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respect to JT 7/, then most to the joint motion re-
sults in robot self-motion to reduce torques. Con-
versely, if J*7/ is large relative to k(I - J*J)VH,
then most of the joint motion is directed toward
trajectory execution.

Figure 8(b) plots tip trajectories which result
for four values of k. Weighting factors k=0 and
k=600 represent extremes that minimize joint
motion, and joint torques, respectively. As an
aid to visualization, Figs. 9(a) and 9(b) show the
robot and manipulability ellipses for intermedi-
ate positions of the robot executing the k=0 and
k=600 trajectories respectively.

In minimizing joint torques, trajectories with
large k take increased advantage of singularities
near the inner circular workspace boundary. Tra-
Jectory k=4 comes very close to a singularity
on the bottom of the inner workspace boundary
while £=600 finds two singularities (bottom and
top of inner workspace boundary). The increase
in mechanical advantage which the singularities
provide is apparent from Fig.10 which plots the
norm of joint torques versus lifting height y.

norm of joint torques

-2 <15 -1 -05 0 05 1 15 2

lifting height y

Figure 10: Norm of joint torques versus lifting
height for weightlifting robot.

Some insight into the trajectory optimization
can be gained from Figs. 11(a) and 11(b) which
plot the surface of the joint torque norm over
the workspace for elbow-left and elbow-right con-
figuration branches, respectively. However, care
must be taken, since the configuration branch can
change when a singularity is encountered as is the
case for the k=600 trajectory shown.

Perhaps better insight can be gained by consid-
ering the trajectories in joint space. Figures 12(a)
and 12(b) show the trajectories superimposed on
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contour plots of the torque norm, |7(t)|, and Lft-
ing height, y(8), respectively. With increasing k,
the algorithm takes increased advantage of sin-
gularities to minimize torques while simultane-
ously increasing y to perform the lifting task. It
is also apparent that increasing & increases the
joint-space path length, minimizing the change in
y with respect to incremental joint motion, espe-
cially near singularities. This implies that timing
of the trajectory in task space (i.e, y(t)) becomes
more difficult or impossible with increasing k.
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Figure 11: Surface plots of joint torque norm ver-
sus tip position for weightlifting robot: (a) elbow-
left, (b) elbow-right.

In joint space, 6(t) can be prescribed relatively
freely, except exactly at singularities where dis-
continuities imply that the robot must deceler-
ate to a stop before accelerating onwards along
the path. This means that timing, even in joint
space, requires careful consideration if one is to
fully exploit singularities. However, from the k=4
trajectory it is also clear trajectories only have to
come close to singularities to gain the majority of
torque reduction (Fig 10).
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Figure 12: Joint trajectories over contour plots of
(a) joint torque norm, and (b) lifting height .

8 Conclusion

The assertion that kinematic singularities of ar-
ticulated mechanisms offer untapped potentials
seems indisputable from at least two points of
view: (1) conventional insistence on uniform task-
space velocity capability obviously limits the us-
able workspace and fails to take full advantage
of configurations that offer extremes in motion
or force capability which, by their nature, are
directionally-biased, and (2) it is easy to cite ex-
amples of humans using singularity configurations
to gain mechanical advantage.

In this paper, we have identified timing as the
major obstacle to exploiting singularities in re-
dundant robots and have proposed an alternative
control strategy in which timing is determined on-
line in accordance with machine limitations. Sim-
ple examples show that significant reductions in
joint torques can be obtained, suggesting that
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weak actuation can be compensated with more so-
phisticated control that exploits singularities and
ill-conditioned configurations.
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