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Abstract

Exchanged hypercubes [Loh et al., IEEE Transactions on Parallel and Dis-
tributed Systems 16 (2005) 866-874] are spanning subgraphs of hypercubes with
about one half of their edges but still with many desirable properties of hypercubes.
In this paper it is shown that also distance properties of exchanged hypercubes are
comparable to the corresponding properties of hypercubes. The average distance
and the surface area of exchanged hypercubes are computed and it is shown that
exchanged hypercubes have asymptotically the same average distance as hyper-
cubes. Several additional metric and other properties are also deduced and it is
proved that exchanged hypercubes are prime with respect to the Cartesian product
of graphs.
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1 Introduction

Hypercubes form one of the fundamental models for interconnection networks. They are

universal in the sense that the binary strings are naturally encoded into their topology.



Consequently, they possess numerous fine network properties such as small diameter,
small density, and high connectivity. At the same time, straightforward local routing
is possible. Nevertheless, from several reasons different variations of hypercubes were
proposed, let us mention here only Mobious cubes [5], folded hyper-star networks [16],
Fibonacci cubes [17], folded cubes [19], k-ary n-cubes [28], and twisted-cubes [29]. An
additional variation of hypercubes—exchanged hypercubes—is of our prime interest
here.

The exchanged hypercubes FH (s,t), proposed by Loh et al. [23], are graphs ob-
tained by systematically removing edges from hypercubes. The number of vertices
in EH(s,t) is equal to that of the (s + t 4+ 1)-dimensional hypercube, but the ratio
of the number of edges in EH(s,t) to that of the (s + ¢ + 1)-dimensional hypercube
is 1/2+1/(2(s +t+ 1)) [4]. Different properties of exchanged hypercubes were in-
vestigated by now. The bipancyclicity of them was investigated in [24]. To measure
the fault-tolerance of them, the connectivity and the super connectivity were deter-
mined in [20, 25, 26]. These results, in addition to those obtained in the seminal
paper [23], indicate that the exchanged hypercubes keep numerous desirable properties
of the hypercubes. In this paper we take a closer look to metric properties of exchanged
hypercubes and some other related properties.

Graphs considered here are simple, finite, and connected. The distance dg(u,v)
between vertices v and v of a (connected) graph G is the usual shortest-path distance.
If G will be clear from the context, we will simply write d(u,v). The Wiener index
W (G) of a graph G is the sum of the distances between all unordered pairs of vertices of
G. For instance, W(K,) = (}), that is, the number of its edges. This graph invariant
is one of the fundamental properties of (interconnection) networks, cf. [2, 4, 6, 18, 27].
On the other hand, the Wiener index of a graph is a central and one of the most studied
invariants in mathematical chemistry, see for instance surveys [8, 9].

A concept closely related to the Wiener index is the surface area. If v is a vertex of
a graph G and r a positive integer, then the r-surface area Bg (1) of G centered at v is
the number of vertices at distance r from the fixed base vertex v. That is, the surface
area is the size of the r-sphere around v. If G is vertex-transitive, then the surface area
is independent of a selected vertex. The surface area of a network is interesting because
many network properties and algorithms are directly related to it. Consequently, it has

been studied for a variety of networks, cf. [6, 7, 14].



The paper is organized as follows. In the next section we introduce the exchanged
hypercubes in two equivalent ways and recall or deduce some of their basic properties.
Then, in Section 3, we first determine the Wiener index of exchanged hypercubes.
As a consequence it is demonstrated that asymptotically, exchanged hypercubes and
hypercubes have the same average distance. Then we determine the surface area and
indicate that this result yields an alternative way to determine the Wiener index. In
Section 4 we first consider several other distance-based invariants and then prove that
the exchanged hypercubes are prime with respect to the Cartesian product operation.
In the final section we point out that dual-cubes are particular instances of exchanged

hypercubes and list some of consequences of our results for the dual-cubes.

2 Exchanged hypercubes: two definitions and some prop-
erties

In this section we first introduce exchanged hypercubes and list some of their properties.
Then we equivalently describe these cubes as the graphs obtained by adding a perfect
matching between two collections of hypercubes and show how this point of view can
be used to infer additional properties.

Exchanged hypercubes are spanning subgraphs of hypercubes. Recall that if d is a
positive integer, then the d-dimensional hypercube (or d-cube, for short) Q4 is the graph
with vertex set {0,1}%, two vertices (strings) being adjacent if they differ in exactly
one coordinate. The Hamming distance H (b, c) between binary strings b and ¢ of the
same length is the number of positions in which b and c¢ differ. It is well known that
dg,(u,v) = H(u,v) holds for any two vertices (alias strings) of Q4.

Let u = ug_1...ug € {0,1}* be a binary string, d > 1. If j > 4, then we will
use the notation u;.,; for the substring of u between u; and wu;, that is, u;; = u; ... u;.
For any integers s > 1 and t > 1, the exchanged hypercube EH(s,t) is the graph
with the vertex set {0,1}*T**1. Hence, if u € V(EH(s,t)), then its coordinates are
Ugtt - - - Ug1Uy - - - UL Ug. Vertices u and v are adjacent if one of the following conditions

is satisfied:

(1) Us+t:1 = VUs+¢:1, UQ 7£ Vo,
(11) Up = Vg = 17 H(ut:17vt:1) = 17 and Us4t:t+1 = Us+t:t+1,

(111) Ug = Vg = 07H(u8+t:t+lavs+t:t+l) - 17 and Ug:1 = Vg:1-



For instance, FH(1,2) and EH(2,2) are shown in Fig. 1.

11011 11111

7’ A
// \\
1011 1111 , ;] é .
/ Y

, \ v ’ \ N

v 5 i N V: / \ N
,,/ \\\ /// ,*[’/ \\\‘\ \\\
1010 » S001 1101 \ 1110 , L D N
! * 11010 -7 , N v s 11110

7/ \

1000 1100
0000 0100

AY 4
N 0001 0101 ¢ 10010 ~o N r - 10110
0010 © 20110 N S i .,
N 4 ~ Y e ’
N . . [NEN P .
N e Y 7 4
N 7’ N 4
N 4 ~ \ U 7’
N // AN \ 7 R4
N 4
0011 0111 AN it
Y 4
N 4
EH(1,2)
10011 10111
EH(2,2)

Figure 1: Exchanged hypercubes EH(1,2) and EH(2,2)

Clearly, EH (s,t) has 257! vertices. Note also that if u € V(EH(s,t)) and ug = 0,
then the degree of u is s+ 1, otherwise the degree of u is t+ 1. It is also straightforward
that for any s and ¢, the exchanged hypercube E'H (s,t) is isomorphic to EH (t, s).

For practical purposes, another description of the exchanged hypercubes is useful.

Note that the edge set of EH (s,t) is the disjoint union of sets Fy, Fo, E3, where

B = {U/U ¢ Us4t:1 = Us4t:1,UO 7é UO}7
Ey = {uv : Usitpi1 = Vsppr1, H(up1,ve1) = 1,u9 = v = 1},

Es ={uv: w1 = ver, H(Usqt41, Vsttt+1) = 1, u0 = vo = 0}.

In Fig. 1 the edges from E7, Fo and E3 are represented by dashed lines, thin lines, and
thick lines, respectively.

Let EH(s,t) be the subgraph of EH (s,t) induced by the edges Es. Then FH;(s,t)
is the disjoint union of 2° copies of (J;. Indeed, fixing the leftmost s bits and fixing the
rightmost bit to 1, the induced subgraph is isomorphic to ;. Moreover, there are no
edges between two such induced subgraphs isomorphic to Q. Similarly, the subgraph
EHy(s,t) of EH(s,t) induced by the edges E3 consists of 2! subgraphs isomorphic to
Qs. Finally, the edges from E; form a perfect matching of FH(s,t), it is a matching
between EHy(s,t) and EH(s,t). More precisely, let  be an arbitrary copy of Q¢ from
EHq(s,t). Then each vertex of @ has exactly one neigbor in EHy(s,t), each of these
neighbors belongs to a different copy of Qs from EHy(s,t). For instance, in the graph



EH(2,2) in Fig. 1, the subgraph EH;(2,2) consists of 4 copies of Q2 drawn with thin
lines, the subgraph EH(2,2) consists of 4 copies of Q2 drawn with thick lines, while
the matching edges (that is, the edges from E7) are drawn with dashed lines.

Using the above representation of the exchanged hypercubes it is immediate that
|E(EH (s,t))| = 28(s2571) 4+ 25(#2071) 4 2025 = 2511 (5 4 ¢ 4+ 2), cf. [4]. Since Qsyss1
has (s +t+ 1)25%" edges, it thus follows that E'H(s,t) has about one half of the edges

of the hypercube of the same dimension. As another property we have:

Proposition 2.1 If s,t > 1, then the number of 4-cycles of EH (s,t) is

#+(()+(2)):

Proof. From the above representation we infer that a 4-cycle of FH(s,t) contains
no edge between FH(s,t) and FHy(s,t). It follows that any 4-cycle lies either in
EHy(s,t) orin EH;(s,t). As these two subgraphs are disjoint unions of hypercubes @
and Q;, respectively, and since Q,, contains exactly 272 (g) 4-cycles, cf. [15, Exercise

2.4], the assertion follows immediately. O

We have noted that the edges from E; form a perfect matching of FH (s,t). But
exchanged hypercubes contain many additional perfect matchings. Indeed, hypercubes
contain a huge number of perfect matchings, cf. [11], hence any combination of sep-
arate perfect matchings in copies of Qs and @ gives a perfect matching in EH (s,t).
Moreover, Fink [10] proved that every perfect matching of Qg, d > 2, is contained in a
Hamiltonian cycle. This result together with the second description of the exchanged
hypercubes can be used to construct many Hamiltonian cycles in exchanged hypercubes
EH(s,s), see [3].

The domination number v(G) of a graph G is the order of a smallest set X C V(G)
such that any vertex u € V(G) \ X has at least one neighbor in X. The exact value
of ¥(Qq) is known only for d < 6 and for d = 2F — 1 or d = 2¥, see [15, p. 90].
Using the second representation of EH (s,t) it follows immediately that v(EH (s,t)) <
259(Qy) + 2!9(Qs). With a little effort we can say a bit more:

Proposition 2.2 Ifs,t > 1 and s <t, then vy(EH(s,t)) < 25v(Q;) + (28 — 1)v(Qs).

Proof. Select an arbitrary s-cube @ from EHg(s,t). Let Qy), 1 < i < 2% be the
t-cubes from EH;(s,t) that have a neighbor in . In each of the cubes Qgi) select



a minimum dominating set such that it contains the vertex that has a neighbor in
Q. (Such a dominating set exists since hypercubes are vertex-transitive graphs.) In
this way @ is dominated by vertices from EHj(s,t). Selecting an arbitrary minimum

dominating set in each of the remaining s-cubes and t-cubes, the result follows. O

The bound of Proposition 2.2 is (of course) not optimal. For instance, EH(2,2)
contains a perfect code and consequently v(EH(2,2)) = 8. It can also be shown that
v(EH(2,3)) < 16. We believe that to determine the exact value of v(EH(s,t)) is a
difficult problem which is worth of an independent study.

3 Average distance and surface area

Using the second description of exchanged hypercubes from the previous section we
prove the following key lemma. It is implicitly given in [23, Table 2], but since it is the

key lemma, we give a formal proof of it.

Lemma 3.1 Ifs,t > 1 and u,v € V(EH(s,t)), then

H(u,v) +2, uo=wvy=0,us1 # ve1, or
d(uyv) = Up = Vo = 17u5+t:t+1 7& Vs4t:t4+15
H(u,v), otherwise.

Proof. Note first that d(u,v) > H(u,v) because EH(s,t) is a spanning subgraph of
Qstt+1 and dg, ., (u,v) = H(u,v).

Suppose first that ug = v9 = 0 and us; = ve1. Then v and v belong to the
same subgraph Qs of FHy(s,t) and hence d(u,v) < H(u,v). Thus d(u,v) = H(u,v).
Analogously we get the same conclusion when ug = vg = 1 and wgqy.441 = Vspp+1. Let
next ug # vg and assume without loss of generality that ug = 0 and vg = 1. Then a
u, v-path of length H(u,v) can be constructed as follows. First change one by one the
bits of u between usyy and uy41 in which w differs from v. Then change the rightmost
bit to 1, and finally change the remaining bits in which w differs from v. Hence in all
these cases we have d(u,v) = H(u,v).

Assume now that ug = vg = 0 and ugp1 # ve1. Then u and v belong to differ-
ent copies of Qs from EHy(s,t). Hence any wu,v-path necessarily contains at least
two matching edges between EH(s,t) and FH;(s,t). Then it follows that d(u,v) >
H(u,v)+2. We can find a u, v-path of length H(u,v)+ 2 as follows: change one by one



the bits of u between us4; and w41 in which u differs from v, then change the rightmost
bit to 1, change the remaining bits in which « differs from v, and finally change the
rightmost bit to 0. We conclude that d(u,v) = H(u,v) + 2. The case up = vg = 1 and

Ugtt:g+1 7 Vste+1 18 treated analogously. U

Theorem 3.2 If s,t > 1, then
W(EH(S,t)) _ (8 +t4+ 3)22(s+t) o 22s+t . 2$+2t )

Proof. By Lemma 3.1, the contribution of a pair {u,v} € (V(Eg(s’t))) to W(EH (s,t))
is either H(u,v) or H(u,v)+2. Thus W(EH (s,t)) is the sum of W(Qs4++1) and twice
the number of pairs of vertices {u,v} with d(u,v) = H(u,v) + 2.

Consider first pairs with ug = vg = 0 and ;.1 # vi.1. In the subcase when ugiyp 41 =
Vstt:t+1, there are 2° possible substrings for the first s coordinates and hence the number

of (unordered) pairs of vertices with ug = vg = 0, ug1 # V.1, and Ugypp41 = Vstttt1, 1S

(o)

If on the other hand wugyt.411 # Vsit:t11, We have (225 ) pairs with respect to the first s
coordinates and (2;) for the consecutive t coordinates. As such pairs can be combined

in two ways, the number of such (unordered) pairs of vertices is
25\ (2t
2 .
(2)()
Similarly, the number of pairs {u,v} with ug = vg = 1 and ugys.441 7# Vstet+1 1S equal
2%\ 4 25\ (2!
2°+2 .
() (3) ()

It is well-known (cf. [12, Exercise 19.3]) that W (Quys41) = (s +t + 1)226+) | Putting
all this together we obtain that

wienso = ezt e ((3)z e (5)204(5) (5))

which, after a routine computation, reduces to the claimed expression. O

to

The average distance p(G) of a graph G is defined with




We note that some authors prefer to define the average distance as 2W (G)/|V (G)|?*.
The definitions are almost equivalent and are in fact equivalent in the asymptotic sense,

which we consider next.

Corollary 3.3

p(EH(s0) _ o Q) _ 1

1m = .
st—o0 s+t+1 d—oo d 2

Proof. Using Theorem 3.2 we find that

W(EH(s,t)) 1 s ot
— t —27° =2
W(Qsytr1) s+t+1 (st+3 )

hence limg ;o0 % = limg 400 % For the latter limit we have
CopQa) L d22?
lim = lim —— =,
d—o0 d d—o00 ( 5 )d 2
and we are done. O

We next determine the surface area of exchanged hypercubes:

Theorem 3.4 If s,t > 1, then

BEH(s,t),v(T) = {(s—l—t—ll—l) + (Z) _ ( t2) vo ; 1.

Proof. Assume vy =0 and d(u,v) =7 (0 <7 < s+t +2). We count the number of u

according to the three cases.

Case 1: ug =0, up1 = vgq.
By Lemma 3.1, there are r different bits between ugsys.tr1 and vgyser1. The number of

u 18 (;f) Note that r < s in this case.

Case 2: up =0, usp1 # vga.
By Lemma 3.1, there are r — 2 different bits between wusi41 and vgiy1. Note that

ug.1 # v and r > 3. The number of u is (ffé) — (Tf2).

Case 3: ug = 1.

By Lemma 3.1, there are r — 1 different bits between w441 and vs14.1. The number of

s—l—t) .

u is (T_1



Combining the above three cases we conclude that

B (r) = 5\ | s+t ([ s n s+t\  (s+t+1 INEATN
EH(s,t)v - r r—29 r—2 r—1 - r—1 r r—2/,"
We proceed analogously when vy = 1. O

We conclude the section by noting that Theorem 3.4 yields another proof of The-
orem 3.2. The computations are rather technical, so we state only the key steps. If

vo = 0, the total distance of v is

s+t+2

Z d(u,v) = Z 7 Bpr(st)0(T)

ueV(EH(s,t)) r=1

-0 - ()

r=1

— (S+t+3)28+t_28+1

Analogously, if vg = 1, then the total distance of v is (s +t+3)25+ —2!*1. The number
of vertices with vy = 0 (or vg = 1) is 257!, Hence, the Wiener index of FH(s,t) is

25F (st + 3)25F — 2571 4 (5 £+ 3)25FF — 21F1] /2 = (s4143)22(sH) 25+ s+t

4 Additional properties

Recall that the eccentricity ecc(u) of a vertex u € V(G) is the maximum distance
between w and the vertices of G. The radius rad(G) and the diameter diam(G) of G
are the minimum and the maximum eccentricity in G, respectively.

From Lemma 3.1 we can also determine the eccentricity of vertices of EH (s,t). Let
u be an arbitrary vertex, then its binary complement w is the unique vertex with respect
to u with the property H(u,u) = s+t+1. By Lemma 3.1 we infer that d(u,u) = s+t+1.
On the other hand, the lemma implies that d(u,u’) = s + t + 2, where @ is the vertex
obtained from @ by complementing @y. Moreover, using Lemma 3.1 again, we also
observe that the vertex u' is the unique vertex to u such that ecc(u) = d(u,u’). We
collect these facts into the following result, where the average eccentricity (cf. [13])
is defined in the natural way. (We note that the diameter of FH(s,t) was earlier
determined in [23, Theorem 6].)



Proposition 4.1 If u € V(EH(s,t)), then ecc(u) = s+t + 2 and hence the average
eccentricity of EH(s,t) is s +t + 2. Moreover, every vertexr has a unique antipodal

vertex.
Corollary 4.2 If s,t > 1, then diam(EH (s,t)) = rad(EH (s,t)) = s+t + 2.

This should be compared with the fact that diam(Qs4¢+1) = rad(Qs4¢4+1) = s+t+1.
Hence again the exchanged hypercubes keep these fine properties of hypercubes.

The Cartesian product GO H of graphs G and H is the graph with vertex set
V(G) x V(H), vertices (g,h) and (¢',h’) being adjacent whenever g¢’ € E(G) and
h =Hn,or g =g and hh' € E(H). For more information on this graph operation
see [12]. For our purpose it is essential to recall that Q4 can be represented as the
d-fold Cartesian product of K5. Hence hypercubes are in a way the simplest possible
Cartesian product graphs. A graph that cannot be represented as the Cartesian product
of graphs on at least two vertices, is called prime (with respect to the Cartesian product).
We conclude this note with the following results that contrasts exchanged hypercubes

from hypercubes.
Proposition 4.3 If s,t > 1, then EH(s,t) is a prime graph.

Proof. Consider vertices u = 00...00 and v = 00...01. Clearly, uv € E(EH(s,t)).
The open neighborhood N(u) of u is {v,u*D ... w9} where ul(-i) =1fort4+1<
i<st+t,andul) =0fort+1<i<s+t0<j<s+t j#i Similaly,
N®®) = {u, o™, ..., v®} where UZ-(i) = U(()i) =1forl1<i<t and U](-i) =0for1<i<t,
1 <j<s+t, j#i It follows that if v € N(u) — {v} and y € N(v) — {u}, then
d(z,y) = 3. Consequently, the edge uv is contained in no 4-cycle of EH (s,t). Since in
the Cartesian product of two nontrivial graphs every edge is contained in at least one

4-cycle, the result is proved. O

5 Concluding remarks

In this paper we have obtained several properties of exchanged hypercubes with respect
to the distance function. Another closely related class of cubes studied in the literature
is formed by dual-cubes D,,, n > 1. These cubes were by now well studied, see for

instance [1, 3, 21, 22]. Here we follow the notation used in [1]. As it turns out, D,, is

10



isomorphic to EH(n — 1,n — 1). Hence all our results can be directly applied to the

dual-cubes. For instance:
Corollary 5.1 Ifn > 1, then W(Dy11) = (2n + 3)247 — 23n+1,

Dual-cubes are vertex-transitive graphs. For such graphs G the surface area is
independent of a selected vertex w, hence the notation Bg,(r) can be simplified to
Bg(r). Then we have:

Corollary 5.2 Ifn > 1, then Bp,,(r) = (2n+1) + (nH) - (foll)

r—1 r

Proof. Apply Theorem 3.4 together with the facts that D,, 11 is isomorphic to EH (n,n)
and that (7) - (%) = () = (24). 0

r—2 r r—1

Very recently, dual-cubes D,, were generalized to dual-cube-like networks DC,, in [1].
DC,, consists of 2™ disjoint copies of (),,—1. In addition, it contains a perfect matching,
where the endpoints belong to different copies of @),,_1, and between any two copies of
(.1 there is at most one edge of the perfect matching. This generalization of dual-
cubes to dual-cube-like networks can be naturally extended to generalize extended
hypercubes to extended hypercube-like networks. We think it would be worth studying
the extended hypercube-like networks.
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