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Abstract. We present a method to calculate the pion electro-production amplitude in a
framework of a coupled channel formalism incorporating quasi-bound quark-model states.

1 Introduction

In our previous work ([1] and [2]) we have developed a general method to in-
corporate excited baryons represented as quasi-bound quark-model states into a
coupled channel calculation using the K matrix. The method has been applied to
calculate pion scattering amplitudes in the energy region of low-lying P11 and
P33 resonances. In addition to the elastic channel we have included the A and
oN (oA) channels where the o-meson models the correlated two-pion decay. We
have been able to explain a rather intriguing behaviour of the scattering am-
plitudes in these two partial waves in the range of invariant energies from the
threshold up to W ~ 1700 MeV. In this work we show how the formalism can be
extended to the calculation of electro-production amplitudes.

2 Incorporating quark-model states into multi-channel
formalism

We consider a class of chiral quark models in which mesons (the pion and the
sigma meson in our case) couple linearly to the quark core:

Hisan = | e Y {0r 0l (91ma(0)+ [Vime (0ums(K) + Vi (6) g (1]},

lmt

where aimt (k) is the creation operator for a meson with angular momentum 1 and

the third components of spin m and isospin t. In the case of the pion, we include
only 1 = 1 pions, and Vit (k) = —v(k) 2311 ol Tl is the general form of the pion

source, with the quark operator, v(k), depending on the model. It includes also
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the possibility that the quarks change their radial function which is specified by
the reduced matrix elements Vgg/(k) = (B||V(k)|[B’), where B are the bare baryon
states (e.g. the bare nucleon, A, Roper, . . .)

We have shown that in such models it is possible to find an exact expression
for the K matrix without explicitly specifying the form of the asymptotic states.
In the basis with good total angular momentum ] and isospin T, the elements of
the K matrix take the form:

(UEB/
kw ’

Kiin = =V (WHIVIRIWs ), N = (1)

where w and k are the energy and momentum of the meson. Here ¥} is the

principal value state corresponding to channel H specified by the meson (7, o,
..) and the baryon B (N, A, .. .):

dk k ~
|W}]—%'> :NH {Z C%|(DR> [ NJB ]T + ZJ'(Uk—I-XE—()\/V [aT(k)‘WB/H]T
R

2)
The first term is the sum over bare tree-quark states @ involving different ex-
citations of the quark core, the next term corresponds to the free meson and the
baryon (N or A) and defines the channel, the third term introduces meson clouds
around different isobars. The sum in the latter term includes also inelastic chan-
nels in which case the integration over the mass of unstable intermediate hadrons
(o-meson, A-isobar, .. .) is implied. The state Vg in Egs (1) and (2) represents ei-
ther the nucleon or the intermediate A with invariant mass M; in the latter case it
is equal to (2) with H = (71, N) and normalized as (YA (M/)[WA(M)) = 6(M—M') |
E(k) is the energy of the recoiled baryon (nucleon or A). The on-shell meson am-
plitudes X]]*T/H are proportional to the corresponding matrix elements of the on-
shell K matrix

Krirm = eNm N M (ke ) 3)

From the variational principle for the K matrix it is possible to derive the inte-
gral equation for the amplitudes which is equivalent to the Lippmann-Schwinger
equation for the K matrix. The resulting expression for X]]*T/H can be written in the
form

XTI == Ve (k) + DM (K) (4)
R

where Vyr are the dressed matrix elements of the interaction Vi between the
resonant state and the baryon state in channel H, and D}*T/H is the background
contribution.

3 T and K matrices for ™N electro-production

We start with the definition of the T matrix for the pion electro-production on the
nucleon:

TT[N‘yN — _T[<‘y(+)(mS)mt;kO)t)lHyl‘yN (mé)m{;k'}/) li)> ) (5)
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where mg and m; are the third components of baryon spin and isospin, ko and
t are the outgoing pion momentum and the third component of isospin, and k,
and p the momentum (along the coordinate z-axis) and the polarization of the
incident photon. The interaction Hamiltonian is taken in the form

Y_JmWEZ au(ky) +hel,
Vel k) = ——= V(1 k), Tyl k) = ‘°‘—°Jdrsu e, (6)
V21 2wy

The state representing the photon-nucleon system reads

Y
W (m] mis k) = Ayl (e nimiml)) Ny = igayy/ 2 @)

Here w, = (W? — M{ — Q?)/2W, k3 = w3 4+ Q%, E}, = W — w,,, with Q*
measuring the photon virtuality. We perform the spin-isospin decomposition of
the outgoing state

WO (my, mesko, t)) = 3 iYin (Ro)Wyr (M, Mo, Lm, £)) € L CIVT

Imelm ™~ Tmlt -
tmJT

®)
Commuting al, in (5) to the left and using the expansion (8), we can write the T
matrix in the JT basis as

Ty = 70Ny (5 (MM ko, DIV, (1, Ky Wn (m{my)) . ©)

The electro-production amplitude is proportional to (9) through
T = /kok, /81 M, hence
Ny
VKoky

The amplitudes proportional to the elements of the K matrix are obtained by re-

M =~ (Wi (MyMr; ko, DIV, (1, Ky )[Wn (mimy)) . (10)

placing the state ‘Pﬁ) by the corresponding principal value state:
Ny
VKoky

The procedure to calculate the electro-production amplitudes in our formal-
ism is the following: we first evaluate (11) using (2) as obtained in pion scattering,
and then compute (10) using M = M* +iTM¥. (This equation trivially follows
from the Heitler’s equation T = K + iTK since the proportionality factor between
T and M is the same as between K and M¥.) In principle, this equation involves
also the matrix elements corresponding to Compton scattering. They can be ne-
glected since they are orders of magnitude smaller than those containing strong
interaction. In the P11 case we have

MIT =~ (W1t (MM ko, DIV (1, Ky )W (mimy)) (11)

—K

Mo (W) = M (W) +1[TNNNN (W)ME (W) + Trengres (WIS 5 (W)

+Ton UN(WWEMWJ]. (12)
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We have further simplified the equation by using averaged values for amplitudes
involving the A and the oN channels and thus avoiding integration over the
corresponding invariant masses. In the P33 case we have also added the TN(1440)
channel, while the oN channel has been replaced by the A channel.

4 The behaviour of the amplitudes close to a resonance

From (3) and (4) it follows that close to a resonance, denoted by R, the K matrix
element between the elastic channel and the B channel can be cast in the form

(Uo(UBEN EB B background
Kagnn = —704/ kW2 crVnr(ko) +Kopan -

After some rearrangements, the principal value states (2) take the form

V-

Hy _ res H non—res
) = Kb g LR ) )
with
Gresy _ Vnz (K)af (k)W )T Ver (K)[af (k)[Ws)]T
W = VZR{®R> Jdk wy +En(k) =M 5 Jdk wy + Eg(k) — M '

(the inclusion of the oN channel in the P11 case is straightforward). We can now
split the K-matrix type amplitudes (11) into the resonant part containing the pole
and the “non-resonant” part:

wyEY, VZr
koW ﬂzonN VNR

R Knn (PR W)V W) + My oY (13)

We see that the resonant matrix elements depend on a particular channel (H)
only through the K matrix element referring to that channel. Next we plug (13)
into (12) and take into account the relation between the T and the K matrix (T =
K + iTK). The resonant part of the electro-production amplitudes then reads

(,Uy ZR

(res
V k4 14
DYV 7T2(U0EN Yo (W W)V [¥N) Tanan (14)

(res)
My

while the non-resonant part satisfies

(non)

. T _K T _K
Mglon) = ME tron) +1 |:T7rN7rNM§ (non) + TT[NT[AMA mon) + TT[NO—NMU

Let us note that (V5 pires) (yy )V, [Wn) is the electro-excitation amplitude for the res-

onance R. For a sufﬁciently weak meson field the state ¥ is dominated by the
bare-three quark core surrounded by a cloud of pions, which is a familiar form
of a baryon state in chiral-quark models. The relation (14) can be rewritten in a
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more familiar form by noting that the elastic part of the K matrix can be written

as

. woEN  Vig _ 1Tal
koW Zr(Mr) Mg —-W’

where T} is the elastic width of the resonance. Expressing Vnr from (15) we get

(res) . waKj rel y(res) v
M) =g [ YN qlres) gy 16
N 1 27TkoWF£,t ( R (W)] y| N) (16)

where we have taken into account that at the resonance Tn»Nn = i1/ Tiot-

KT[NT[N - (15)

5 Multipole decomposition for the P11 and P33 wave

Expanding (6) into multipoles, we have in the P33 case:

3/2 wy B - 3/2 wy B -
M =y (It B = = [ IV )
17)
andinthe P11 (J=T = %) case
1/2 w EY ~ 0 w- EY ~
MY = [y (i IV ) - MG = [ i IV 1)

related to 7° production amplitude on the proton as M?_ = MSO_) + % MSL/Z) ,and
on the neutron as M} = Mgo_) — % Mg1_/2)' Here IV and IS denote the isovector
and the isoscalar part of the interaction, respectively. The same formulas apply to
the M amplitudes. (Similar relations can be derived for the scalar amplitudes.)

The transverse electro-excitation amplitudes are defined in terms of the he-
licity amplitudes Ap, . In the P33 case we separate them into the magnetic dipole
and the electric quadrupole part:

M1 =1 [V3Ay + A, =B @ My, as)
L (A3 —V3A }\/E (W) Vy (E2)][ W) (19)
Ve HTVas e e

Taking into account (17) and (16) we reproduce the familiar relation

3w, LT,
M2 =it M, ER/Y —ifE2,  fo )N
8koW T2,

In the P11 case only one transverse helicity amplitude appears and we find

2[5 - 1T = -
pn_ [~ (res) I\7M1 b glres) IyyMi
AV =03 {(‘PR IVFHIS)[Wn) + 7 (W IV (IV)HWN>:|
(the reduced matrix elements appear only in the angular momentum, the third
component of the isospin are Mt = m{ = 1).
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6 Preliminary results in the N(1440) sector

The P33 wave amplitudes in the region of the A(1232) have been extensively in-
vestigated in our previous works (see e.g. [3] and [4]). Since the electro-production
amplitudes are dominated by the resonant contribution, they follow the shape of
the elastic T matrix accordingly to (14).

This is not the case in the P11 wave. In Fig. 1 we show some preliminary re-
sults (without including the A and the oN channels) for the electro-production
amplitude in the region of the N(1440) resonance showing the important role of
the background processes. These are dominated by the nucleon pole contribution,
the contribution from the second term in (2) (t-channel), and by a u-channel-type
process with the A in the intermediate state. Below the resonance, the contribu-
tion of the resonant term is almost negligible. The resonant contribution itself is
dominated by the pion cloud and the admixture of the nucleon component which
considerably reduces the contribution. This point is still under investigation; we
expect that inclusion of higher resonances may cure this deficiency.
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Fig.1. The real (left panel) and the imaginary (right panel) parts of the electro-production
amplitudes M} _ for the P11 partial waves. The MAID result is taken from [5]; the ex-
perimental points from [6]. The thin dashed curve in the right panel shows the effect of
omitting the nucleon component in the resonant state.
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