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Abstra
tWe study tent map inverse limits, i.e. inverse limits of inversesequen
es of unit segments I with a tent map being the only bondingfun
tion. As the main result we identify an in�nite family of 
urves in

I2 su
h that if top points of graphs of tent maps belong to the same
urve, the 
orresponding inverse limits are homeomorphi
, and if theybelong to di�erent 
urves, the inverse limits are non-homeomorphi
.The inverse limits 
orresponding to 
ertain families of top points areexpli
itly determined, and 
ertain properties of the inverse limit areproved in the 
ase of (0, 1) as the top point.1 Introdu
tionContinua as inverse limits have been studied for a long time. One reasonfor su
h intense resear
h in this area is the fa
t that inverse sequen
es withvery simple spa
es and simple bonding maps 
an give extremely 
ompli
ated
ontinua as their inverse limits. The inverse limits may be both 
ompli
atedand useful even in the 
ase, when all the spa
es are unit intervals [0, 1]and all the bonding fun
tions are the same. Su
h inverse sequen
es andtheir inverse limits play an important role in the 
ontinuum theory as wellas in the theory of topologi
al dynami
al systems. They also appear inappli
ations in su
h diverse areas as e
onomy, me
hani
s of �uids, physi
sand more; see [34, 36, 37, 38, 40, 41℄.2010 Mathemati
s Subje
t Classi�
ation: Primary 54C60; Se
ondary 54B10.Key words and phrases : Continua, Inverse limits, Tent maps, Knaster 
ontinua.1Pr
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2 I. Bani£, M. �repnjak, M. Merhar and U. Milutinovi¢Even su
h a simple 
ase when the graph of the bonding fun
tion is theunion of two segments may be highly non-trivial. Su
h fun
tions are 
alledtent maps and they are the main obje
t of our study. In De�nition 1.1 weintrodu
e the basi
 notation related to them, whi
h we use later in thepaper.De�nition 1.1. For any a, b ∈ [0, 1], the tent fun
tion f(a,b) : [0, 1]→ [0, 1]is de�ned as the set-valued fun
tion with the graph Γ(f(a,b)) being the unionof the segment (possibly degenerate) from (0, 0) to (a, b) and the segment(possibly degenerate) from (a, b) to (1, 0). The point (a, b) is 
alled the toppoint of the graph Γ(f(a,b)). The inverse limit obtained from the inversesequen
e of 
losed unit intervals [0, 1] and the bonding fun
tion f(a,b) isdenoted by
K(a,b) = lim←−{[0, 1], f(a,b)}

∞
n=1.Note that f(a,b) is single-valued if and only if a /∈ {0, 1} or (a, b) ∈

{(0, 0), (1, 0)}.The �rst and the most famous example of 
ontinua K(a,b) is K( 1
2
,1), 
alledthe Brouwer-Janiszewski-Knaster 
ontinuum or sometimes just the Knaster
ontinuum.The whole family of 
ontinua K( 1

2
,b), 12 < b ≤ 1, has been 
alled Knaster
ontinua and the famous Ingram 
onje
ture, stated in 1992, 
laimed thatall of them are pairwise non-homeomorphi
. It generated a large numberof arti
les, su
h as Barge, Bru
ks, Diamond [6℄, Barge, Diamond [8, 9℄,Barge, Ja
klit
h, Vago [10℄, Barge, Martin [11, 12, 13℄, Blo
k, Jakimovik,Kailhofer, Keesling [14℄, Blo
k, Keesling, Raines, �tima
 [15℄, Bru
ks, Bruin[16℄, Bru
ks, Diamond [17℄, Bruin [18, 19, 20℄, Collet, E
kmann [22℄, Good,Knight, Raines [26℄, Good, Raines [27℄, Kailhofer [32, 33℄, Raines [47℄,Raines, �tima
 [48, 49℄, �tima
 [50, 51, 52, 53℄, Swanson, Volkmer [54℄,and others, in whi
h 
ertain spe
ial 
ases of the 
onje
ture were proved.Finally, the 
onje
ture was proved in 2009 by M. Barge, H. Bruin and S.�tima
 [7℄.In spite of su
h great e�ort and many obtained results the 
omplete
lassi�
ation of all inverse limits K(a,b) is still an open problem. In thispaper we 
ontinue the study of inverse limits of tent maps f(a,b) and their
lassi�
ation.Note that in some 
ases the tent maps are not single-valued and thereforethe 
on
ept of inverse limits of inverse sequen
es with upper semi
ontinuousset-valued bonding fun
tions is needed. Su
h a generalization of the 
on
eptof inverse limits was introdu
ed in [31, 39℄ by W. T. Ingram and W. S.Pr
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Towards the 
omplete 
lassi�
ation 3Mahavier. They gave 
onditions under whi
h the inverse limit of an inversesequen
e of Hausdor� spa
es with upper semi
ontinuous set-valued bondingfun
tions is a Hausdor� 
ontinuum, provided some interesting examples ofsu
h inverse limits, and dis
ussed their dimension. The 
on
ept of thesegeneralized inverse limits has be
ome very popular sin
e their introdu
tionand has been studied by many authors and many papers appeared; forexamples see [1, 2, 3, 4, 5, 21, 23, 29, 30, 31, 35, 39, 45, 46, 55℄.2 De�nitions and notationOur de�nitions and notation mostly follow [31℄ and [43℄.A 
ontinuum is a nonempty, 
ompa
t and 
onne
ted metri
 spa
e.Let W =
{
(x, sin 1

x
) ∈ R

2 | 0 < x 6 1
}. Any 
ontinuum homeomorphi
to Cl(W ) is 
alled a sin 1

x
-
ontinuum.A harmoni
 fan is any 
ontinuum, homeomorphi
 to the 
ontinuum,de�ned as the union ( ∞⋃

n=1

Kn

)

∪K, where for ea
h n, Kn is the segment inthe plane from (0, 0) to (1, 1
n
), and K is the segment from (0, 0) to (1, 0).Let (Xn, dn) be a sequen
e of metri
 spa
es, where all metri
s are boundedby 1. Then

D(x, y) = sup
n∈{1,2,3,...}

{
dn(xn, yn)

n

}

,where x = (x1, x2, x3, . . .), y = (y1, y2, y3, . . .), will be used for the metri
 onthe produ
t spa
e ∞∏

n=1

Xn (it is well known that the metri
 D indu
es theprodu
t topology [24, p. 190℄, [42, p. 123℄).If (X, d) is a 
ompa
t metri
 spa
e, then 2X denotes the set of allnonempty 
losed subsets of X . Let for ea
h ε > 0 and ea
h A ∈ 2X

Nd(ε, A) = {x ∈ X | d(x, a) < ε for some a ∈ A}.We will always equip the set 2X with the Hausdor� metri
 Hd, whi
h isde�ned as
Hd(H,K) = inf{ε > 0 | H ⊆ Nd(ε,K), K ⊆ Nd(ε,H)},for H,K ∈ 2X . Then (2X , Hd) is a metri
 spa
e, 
alled the hyperspa
e of thespa
e (X, d). For more details see [28, 43℄.Let X and Y be 
ompa
t metri
 spa
es. A single-valued fun
tion f :

X → 2Y is also 
alled a set-valued fun
tion f : X → Y . A set-valuedPr
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4 I. Bani£, M. �repnjak, M. Merhar and U. Milutinovi¢fun
tion f : X → Y is upper semi-
ontinuous (abbreviated u.s.
.) if forea
h open set V ⊆ Y the set {x ∈ X | f(x) ⊆ V } is an open set in X .The graph Γ(f) of an u.s.
. set-valued fun
tion f : X → Y is the set ofall points (x, y) ∈ X × Y su
h that y ∈ f(x).Ingram and Mahavier gave the following 
hara
terization of u.s.
. fun
-tions [31, p. 120℄:Theorem 2.1. Let X and Y be 
ompa
t metri
 spa
es and f : X → Y aset-valued fun
tion. Then f is u.s.
. if and only if its graph Γ(f) is 
losedin X × Y .In this paper we deal with inverse sequen
es {Xn, fn}
∞
n=1, where Xn are
ompa
t metri
 spa
es and fn : Xn+1 → Xn are u.s.
. set-valued fun
tions.We denote {Xn, fn}

∞
n=1 also by

X1
f1
← X2

f2
← X3

f3
← . . .The inverse limit of an inverse sequen
e {Xn, fn}

∞
n=1 is de�ned to bethe subspa
e of the produ
t spa
e ∏∞

n=1Xn of all x = (x1, x2, x3, . . .) ∈
∏∞

n=1Xn, su
h that xn ∈ fn(xn+1) for ea
h n. The inverse limit is denotedby lim←−{Xn, fn}
∞
n=1. The notion of the inverse limit of an inverse sequen
ewith u.s.
. bonding fun
tions was introdu
ed by W. S. Mahavier in [39℄ andW. T. Ingram and W. S. Mahavier in [31℄.For any 
ompa
t metri
 spa
e X we use dim(X) for the topologi
al(
overing) dimension of X (for the de�nition see [25, p. 385℄ or [44, p. 10℄).For the reader's 
onvenien
e we list the following well-known results thatwill be used later:Theorem 2.2. [25, p. 393℄ Let X and Y be 
ompa
t metri
 spa
es su
hthat dim(X) = 0. Then

dim(X × Y ) = dim(Y ).Theorem 2.3. [44, p. 15℄ Let {Xn}
∞
n=1 be a sequen
e of 
ompa
t subspa
esof a metri
 spa
e and let k be a nonnegative integer, su
h that dim(Xn) ≤ kfor all n. Then

dim

(
∞⋃

n=1

Xn

)

≤ k.
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Towards the 
omplete 
lassi�
ation 53 Main resultsIn this se
tion we formulate and prove the main results.First we introdu
e basi
 notation and fa
ts.Let a ∈ (0, 1) and b ∈ (0, 1]. Note that f(a,b) is single-valued. Then
f(a,b)(t) =

{
b
a
t ; if t ∈ [0, a]
b

a−1
(t− 1) ; if t ∈ [a, 1] .The point e = f(a,b)(b) =

b(b− 1)

a− 1
plays an important role in the study of

K(a,b). The restri
tions of f(a,b) mapping [0, a] onto [0, b], and [a, b] onto [e, b],respe
tively, are bije
tions. Therefore they have the inverse fun
tions andwe denote them by L : [0, b] → [0, a] and R : [e, b] → [a, b], respe
tively. Itis easy to see that L(t) = a
b
t and R(t) = a−1

b
t+ 1.For any point (x1, x2, x3, . . .) ∈ K(a,b) and any positive integer n, xn =

f(a,b)(xn+1). If xn+1 < a then xn+1 = L(xn), if xn+1 > a then xn+1 = R(xn),and �nally if xn+1 = a then xn = b and xn+1 = L(xn) = R(xn). Note thatif xn+1 ≥ a then xn+1 ∈ [a, b], be
ause xn+1 = f(a,b)(xn+2) ≤ b. Therefore inthat 
ase xn ∈ [a, e]. This fa
t was the main reason for the introdu
tion of
e and our 
hoi
e of the restri
tion of f(a,b) in the de�nition of R.That means that xn+1 = R(xn) is possible only for xn ≥ e, but note thatfor xn+1 = L(xn) there are no restri
tions.We 
ontinue with the following lemma whi
h will be used in the proofof Theorem 3.2.Lemma 3.1. Let X be a 
ompa
t metri
 spa
e and let A be a 
ontinuumand for ea
h positive integer n, let An be an ar
 in X from an to an+1 su
hthat1. for ea
h positive integer n, An ∩ An+1 = {an+1},2. Ai ∩ Aj 6= ∅ if and only if |i− j| ≤ 1,3. there is a point z ∈ X \

(
∞⋃

n=1

An

) su
h that lim
n→∞

An = {z} in 2X ,4. A =

(
∞⋃

n=1

An

)

∪ {z}.Then the subspa
e A of X is an ar
.Pr
ep

ri
n

t 
se

ri
es

, I
M

FM
, I

S
S

N
 2

23
2-

20
94

, n
o.

 1
12

4,
 A

u
gu

st
 0

4,
 2

01
0



6 I. Bani£, M. �repnjak, M. Merhar and U. Milutinovi¢Proof. Let for ea
h positive integer n, fn : [n−1
n
, n
n+1

]→ An be a homeomor-phism su
h that fn(n−1
n
) = an and fn(

n
n+1

) = an+1. Next, let f : [0, 1]→ Xbe a fun
tion, de�ned by f(t) = fn(t) if t ∈ [n−1
n
, n
n+1

] for some positiveinteger n, and f(1) = z. Sin
e fn( n
n+1

) = an+1 = fn+1(
n

n+1
) for ea
h positiveinteger n, it follows that f is 
ontinuous on [0, 1) [24, p. 83℄. Let {ti}∞i=1be a sequen
e in [0, 1] su
h that lim

i→∞
ti = 1. Then it follows from 3. that

lim
i→∞

f(ti) = z and therefore f is 
ontinuous at t = 1. It also follows from 4.that f is surje
tive and from 1., 2., and 3. that f is inje
tive. Therefore fis a homeomorphism from [0, 1] onto A.Theorem 3.2. Let a, b ∈ (0, 1), a < b and b < 1− a. Then K(a,b) is an ar
.Proof. Let e = f(a,b)(b) = b(b−1)
a−1

. It follows from a < b < 1 and b < 1 − athat a < e.De�ne A1 to be the set of all points (x1, x2, x3, . . .) ∈ K(a,b) su
h that
xi+1 = L(xi) for ea
h positive integer i. It follows that A1 is an ar
 from

a1 = (0, 0, 0, . . .) to a2 = (b, a, L(a), L2(a), . . .),sin
e one easily proves that t 7→ (t, L(t), L2(t), . . .) is a homeomorphismfrom [0, b] onto A1.Let A2 be the set of all points (x1, x2, x3, . . .) ∈ K(a,b) su
h that x2 =

R(x1) and xi+1 = L(xi) for ea
h positive integer i ≥ 2. It follows that A2 isan ar
 from
a2 = (b, a, L(a), L2(a), . . .) to a3 = (e, b, a, L(a), L2(a), . . .),sin
e t 7→ (t, R(t), L(R(t)), L2(R(t)), . . .) is a homeomorphism from [e, b]onto A2.Also, for ea
h positive integer n ≥ 3 de�ne the set An to be the set ofall points (x1, x2, x3, . . .) ∈ K(a,b) su
h that xn = R(xn−1) and xi+1 = L(xi)for ea
h positive integer i ≥ n. It follows that An is an ar
 from from
an = (fn−2(e), . . . , f 2(e), f(e), e, b, a, L(a), L2(a), L3(a), . . .)to

an+1 = (fn−3(e), . . . , f 2(e), f(e), e, b, a, L(a), L2(a), L3(a), . . .),sin
e t 7→ (fn−2(t), . . . , f 2(t), f(t), t, R(t), L(R(t)), L2(R(t)), . . .) is a home-omorphism from [e, b] onto An.Sin
e R is an expansive map the only point of the form (t, R(t), R2(t), . . .)is obtained in the 
ase when t = R(t). One easily 
he
ks that t = b
1+b−a

. Let
z = ( b

1+b−a
, b
1+b−a

, b
1+b−a

, . . .).Pr
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Towards the 
omplete 
lassi�
ation 7Sin
e a < e and L(b) = a, it follows that L(t) ≤ L(b) = a < e forea
h t ∈ [e, b], and therefore R(L(t)) is not de�ned. It follows that K(a,b) =(
∞⋃

n=1

An

)

∪ {z}.One 
an easily 
he
k that An ∩ An+1 = {an+1} for ea
h positive integer
n and that for positive integers m and n su
h that |m−n| > 1 it holds that
Am ∩An = ∅.The fun
tion f(a,b) is a 
ontra
tion mapping on [e, b] with the 
ontra
tionfa
tor M = b

1−a
< 1. Using this we show that lim

n→∞
An = {z} in 2K(a,b). Takeany ε > 0. Choose a positive integer k, su
h that 1

k
< ε. Let n0 be a positiveinteger su
h that Mn < ε

b−e
for ea
h n ≥ n0. Then for ea
h n ≥ n0 and forea
h t ∈ [e, b],

∣
∣
∣
∣
fn(t)−

b

1 + b− a

∣
∣
∣
∣
=

∣
∣
∣
∣
fn(t)− fn

(
b

1 + b− a

)∣
∣
∣
∣
< Mn

∣
∣
∣
∣
t−

b

1 + b− a

∣
∣
∣
∣
< ε.Next we prove that for ea
h n ≥ n0 + k + 1 and for ea
h x ∈ An it holdsthat D(x, z) < ε. Take any

x = (x1, x2, . . . , xk, . . .)

= (fn−2(t), . . . , fn−k−1(t)
︸ ︷︷ ︸

k

, . . . , f 2(t), f(t), t, R(t), L(R(t)), L2(R(t)), . . .)in An. Take arbitrary positive integer m. If m ≥ k then
d(xm,

b
1+b−a

)

m
≤

1

m
≤

1

k
< ε.If m < k then n−m− 1 > n− k − 1 ≥ n0, hen
e

d(xm,
b

1+b−a
)

m
=

∣
∣fn−m−1(t)− b

1+b−a

∣
∣

m
< ε.It follows that D(x, z) < ε for ea
h x ∈ An and therefore HD(An, {z}) < ε.Using Lemma 3.1 it follows that K(a,b) is an ar
.De�nition 3.3. For any t ∈ [1,∞) let

Ct = {(x, y) ∈ [0, 1]× [0, 1] | xt+1 − xt = yt+1 − yt, 0 < x < y}.See Figure 1.It is easy to see that C1 is the graph of the fun
tion f : (0, 1
2
) → (1

2
, 1),

f(x) = 1− x. One 
an easily see that for ea
h t ∈ (1,∞), Ct is a subset of
[0, 1]× [0, 1] 
ontaining (1

2
, y) for exa
tly one y ∈ (1

2
, 1).Pr
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8 I. Bani£, M. �repnjak, M. Merhar and U. Milutinovi¢
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0.0
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Figure 1: Ct for t = 1, 2, 3, 4.Theorem 3.4. Let n be a positive integer and (a, b), (c, d) ∈ Cn. Then
K(a,b) and K(c,d) are homeomorphi
.Proof. In this proof for any 
losed interval L = [u, v] the 
orrespondingopen interval (u, v) will be denoted by ◦

L.Let e = f(a,b)(b) =
b(b−1)
a−1

and f = f(c,d)(d) =
d(d−1)
c−1

.Next de�ne L1 : [0, b]→ [0, a] and R1 : [e, b]→ [a, b] with
L1(t) =

a

b
t, R1(t) =

a− 1

b
t + 1,and L2 : [0, d]→ [0, c] and R2 : [f, d]→ [c, d] with

L2(t) =
c

d
t, R2(t) =

c− 1

d
t+ 1.From (a, b), (c, d) ∈ Cn it follows that ( b

a
)n−1e = ( b

a
)n−1 b(b−1)

a−1
= a,

( b
a
)ne = ( b

a
)n b(b−1)

a−1
= b, (d

c
)n−1f = (d

c
)n−1 d(d−1)

c−1
= c, (d

c
)nf = (d

c
)n d(d−1)

c−1
= d.Moreover

0 < e < f(a,b)(e) < f 2
(a,b)(e) < · · · < fn−1

(a,b)(e) < fn
(a,b)(e),and fk

(a,b)(e) = ( b
a
)ke for ea
h k = 0, 1, . . . , n. Similarly

0 < f < f(c,d)(f) < f 2
(c,d)(f) < · · · < fn−1

(c,d)(f) < fn
(c,d)(f),Pr
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Towards the 
omplete 
lassi�
ation 9and fk
(c,d)(f) = (d

c
)kf for ea
h k = 0, 1, . . . , n.Let I0 = [0, e] and

Ik =
[

fk−1
(a,b)(e), f

k
(a,b)(e)

]

=

[(
b

a

)k−1

e,

(
b

a

)k

e

]for ea
h k = 1, . . . , n.Sin
e R1(e) = b and R1(b) = a, it follows that R1([e, b]) = In andtherefore R1(Ik) ⊆ In for ea
h k = 1, . . . , n. Re
all that R1 is not de�nedon I0 \ {e}.Sin
e L1((
b
a
)ke) = ( b

a
)k−1e it follows that L1(Ik) = Ik−1 for ea
h k =

1, . . . , n. Also L1(I0) ⊆ I0.For any x ∈ [0, b] let S1(x) = {Ik | k = 0, 1, 2, . . . , n, x ∈ Ik}. Obviously,
S1(x) is a singleton, ex
ept for x = ( b

a
)ke, k = 0, 1, . . . , n− 1, when S1(x) =

{Ik, Ik+1}. This notation will simplify the des
ription of the dynami
s of themapping f(a,b) that will be the 
ru
ial part of the proof.Analogously, we de�ne J0 = [0, f ],
Jk =

[

fk−1
(c,d)(f), f

k
(c,d)(f)

]

=

[(
d

c

)k−1

f,

(
d

c

)k

f

]for ea
h k = 1, . . . , n and prove that R2([f, d]) = Jn, L2(Jk) = Jk−1 for ea
h
k = 1, 2, . . . , n, and L2(J0) ⊆ J0.Also for any x ∈ [0, d] we de�ne S2(x) = {Jk | k = 0, 1, 2, . . . , n, x ∈

Jk} whi
h again turns out to be a singleton, ex
ept for x = (d
c
)kf , k =

0, 1, . . . , n− 1, when S2(x) = {Jk, Jk+1}.Now de�ne the 
ontinuous pie
ewise linear in
reasing fun
tion ϕ : [0, b]→

[0, d], whi
h maps ea
h interval Ik a�nely onto Jk, for k = 0, 1, 2, . . . , n. Ex-pli
itly ϕ is given by
ϕ(t) =







f

e
t ; if t ∈ I0

d
c
f−f

b
a
e−e

(t− b
a
e) + d

c
f ; if t ∈ I1

(d
c
)2f− d

c
f

( b
a
)2e− b

a
e
(t− ( b

a
)2e) + (d

c
)2f ; if t ∈ I2

(d
c
)3f−(d

c
)2f

( b
a
)3e−( b

a
)2e

(t− ( b
a
)3e) + (d

c
)3f ; if t ∈ I3...

(d
c
)nf−(d

c
)n−1f

( b
a
)ne−( b

a
)n−1e

(t− ( b
a
)ne) + (d

c
)nf ; if t ∈ In .We will prove that the fun
tion Φ : K(a,b) → K(c,d) de�ned by

(x1, x2, x3, . . .) 7−→ (y1, y2, y3, . . .),Pr
ep
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10 I. Bani£, M. �repnjak, M. Merhar and U. Milutinovi¢where(3.1) y1 = ϕ(x1),and(3.2) yk+1 =

{

L2(yk) ; if xk+1 = L1(xk)

R2(yk) ; if xk+1 = R1(xk)for ea
h positive integer k, is well-de�ned and that it is a homeomorphism.The well-de�nedness of Φ follows from the following indu
tive argument.Let x = (x1, x2, x3, . . .) ∈ K(a,b) be arbitrary. By indu
tion onm we provethat for ea
h m and for ea
h j = 1, 2, . . . , m, yj is uniquely determined by(3.1) and (3.2), and that
xj = 0⇐⇒ yj = 0, xj = b⇐⇒ yj = d,as well as

Ik ∈ S1(xj)⇐⇒ Jk ∈ S2(yj),for any k = 0, 1, . . . , n.The 
laim is obviously true for m = 1, by (3.1) and the de�nition of ϕ.Assume that the 
laim is true for a positive integer m. Now we distinguishseveral 
ases.Case 1. S1(xm+1) = {Ik}, for some k = 0, 1, . . . , n.Sub
ase 1.1. xm+1 = R1(xm). Now xm+1 ∈ In, i.e. k = n. xm+1 6= atherefore xm 6= b. It follows that xm+1 = L1(xm) does not hold and therefore
ym+1 is uniquely determined as ym+1 = R2(ym). Sin
e xm 6= b it follows that
ym 6= d, hen
e ym+1 6= c. That means S2(ym+1) = {Jn}. Note that xm+1 = bimplies xm+1 = R1(xm), for xm = e, and sin
e S1(e) = {I0, I1}, it followsby the indu
tion assumption that S2(ym) = {J0, J1}, hen
e ym = f , andtherefore ym+1 = R2(f) = d.Sub
ase 1.2. xm+1 = L1(xm), xm 6= 0. In this 
ase xm+1 ∈

◦

Ik and k < n.Therefore xm ∈
◦

Ik+1. It follows that ym ∈ ◦

Jk+1, sin
e ym 6= d and S2(ym) =

{Jk+1} by the indu
tion assumption. It follows that ym+1 = L2(ym) ∈
◦

Jk andtherefore S2(ym+1) = {Jk}. Uniqueness of ym+1 is 
lear, sin
e it is not truethat xm+1 = R1(xm).Sub
ase 1.3. xm+1 = L1(xm), xm = 0. Note that this is equivalent to
xm+1 = 0. By the indu
tion assumption it follows that ym = 0, and therefore
ym+1 = L2(0) = 0. R2(0) is not de�ned and the uniqueness is thereforeproved. Also, S1(xm+1) = {I0} and S2(ym+1) = {J0}.Pr

ep
ri

n
t 

se
ri

es
, I

M
FM

, I
S

S
N

 2
23

2-
20

94
, n

o.
 1

12
4,

 A
u

gu
st

 0
4,

 2
01

0



Towards the 
omplete 
lassi�
ation 11Case 2. S1(xm+1) = {Ik−1, Ik}, for some k = 1, . . . , n. This is equivalentto xm+1 = e
(
b
a

)k−1.Sub
ase 2.1. k < n. In this 
ase xm+1 = L1(xm), where xm = e
(
b
a

)k, andit is not true that xm+1 = R1(xm). Therefore S1(xm) = {Ik, Ik+1} and bythe indu
tion assumption S2(ym) = {Jk, Jk+1}. It follows that ym = f
(
d
c

)k.Finally ym+1 is uniquely determined as ym+1 = L2(ym) = f
(
d
c

)k−1, and
S2(ym+1) = {Jk−1, Jk}.Sub
ase 2.2. k = n. Now xm+1 = a, and therefore xm+1 = R1(xm) =

L1(xm), for xm = b. By the indu
tion assumption ym = d, and it followsthat ym+1 = R2(d) = L2(d) = c, proving the uniqueness part of the 
laim.Obviously S2(ym+1) = {Jn−1, Jn}.The whole indu
tive proof is 
ompleted by the following two observa-tions. First, from ym+1 = 0 it follows that ym = 0 (sin
e ym = f(c,d)(0) = 0),and by the indu
tion assumption it follows that xm = 0, and therefore
xm+1 = L1(0) = 0 (sin
e R1(0) is not de�ned). Similarly, from ym+1 = dit follows that ym = f (sin
e ym = f(c,d)(d) = f), and by the indu
tion as-sumption it follows that xm = e (sin
e from S2(ym) = {J0, J1} it follows that
S1(xm) = {I0, I1}), and therefore xm+1 = R1(e) = b (sin
e xm+1 = L1(e)would imply ym+1 = L2(f) 6= d).This proves that Φ : K(a,b) → K(c,d) is a well-de�ned fun
tion. Butrepla
ing a, b, e, ϕ, xk by c, d, f , ϕ−1, yk respe
tively, one obtains the proofof the well-de�nedness of the fun
tion Ψ : K(c,d) → K(a,b), whi
h is de�nedby

(y1, y2, y3, . . .) 7−→ (x1, x2, x3, . . .),where
x1 = ϕ−1(y1),and

xk+1 =

{

L1(xk) ; if yk+1 = L2(yk)

R1(xk) ; if yk+1 = R2(yk)for ea
h positive integer k.Obviously Ψ ◦ Φ = 1 and Φ ◦ Ψ = 1. Therefore both Φ and Ψ arebije
tions.It remains to be proved that Φ and Ψ are 
ontinuous fun
tions.Let x ∈ K(a,b) be an arbitrary point and let {xi}∞i=1 be any sequen
ein K(a,b) 
onverging to x. We shall prove that Φ(xi) 
onverges to Φ(x).Coordinatewisely it means that if for ea
h positive integer j, lim
i→∞

xi
j = xjPr
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12 I. Bani£, M. �repnjak, M. Merhar and U. Milutinovi¢for xi = (xi
1, x

i
2, x

i
3, . . .) and x = (x1, x2, x3, . . .), then

lim
i→∞

yij = yj,for ea
h j, where
(yi1, y

i
2, y

i
3, . . .) = Φ(xi

1, x
i
2, x

i
3, . . .)and

(y1, y2, y3, . . .) = Φ(x1, x2, x3, . . .).For ea
h positive integer i we �x a sequen
e (N i
1, N

i
2, N

i
3, . . .) of symbols

L1, R1, su
h that for ea
h positive integer k, it holds that
xi
k+1 = N i

k(x
i
k).Then we introdu
e the sequen
es (Oi

1, O
i
2, O

i
3, . . .) of symbols L2, R2, asfollows:

Oi
k = L2 ⇐⇒ N i

k = L1, Oi
k = R2 ⇐⇒ N i

k = R1,for ea
h k and i. By the de�nition of Φ it follows that
yik+1 = Oi

k(y
i
k),for ea
h k.First we show that lim

i→∞
yi1 = y1. It follows from the de�nition of Φ that

y1 = ϕ(x1) and for ea
h positive integer i, yi1 = ϕ(xi
1). Sin
e ϕ is 
ontinuous,

lim
i→∞

yi1 = lim
i→∞

ϕ(xi
1) = ϕ( lim

i→∞
xi
1) = ϕ(x1) = y1.Assume that for a positive integer j, it holds that lim

i→∞
yij = yj. We showthat lim

i→∞
yij+1 = yj+1.If xj+1 < a, then there is a positive integer i0, su
h that for all i ≥ i0,

xi
j+1 < a, and hen
e N i

j = L1. Therefore for all i ≥ i0, Oi
j = L2. Obviously

xj+1 = L1(xj), and hen
e yj+1 = L2(yj) as well. It follows from the de�nitionof Φ and from the 
ontinuity of L2 that(3.3) lim
i→∞

yij+1 = lim
i→∞

Oi
j(y

i
j) = lim

i→∞
L2(y

i
j) = L2( lim

i→∞
yij) = L2(yj) = yj+1.If xj+1 > a, then there is a positive integer i0 su
h that for all i ≥ i0,

xi
j+1 > a, and hen
e N i

j = R1. Therefore for all i ≥ i0, Oi
j = R2. Obviously

xj+1 = R1(xj), and hen
e yj+1 = R2(yj) as well. It follows from the de�nitionof Φ and from the 
ontinuity of R2 that(3.4) lim
i→∞

yij+1 = lim
i→∞

Oi
j(y

i
j) = lim

i→∞
R2(y

i
j) = R2( lim

i→∞
yij) = R2(yj) = yj+1.Pr
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Towards the 
omplete 
lassi�
ation 13If xj+1 = a, then N i
j = L1 may hold true for in�nitely or �nitely many i,and also N i

j = R1 may hold true for in�nitely or �nitely many i. If N i
j = L1is true only for �nitely many i, then (3.4) applies; if N i

j = R1 is true only for�nitely many i, then (3.3) applies. In 
ase when both N i
j = L1 and N i

j = R1hold true for in�nitely many i, we apply (3.3) and (3.4) respe
tively forthe two subsequen
es 
orresponding to the 
hoi
e of L1 or R1 respe
tively.Clearly in ea
h of these 
ases we get lim
i→∞

yij+1 = yj+1.Therefore Φ is 
ontinuous. Obviously the proof of 
ontinuity of Ψ 
an beobtained from the proof above by appropriate repla
ements.Corollary 3.5. If (a, b) ∈ Cm and (c, d) ∈ Cn for some positive integers
m,n ≥ 2, m 6= n, then the 
ontinua K(a,b) and K(c,d) are not homeomorphi
.Proof. Let t1, t2 ∈ (1

2
, 1) su
h that (1

2
, t1) ∈ Cm, (12 , t2) ∈ Cn. It follows fromTheorem 3.4 that K(a,b) is homeomorphi
 to K( 1

2
,t1)

and K(c,d) is homeo-morphi
 to K( 1
2
,t2)

. Sin
e K( 1
2
,t1)

and K( 1
2
,t2)

are not homeomorphi
, by thepositive solution of the Ingram 
onje
ture [7℄, it follows thatK(a,b) andK(c,d)are not homeomorphi
.We have proved in Theorem 3.4 that K(a,b) and K(c,d) are homeomorphi
for any (a, b), (c, d) ∈ C1, but we are able to give more pre
ise informationabout these 
ontinua, as shown in the following theorem.Theorem 3.6. If (a, b) ∈ C1, then K(a,b) is a sin 1
x
-
ontinuum.Proof. It is easy to see that (a, b) ∈ C1 if and only if 1 > b > a and b = 1−a.Let

A0 = {(t, 1− t, t, 1− t, . . .) | t ∈ [a, b]},

A1 = {(t, L(t), L
2(t), L3(t), . . .) | t ∈ [0, b]},and for ea
h positive integer n,

A2n = {(t, 1− t, t, 1− t, . . . , t, 1− t
︸ ︷︷ ︸

2n

, L(1− t), L2(1− t), . . .) | t ∈ [a, b]},

A2n+1 = {(t, 1− t, t, 1− t, . . . , t, 1− t, t
︸ ︷︷ ︸

2n+1

, L(t), L2(t), . . .) | t ∈ [a, b]},where L has the usual meaning (L : [0, b]→ [0, a], L(t) = a
b
t for any t).Note that in this 
ase e = a and R(t) = 1 − t for ea
h t ∈ [a, b] makingthe above formulas in 
oheren
e with what was said about elements of K(a,b)at the beginning of this se
tion.Pr
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14 I. Bani£, M. �repnjak, M. Merhar and U. Milutinovi¢Obviously K(a,b) =
∞⋃

n=0

An.Let 1 = x0 > x1 > x2 > x3 > . . . be a sequen
e in [0, 1] 
onverging to 0.Also let T2n = (x2n,−1) and T2n+1 = (x2n+1, 1), for all nonnegative integers
n. Next, let B0 = {0} × [−1, 1] be the ar
 from (0,−1) to (0, 1), and forea
h nonnegative integer n,
B2n+1 = {(x,

2

x2n+1 − x2n
(x−x2n+1)+1) ∈ [0, 1]× [−1, 1] | x ∈ [x2n+1, x2n]}be the ar
 from T2n to T2n+1,

B2n+2 = {(x,
2

x2n+1 − x2n+2

(x−x2n+1)+1) ∈ [0, 1]×[−1, 1] | x ∈ [x2n+2, x2n+1]}be the ar
 from T2n+1 to T2n+2.Obviously ∞⋃

n=0

Bn is a sin 1
x
-
ontinuum.We de�ne for ea
h nonnegative integer n, ϕn : An → Bn as follows.

ϕ0(t, 1− t, t, 1− t, . . .) = (0,
2

b− a
(t− a)− 1), t ∈ [a, b],

ϕ1(t, L(t), L
2(t), L3(t), . . .) = (

x1

b
t+ (1−

1

b
t)x0,

2

b
t− 1), t ∈ [0, b],and for ea
h positive integer n,

ϕ2n(t, 1− t, t, 1− t, . . . , t, 1− t
︸ ︷︷ ︸

2n

, L(1− t), L2(1− t), . . .) =

= (
x2n − x2n−1

a− b
(t− b) + x2n−1,

−2

a− b
(t− b) + 1), t ∈ [a, b],

ϕ2n+1(t, 1− t, t, 1− t, . . . , t, 1− t, t
︸ ︷︷ ︸

2n+1

, L(t), L2(t), . . .) =

= (
x2n+1 − x2n

b− a
(t− a) + x2n,

2

b− a
(t− a)− 1), t ∈ [a, b].Next, let ϕ :

⋃∞
n=0An →

⋃∞
n=0Bn be a fun
tion, de�ned by

ϕ(x) =







ϕ0(x) ; if x ∈ A0

ϕ1(x) ; if x ∈ A1

ϕ2(x) ; if x ∈ A2...
ϕn(x) ; if x ∈ An...Pr
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Towards the 
omplete 
lassi�
ation 15It is easy to see that ϕ is a bije
tion and that ϕ is 
ontinuous on ∞⋃

n=1

An. Tosee that ϕ is 
ontinuous on A0, take arbitrary z0 = (t0, 1−t0, t0, 1−t0, . . .) ∈

A0 and let {zn}∞n=1 be a sequen
e of points in ∞⋃

n=0

An su
h that lim
n→∞

zn = z0.We will show that lim
n→∞

ϕ(zn) = ϕ(z0).(a) Suppose there is a positive integer n0 su
h that zn ∈ A0 for all n ≥ n0.Then for ea
h n ≥ n0 �x the unique tn ∈ [a, b], su
h that
zn = (tn, 1− tn, tn, 1− tn, . . .).From lim

n→∞
zn = z0 it follows that lim

n→∞
tn = t0. Obviously, for ea
hpositive integer n ≥ n0, ϕ(zn) = ϕ0(zn) ∈ B0 and hen
e

lim
n→∞

ϕ(zn) = lim
n→∞

ϕ0(tn, 1− tn, tn, 1− tn, . . .)

= lim
n→∞

(0,
2

b− a
(tn − a)− 1)

= (0,
2

b− a
(t0 − a)− 1)

= ϕ0(t0, 1− t0, t0, 1− t0, . . .)

= ϕ(z0).(b) Suppose there is a positive integer n0, su
h that for ea
h n ≥ n0,
zn /∈ A0.If there is m0 ≥ n0, su
h that for ea
h n ≥ m0, zn ∈ A2k(n) for somepositive integer k(n), then
zn = (tn, 1− tn, tn, 1− tn, . . . , tn, 1− tn

︸ ︷︷ ︸

2k(n)

, L(1− tn), L
2(1− tn), . . .)for some tn ∈ [a, b]. Obviously lim

n→∞
tn = t0 and lim

n→∞
xk(n) = 0. There-fore

lim
n→∞

ϕ(zn) = lim
n→∞

ϕ2k(n)(zn)

= lim
n→∞

(
x2k(n) − x2k(n)−1

a− b
(tn − b) + x2k(n)−1,

−2

a− b
(tn − b) + 1)

= (0,
−2

a− b
(t0 − b) + 1)

= ϕ(z0),Pr
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16 I. Bani£, M. �repnjak, M. Merhar and U. Milutinovi¢If there is m0 ≥ n0, su
h that for ea
h n ≥ m0, zn ∈ A2k(n)+1 for somepositive integer k(n), then
zn = (tn, 1− tn, tn, 1− tn, . . . , tn, 1− tn, tn

︸ ︷︷ ︸

2k(n)+1

, L(tn), L
2(tn), . . .)for some tn ∈ [a, b], and therefore by the same reasoning as above

lim
n→∞

ϕ(zn) = lim
n→∞

ϕ2k(n)+1(zn)

= lim
n→∞

(
x2k(n)+1 − x2k(n)

b− a
(tn − a) + x2k(n),

2

b− a
(tn − a)− 1)

= (0,
2

b− a
(t0 − a)− 1)

= ϕ(z0),If zn ∈ A2k(n) for in�nitely many n and zn ∈ A2k(n)+1 for in�nitelymany n, then we apply 
al
ulations from the previous sub
ases respe
-tively for the two subsequen
es 
orresponding to the 
hoi
e of A2k(n)or A2k(n)+1. Clearly in ea
h of these 
ases we get lim
n→∞

ϕ(zn) = ϕ(z0).(
) If both zn ∈ A0 and zn /∈ A0 hold true for in�nitely many n, we apply(a) and (b) respe
tively for the two subsequen
es. Clearly in ea
h ofthese 
ases we get lim
n→∞

ϕ(zn) = ϕ(z0).We have shown that ϕ is a 
ontinuous bije
tion from the 
ompa
t spa
e
∞⋃

n=0

An onto the metri
 spa
e ∞⋃

n=0

Bn and therefore ϕ is a homeomorphism.
4 K(0,1)

K(0,1) turns out to be a very 
ompli
ated 
ontinuum. In this se
tion wegive a detailed des
ription of K(0,1), whi
h helps us to re
ognize some of itssub
ontinua as 
ertain familiar 
ontinua. The 
ontinuum has already beenstudied in [5, 21℄.Let x = (x1, x2, x3, . . .) ∈ K(0,1). Suppose there is an integer n su
h that
xn ∈ {0, 1}. If xn = 0, then xn+1 ∈ {0, 1}. If xn = 1, then xn+1 = 0. In the
ase where xn = t ∈ (0, 1), one 
an easily see that xn+1 ∈ {0, 1− t}.Let

A =
{
(x1, x2, x3, x4, . . .) ∈ K(0,1) | x1 = 0

}
⊆ K(0,1)Pr
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Towards the 
omplete 
lassi�
ation 17and
B =

{
(x1, x2, x3, x4, . . .) ∈ K(0,1) | x1 = 1

}
⊆ K(0,1).If x = (x1, x2, x3, . . .) ∈ K(0,1), then exa
tly one of the following is possi-ble.1. x ∈ A.2. x ∈ B.3. There are an odd positive integer n and a ∈ A su
h that

x ∈ An(a) = {(t, 1− t, t, 1− t, . . . , t
︸ ︷︷ ︸

n

, a) | t ∈ (0, 1)}.4. There are an even positive integer n and a ∈ A su
h that
x ∈ An(a) = {(t, 1− t, t, 1− t, . . . , t, 1− t

︸ ︷︷ ︸

n

, a) | t ∈ (0, 1)}.5. x ∈ A∞ = {(t, 1− t, t, 1− t, . . .) | t ∈ (0, 1)}.One 
an easily see that Cl(A∞) = {(t, 1 − t, t, 1 − t, . . .) | t ∈ [0, 1]} is thear
 from (0, 1, 0, 1, . . .) ∈ A to (1, 0, 1, 0, . . .) ∈ B in K(0,1). Here and in therest of this se
tion by Cl we denote the 
losure operator in the Hilbert 
ube.For ea
h n, Cl(An(a)) is the ar
 {(t, 1− t, t, 1− t, . . . , t
︸ ︷︷ ︸

n

, a) | t ∈ [0, 1]}from
(0, 1, 0, 1, . . . , 0
︸ ︷︷ ︸

n

, a) ∈ A to (1, 0, 1, 0, . . . , 1
︸ ︷︷ ︸

n

, a) ∈ Bif n is odd, and the ar
 {(t, 1− t, t, 1− t, . . . , t, 1− t
︸ ︷︷ ︸

n

, a) | t ∈ [0, 1]} from
(0, 1, 0, 1, . . . , 1
︸ ︷︷ ︸

n

, a) ∈ A to (1, 0, 1, 0, . . . , 0
︸ ︷︷ ︸

n

, a) ∈ Bif n is even. We will show that(4.1) K(0,1) =

(
∞⋃

n=1

(
⋃

a∈A

Cl(An(a))

))

∪ Cl(A∞).For ea
h a ∈ A there are two possibilities: either a = (0, 0, . . .) or a =

(0, 1, . . .). In the �rst 
ase there is an a0 ∈ A su
h that a = (0, a0) andhen
e a ∈ Cl(A1(a0)). In the se
ond 
ase a is of the form a = (0, 1, 0, . . .)Pr
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18 I. Bani£, M. �repnjak, M. Merhar and U. Milutinovi¢and therefore there is an a0 ∈ A su
h that a = (0, 1, a0) and hen
e a ∈Cl(A2(a0)). That proves
A ⊆

(
∞⋃

n=1

(
⋃

a∈A

Cl(An(a))

))

∪ Cl(A∞).For ea
h b ∈ B there is a0 ∈ A su
h that b = (1, a0). Therefore b ∈Cl(A1(a0)) and hen
e
B ⊆

(
∞⋃

n=1

(
⋃

a∈A

Cl(An(a))

))

∪ Cl(A∞),and 4.1 follows.Using 4.1 we are able to prove some additional properties of K(0,1) asfollows.(a) K(0,1) 
ontains sin 1
x
−
ontinua. For example, a proof similar to theproof of Theorem 3.6 
an be obtained in order to prove that for a =

(0, 0, 0, . . .) ∈ A
(

∞⋃

n=1

Cl(An(a))

)

∪ Cl(A∞)is a sin 1
x
−
ontinuum. See also [5℄.(b) K(0,1) 
ontains harmoni
 fans. For example,

F1 =

(
∞⋃

n=1

Cl(A2n−1(a))

)

∪ Cl(A∞),where a = (0, 1, 0, 1, 0, 1, . . .) ∈ A, and
F2 =

(
∞⋃

n=1

Cl(A2n(a))

)

∪ Cl(A∞),where a = (0, 1, 0, 1, 0, 1, . . .) ∈ A, are harmoni
 fans in K(0,1).(
) K(0,1) is one-dimensional. It is easy to see that A is a Cantor set andthat for ea
h positive integer n,
⋃

a∈A

Cl(An(a))is homeomorphi
 to the produ
t A×[0, 1]. Sin
e dim(A) = 0, it followsfrom Theorem 2.2 that
dim

(
⋃

a∈A

Cl(An(a))

)

= 1.
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Towards the 
omplete 
lassi�
ation 19A 
ountable union of one-dimensional 
ompa
ta is a one-dimensional
ompa
tum, see Theorem 2.3, therefore
dim(K(0,1)) = dim

((
∞⋃

n=1

(
⋃

a∈A

Cl(An(a))

))

∪ Cl(A∞)

)

= 1.See also [21℄.(d) It has been proved in [21℄ that K(0,1) has trivial shape and is thereforetree-like.5 A questionUnfortunately the te
hniques that were used in the proof of Theorem 3.4do not work in general, i.e. using them one 
annot prove that K(a,b) ishomeomorphi
 to K(c,d) if (a, b), (c, d) ∈ Ct for arbitrary t ∈ [1,∞). Initiallywe 
onje
tured su
h a result, but many unsu

essful attempts to prove itprovided us with eviden
e of a very 
ompli
ated behavior, and we are notso 
on�dent anymore. Therefore we just pose the following question.Question 5.1. Is it true that for any a, b, c, d ∈ (0, 1), from (a, b), (c, d) ∈

Ct, for some t ∈ [1,∞), it follows that K(a,b) and K(c,d) are homeomorphi
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