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The goal of blockmodeling is to reduce a large, potentially incoherent network to a smaller comprehensible
structure that can be interpreted more readily. In the paper we present an overview of basic ideas and

developments in this area.

1 Basic Notions

1.1 Network

Let E = {X,X2,...,X,} be a finite set of units. The
units are related by binary relations R C E x E, t =
1,...,r,r > 1 which determine a network

N= (E,Rl,Rz,... ,RT)

In the following we restrict our discussion to a single re-
lation R described by a corresponding binary matrix R =

[rij]lnxn Where
Tij = {

In some applications r;; can be a nonnegative real number
expressing the strength of the relation R between units X;
and X 7

1 X;RX;
0 otherwise

1.1.1 Example: Student Government

In Table 1 and Figure 1 the Student Government network
is presented. It consists of communication interactions
among twelve members and advisors of the Student Gov-
emment at the University in Ljubljana (Hlebec, 1993).
The results of the measurement are not real interactions
among actors but cognition about communication interac-
tions. Data were collected with face to face interviews,
conducted in May 1992,

Figure 1: Network graph: Student Government — discus-
sion, recall
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Table 1: Student Government matrix

m p m m m m m ma a a

I 2 3 4 5 6 7 8 9 10 11
minister 1 1 o I 1 0 0o t 0 0 0 0 O
p.minister 210 0 o 0 0 0 0 1 O 0 O
minister 2 3 1 1+ 0 1 0 t 1 1t 0O 0 O
minister 3 410 0 0 0 0 0 1 1 0 0 O
minister 4 sto vt o1 0 1 1 1 0 0 0
minister 5 6(0 1 0 1 1 0 1 1 0 0 O
minister 6 7 0 0 0 1 O O 0 1 1 0 1
minister 7 g8l0 1 0 1 0 0 1t O 0 O 1
adviser 1 910 0 0 1 0 0 I 1 0 0 1
adviser 2 10 1 0 1 v 1 0 0 O 0 0 O
adviser 3 11 o 0 0 0 0 1 O 1 1 0 O

Communication flow among actors was identified by the
following question:

Of the members and advisors of the Student Gov-
ernment, whom do you (most often) talk with?

The content of the communication flow was limited to the
matters of the Student Government. The time frame was
also defined: the question was referred to the six months

. period. One respondent refused to cooperate in the experi-
ment. As he was not considered in the analysis, the network
consists of eleven actors.

1.2 Cluster and Clustering

One of the main procedural goals of blockmodeling is to
identify, in a given network, clusters (classes) of units that
share structural characteristics defined in terms of R. The
units within a cluster have the same or similar connection
patterns to other units. They form a clustering

C={017027-" 7Ck}

which is a partition of the set E: |J;C; = F and i # j =
C; N C; = 0. Each partition determines an equivalence
relation (and vice versa).

1.3 Block

A clustering C partitions also the relation R into blocks
R(Ci, CJ) =RnNC; x Cj

Each such block consists of units belonging to clusters C;
and C; and all arcs leading from cluster C; to cluster C;.
If i = j, ablock R(C;, C;) is called a diagonal block.

1.4 Blockmodel and Blockmodeling

The goal of blockmodeling is to reduce a large, potentially
incoherent network to a smaller comprehensible structure
that can be interpreted more readily. Blockmodeling, as an
empirical procedure, is based on the idea that units in a net-
work can be grouped according to the extent to which they
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Figure 2: Blockmodeling scheme.

complete row-dominant col-dominant

Figure 3: Types of connection between two sets; the left set
is the ego-set.

are equivalent, according to some meaningful definition of
equivalence.

A blockmodel consists of structures obtained by identi-
fying all units from the same cluster of the clustering C. For
an exact definition of a blockmodel (see Figure 2) we have
to be precise also about which blocks produce an arc in the
reduced graph and which do not, and of what fpe. Some
types of connections are presented in Figure 3. A block is
symmetric if

V(X,Y)€C;xC;: (XRY &Y RX)

Note that for nondiagonal blocks this condition involves a
pair of blocks R(C,‘, Cj) and R(Cj , C,') .
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Table 2: Block types and matrices.

1 1.1 111 1 0 O
1 11 170 1 0 1
1 1 1 1{0 0 1 O
1 1 1 1941 0 O O
0 0 0 0|0 1 1 1
0 0 0 0|1 0 1 1
0 0 0 0of1l 1 0 1
0 0 0 0f1 1 1 O
| Cy Cs
Cy | complete regular
C> | null complete

The reduced graph can be presented by relational matrix,
called also image matrix (see Table 2).

A clustering and the induced blockmodel of the Student
Government is presented in Figure 4.

Figure 4: Blockmodeling example.

2 Blockmodeling - Formalization

Let U be a set of positions or images of clusters of units,
Let p : E — U denote a mapping which maps each unit
to its position. The cluster of units C(¢) with the same
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position ¢ € U is
Ct)=p"'(t) ={X € E: pu(X) =t}
Therefore
Cp)={C(t):teU}

is a partition (clustering) of the set of units E.
A blockmodel is an ordered sextuple M =
(U,K,T,Q,n,a) where: '

— U is a set of positions (types of units);
— K C U x U is aset of connections,

— T is a set of predicates used to describe the types of
connections between different clusters in a network.
We assume thatnul € 7.

- amapping 7 : K — 7 \ {nul} assigns predicates to
connections;

— @ is a set of averaging rules. A mapping o : K — @
determines rules for computing values of connections.

A (surjective) mapping p : E — U determines a block-
model M of network NV iff it satisfies the conditions:

Y(t,w) € K : w(t,w)(C(t), C(w))
and

Y(t,w) e U x U\ K : mul(C(t), C(w)).

2.1 Equivalences

Let & be an equivalence relation over E and [X] = {Y €
E: X =~ Y}. We say that ~ is compatible with T over a
network N iff

VX,Y € EAT € T : T([X],[Y]).

It is easy to verify that the notion of compatibility for
7 = {nul, reg} reduces to the usual definition of regular
equivalence (White and Reitz 1983). Similarly, compati-
bility for 7 = {nul, com} reduces to structural equivalence
(Lorrain and White 1971).

For a compatible equivalence ~ the mapping y: X —
[X] determines a blockmodel with U = E/ ~.

3 Optimization

3.1 Criterion Function

The problem -of establishing a partition of units in a net-
work in terms of a selected type of equivalence is a spe-
cial case of clustering problem that can be formulated as
an optimization problem: determine the clustering C* for
which

P(C*) = min P(C)
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Table 3: Characterizations of Types of Blocks.

null nul | all0*

complete com | all 1*

row-regular rre | each row is 1-covered
col-regular cre | eachcolumnis 1 -covered

row-dominant | rdo | 3 all 1 row*

col-dominant | ¢do | dall 1 column*
regular reg | l-covered rows

and 1-covered columns
non-null one | dJatleastonel

* except may be diagonal

where C is a clustering of a given set of units E, ® is the
set of all feasible clusterings and P : & — IR the criterion
function.

One of the possible ways of constructing a criterion func-
tion that directly reflects the considered equivalence is to
measure the fit of a clustering to an ideal one with perfect
relations within each cluster and between clusters accord-
ing to the considered equivalence.

Given a set of types of connection 7~ we can introduce
the set of ideal blocks for a given type T € T by

B(C;,C;T) = {B C C; x C; : T(B)}

Using Table 3 we can efficiently test whether the block
R(C;,Cj) is of the type T; and define the deviation
0(C;, Cy; T) of a block R(C;, C;) from the nearest ideal
block. For example

8(Ci, Cyireg) = |l - (IC5] = ¢5) + 1G] - (ICil = 74)

where ¢; is the number of non-zero columns, and r; is the
number of non-zero rows in the block R(C;, C;). For de-
tails see (Batagelj 1997). '

For the proposed types all deviations are sensitive

(S(Ci,Cj;T) =0& T(R(C;,C]))

Therefore a block R(C;, C;) is of a type T exactly when
the corresponding deviation §(C;, C;; T') is 0. In the devi-
ation & we can also incorporate values of lines v.

Based on deviation §(C}, C;; T') we introduce the block-
error £(C;, Cy; T) of R(C;, C;) for type T'. An example of
block-error is

e(C;, C;; T) = w(T)o(C;, Cj; T)

where w(T) > 0 is a weight of type 7.
We extend the block-error to the set of feasible types 7
by defining

e(C;,Cy;T) = ITneiglﬁ(Ci,Cj;T)
and

71'(,[1(01), /—‘(CJ)) = argminTETg(Ci) CJ7 T)
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To make 7 well-defined, we order (priorities) the set 7 and
select the first type from T which minimizes . We com-
bine block-errors into a fotal error — blockmodeling crite-

rion function

(t,w)eUxU

P(C(u);T) = e(C(t),C(w); T)-

For criterion function P we have
P(C(u1)) = 0 & 1 is an exact blockmodeling

The obtained optimization problem can be solved by lo-
cal optimization. Once a partitioning ¢ and types of con-
nection 7 are determined, we can also compute the values
of connections by using averaging rules.

3.2 Local Optimization

For solving the blockmodeling problem we use a local op-
timization procedure (relocation algorithm):

Determine the initial clustering C;

repeat:
if in the neighborhood of the current clustering C
there exists a clustering C’ such that P(C') < P(C)
then move to clustering C’ .

The neighborhood in this local optimization procedure is
determined by the following two transformations:

~ moving aunit Xy, from cluster C}, to cluster C,, (tran-
sition);

— interchanging units X, and X, from different clusters
Cy and Cy, (transposition).

3.3 Benefits from Optimization Approach

— ordinary / inductive blockmodeling: Given a network
N and set of types of connection 7, determine M,
1.e., u, 7 and q;

— evaluation of the quality of a model, comparing dif-
Sferent models, analyzing the evolution of a network
(Sampson data, Doreian and Mrvar 1996). Given a
network A, a model M, and blockmodeling s, com-
pute the corresponding criterion function;

~ madel fitting / deductive blockmodeling: Given a net-
work N, set of types 7, and a model M, determine
p which minimizes the criterion function (Batagelj,
Ferligoj, Doreian, 1998).

— we can fit the network to a partial model and analyze
the residual afterward;

— we can also introduce different constraints on the
model, for example: units X and Y are of the same
type; or, types of units X and Y are not connected;
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4 Pre-Specified Blockmodels

Figure 5: Symmetric acyclic blockmodel of Student Gov-
ermnment.

The pre-specified blockmodeling starts with a block-
model specified, in terms of substance, prior to an analysis.
Given a network, a set of ideal blocks is selected, a reduced
model is formulated, and partitions are established by mini-
mizing the criterion function. The pre-specified blockmod-
eling is supported by the program MODEL 2 (Batagelj,
1996).

As an example of pre-specified blockmodel we present
in Figure 5 a symmetric acyclic blockmodel of Student
Government. The obtained clustering in 4 clusters is al-
most exact — acyclic model with symmetric clusters. The
only error is produced by the arc (a3, m5).

5 Final Remarks

The current, local optimization based, programs for gener-
alized blockmodeling can deal only with networks with at
most some hundreds of units. What to do with larger net-
works is an open question. For some specialized problems
also procedures for (very) large networks can be developed
(Doreian, Batagelj, Ferligoj, 1998).

Another interesting problem is the development of
blockmodeling of valued networks.

MODEL 2 and related programs and data can be ob-
tained from

http://vlado.fmf.uni-1j.si/
pub/networks/stran/
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