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Abstract

Let G be a graph. Denote by Li(G) its i-iterated line graph and denote by
W (G) its Wiener index. There is a conjecture which claims that there exists
no nontrivial tree T and i > 3, such that W (LY(T)) = W(T), see [5]. We
prove this conjecture for trees which are not homeomorphic to the claw K3
and the graph of letter H.

1 Introduction

Let G = (V(G), E(G)) be a graph. For any two of its vertices, say u and v, by
d(u,v) we denote the distance from u to v in G. The Wiener index of G, W(G), is

defined as
W(G)=>d(u,v),
UFv

where the sum is taken through all unordered pairs of vertices of (G. Wiener index
was introduced by Wiener in 1947, see [15]. In the next decades, it was inten-
sively studied by chemists, as it is related to many physical properties of organical
molecules, see [9]. Graph theoretists reintroduced this parameter as the distance in
1970 and transmission in 1984, see [6] and [14], respectively. Recently, graph theo-
retic aspects of Wiener index are intensively studied, see e.g. [7] and [8], or surveys
[3] and [4].
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By the definition, if G has a unique vertex, i.e., if G = K, then W(G) = 0. In
this case we say that the graph G is trivial. We set W(G) = 0 also when the set of
vertices (and hence also the set of edges) of G is empty.

The line graph of G, L(G), has vertex set identical with the set of edges of G.
Two vertices of L(G) are adjacent if and only if the corresponding edges are adjacent
in G. Iterated line graphs are defined inductively as follows:

i G ifi=0
LNG) = { L(LFY(@)) ifi>0.

In [1], the following theorem was proved.
Theorem 1.1 [1] If T is a tree on n vertices, then W(L(T)) = W(T) — (3).

Since (5) > 0 if n > 2, there is no nontrivial tree for which W (L(T)) = W(T).
However, there are trees T satisfying W (L*(T)) = W(T), see for example [2]. In [5]

the following conjecture was posed (see also [3]).
Conjecture 1.2 [2] Let T be a nontrivial tree and i > 3. Then W(LY(T)) # W(T).

Denote by P, a path on n vertices. If n > 2 then W(P,) > W(P,_1). As
L(P,) = P, 1 ifn > 2, while L(P,) is an empty graph, we have W (L' (P,)) < W(P,)
for every ¢« > 1 if P, is a nontrivial path. Hence, Conjecture 1.2 is trivially true for
paths of length at least 1.

In [11] we prove that for every graph G the function W(L'(G)) is convex in
variable 7. Hence, the following corollary is a straightforward consequence of this
statement.

Corollary 1.3 Let T be a tree such that W(L*(T)) > W(T). Then for everyi > 3
we have W(LY(T)) > W(T).

Let G be a graph. A ray R’ in G is a (directed) path, the first vertex of which
has degree at least 3, its last vertex has degree 1, and all of its internal vertices (if
any exist) have degree 2 in G. Observe that if R’ has length ¢, t > 2, then the edges
of R' correspond to vertices of a ray R in L(G) of length ¢ — 1. In [11] we have the
following theorem.

Theorem 1.4 [11] Let T be a tree, all rays of which have length 1, distinct from a
path and the claw Ky 3. Then W(L3(T)) > W(T).

Here we extend this statement to trees with arbitrarily long rays. Denote by
H a tree on 6 vertices, two of which have degree 3 and four of which have degree
1. (That is, H is a graph which “looks” like the letter H.) The main result of this
paper is the following theorem.



Theorem 1.5 LetT" be a tree, not homeomorphic to a path, claw K3 and H. Then
W(L3(T)) > W(T).

Recall that graphs GG; and G5 are homeomorphic if and only if the graphs ob-
tained from them by repeatedly removing a vertex of degree 2 (and making its two
neighbours adjacent) are isomorphic. Combining Corollary 1.3 and Theorem 1.5 we
obtain the following corollary, which proves Conjecture 1.2 for the trees T satisfying
the assumption in Theorem 1.5.

Corollary 1.6 Let T' be a tree, not homeomorphic to a path, claw K,3 and H.
Then W (LY(T)) > W(T) for everyi > 3.

We remark that trees homeomorphic to the claw K;3 and the graph H are
considered in forthcoming papers, see [12, 13].

For a tree T, denote D(T) = W(L3(T)) — W(T). We prove D(T) > 0 by
induction on the length of the longest ray in 7. By Theorem 1.4, D(T") > 0 if the
longest ray has length 1. Now we describe the induction step:

We suppose that D(T') > 0 for all trees, rays of which have length at most [+ 1,
and we like to extend this statement to trees with rays of length at most [ + 2. Let
a’ be the last vertex of a ray of length [+1 in T, [ > 0. Since we extend only one ray
in turn, namely the ray terminating at a’, we assume that all rays of T" have lengths
at most [+2. Add to T one new vertex b’ and the edge a’t’, and denote the resulting
tree by T™*. Denote by a the edge of T' containing ¢’ and denote by b the edge a't’.
Then ab is an edge of L(T*) and the degree of b is 1 in L(T™*). Moreover, a is an
endvertex of a ray of length [ in L(T') and b is an endvertex of a ray of length [ + 1
in L(T*). By the assumption, all rays of L(T") have lengths at most [ 4+ 1. Define

AT = D(T*) — D(T).

In the next section we present an exact formula for AT. In section 3 we prove
AT > 0 and this will establish Theorem 1.5 (for more detailed explanation see the
proof of Theorem 1.5 below).

Now we introduce notation used throughout the paper. For any set of vertices
S and a single vertex z, by S\ {z} we denote the set S — {z}. Since we work
repeatedly with line graphs of trees, to simplify the notation define LG = L(G) for
arbitrary graph G. If z is a vertex, its degree is denoted by d,. If there are more
graphs containing the vertex z, then d, denotes the degree of z in LT. Analogously,
by d(z,w) we denote the distance from z to w, and this distance is preferably
considered in LT. A path starting at u and terminating at v is denoted by u — v.

2 Preliminaries

Analogously as vertex of L(G) corresponds to an edge of G, vertex of L*(G) corre-
sponds to a path of length two in G. For z € V(L?*(G)) we denote by By(x) the
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corresponding path in G. For two subgraphs S; and S, of G, by d(S1, S2) we denote
the shortest distance in G between a vertex of S; and a vertex of Ss. If S; and S
share s edges, then we set d(S7, S2) = —s.

Let 2 and y be two vertices of L?*(G), such that u is the center of By(z) and v is
the center of By(y). Then dizq)(z,y) = d(B2(x), B2(y)) + 2, see [10, 11].

Let uw,v € V(G), u # v. Denote by [;(u,v) the number of pairs z,y €
V(L*(@)), with u being the center of By(x) and v being the center of By(y), such
that d(Bs(z), B2(y)) = d(u,v) —2+i. Since d(u,v) —2 < d(Bz(z), Ba2(y)) < d(u,v),
we have (;(u,v) =0 for all ¢ ¢ {0,1,2}. In [11] we have the following statement.

Proposition 2.1 Let G be a connected graph. Then

W(LA(G) = ) Kd"> <d“) d(u,v) + 08o(u, v) + 131 (u, v) + 2Ba(u, v)

- 2p(3) ()]

where the first sum runs through all unordered pairs u,v € V(G) and the second one
runs through all u € V(G).

We apply Proposition 2.1 to line graphs of trees. Let us recall the structure of
these graphs. For any tree F', the graph LF consists of cliques in the following sense:
Denote by C(LF) the set of maximal cliques of LF'. Then every vertex of LF belongs
to at most two cliques from C(LF'); each pair of cliques from C(LF) intersects in at
most one vertex; and the cliques of C(LF') have a “tree structure”, i.e., there are no
cliques Cy, C4,...,Ci_1, t > 3, such that C; and C;;; have nonempty intersection,
0 <i <t—1, the addition being modulo ¢.

We start with an exact formula for AT. For v € V/(LT) \ {a} define

hor(u) = ((‘é“) dy — 1) d(u, a) + (d, — 1) <du dy — dy — %du) 2 d(u,a), (1)
where

[ (de —1)(dy, —2) ifd(u,a)=1
d(u,a) = { 0 otherwise.

Proposition 2.2 For a nontrivial tree, the following equality holds:
1
AT = ; hir(u) + Sd (do = 1)(2d, 1) =3,

where the sum is taken over all vertices w € V(LT) \ {a}.



PROOF Let F' be a tree and let v and v be distinct vertices of LF. Consider
vertices z,y € V(L*(LF)) such that u is the center of By(z) and v is the center of
Bs(y). Due to the clique structure of LF, there is a unique shortest u — v path in
LF. Denote this path by u = ag,a1,...,a; = v. If d(Bs(z), Bs(y)) = d(u,v) — 2,
then we must have a; € V(By(x)) and a;—1 € V(Bz(y)). There are (d, — 1) ways
to choose the other endvertex of By(z), and there are (d, — 1) ways to choose the
other endvertex of Bs(y). Hence, Gy(u,v) = (d, — 1)(d, — 1).

Now we find 3 (u, v). We distinguish two cases: d(u,v) > 2 and d(u,v) = 1.

Suppose first d(u,v) > 2. In this case u and v do not belong to a common
clique from C(LF). If d(By(z), Ba(y)) = d(u,v) — 1, then either a; € V(Bs(x)) or
a;—1 € V(Bz(y)), but not both. In the first case we obtain (d, — 1) (d” ") pairs z,y
and in the second (d“ 1) (d, — 1) pairs z,y. Thus,

By (u,v) = (dy — 1)<d“2_ 1) + (d; 1) (dy—1).

Suppose now that d(u,v) = 1. In this case u and v belong to a common clique.
All pairs x,y mentioned in the previous case contribute to ;(u,v), but we have
to add pairs x,y such that v ¢ V(By(z)), u ¢ V(Ba(y)) and d(Bs(z), Bo(y)) =
d(u,v) —1 = 0. For these pairs the paths By(x) and Bs(y) share at least one of their
endvertices. Denote by apr(u,v) the number of these extra pairs. Then

By (u,v) = (dy — 1)(d”2_ 1) + (dz_ 1) (dy — 1) + app(u,v).

Since we do not need to evaluate apr(u, v) in general, we postpone this computation
until later.

We have (dQ“) (‘12“) pairs z,y € V(L*(LF)), such that u is the center of By(z) and

v is the center of By(y). Since

<d2) @) - (du—1><du—1>+<du—1>(d”; 1) n (du N 1)(0&,—1)
)

we have (Bs(u,v) = (d“ 1) (d” 1) — app(u,v). By Proposition 2.1

W) = 3 S{(%) (%) atwor + @ (™)

(a4 (45 vt
SHIOR0)

u
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Now we evaluate W (L3(T*)) — W(L3(T)) = W(L*(LT*)) — W(L*(LT)); see
the notation below Corollary 1.6. The graph LT™ has one more vertex than LT,
namely the vertex b of degree 1, and the degree of a increased by 1 to d, +1 in LT™.
Therefore, all the terms of (2) for pairs u,v which do not contain neither a nor b,
cancell out in W (L*(LT*)) — W(L?(LT)). But we need to subtract the terms for
pairs u,a in LT and to add the terms for pairs u,a in LT*, u € V(LT) \ {a}. We
can ignore the terms containing b in LT™, as the degree of b is 1, so that b cannot
be a center of By(y) for any y € V(L*(LT*)). (Observe that all terms of (2) are
0 if one of the vertices has degree 1.) As regards the second sum in (2), we have
to subtract the term corresponding to a in LT and add the terms corresponding to
a and b in LT™*, the later one being 0 as the degree of b is 1 in LT™. Denote by
Aa(u,v) the difference arp-(u,v) — arr(u,v) and denote by AW L? the difference
W(L*(LT*)) — W(L*(LT)). By (2) we have

AWL? = — Z K‘é“) (2) d(u,a) + (d, — 1) <d“2_ 1) +
(4 N ( )(dil)—w’@]
=2 (5)(*5 e ra-n(G) +
+< ) ( )( )—aLTua)}
() -o(5) +a(* ) +o(M)
_ Z[(d)d d(u,0) + (dy — 1)(da — 1)

+ <d“2_ 1) +2<d"2_ 1) (dy— 1) — Aa(u,v))}
d

2 (da = 1) = 2(d, = 2) = (d — 2)(d, — 3)

+2(da+1) + (da + 1)(d — 2)]

==> Kd;) dy d(u,a) + (dy — 1)<du dg — dy — %du) — Aa(u, a)]

1
F L do(dy — 1)(2d, ~ 1) )
Now we determine Aa(u,a). For uw € V(LT) \ {a}, the distance from u to a in
LT is the same as in LT™*. Therefore Aa(u,a) = apr«(u,a) — arr(u,a) =0—-0=0

if d(u,a) > 2. If d(u,a) =1 then in apr(u,a) — apr(u,a) we count pairs x,y such
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that b € V(By(y)). Denote by C the clique of C(LT') containing both a and u. The
order of C is d, + 1. We distinguish two cases.

e Both endvertices of By(x) are in C: We have (*;") choices for By(z) in this

case as a ¢ V(Bs(x)). For each of these choices there are two choices for By (y)
such that By(z) and Bs(y) share an endvertex and b € V(Bsy(y)). Hence, there
are 2(d“;1) pairs z,y contributing to Aa(u, v) in this case.

e Only one endvertex of Ba(x) is in C: For this vertex we have d, — 1 choices, as
a ¢ V(By(z)), and for the other endvertex of By(x) we have d, — d, choices.
In this case, to every z there is a unique y such that By(x) and Bsy(y) share
an endvertex and b € V(Bs(y)). Hence, there are (d, — 1)(d, — d,) pairs z,y
contributing to Aa(u,v) in this case.

Thus,

Aa(u,v) = 2(da; 1) (da = 1)y — do) = (do = D(du —2) = du,a).  (4)

Now we evaluate W (T*) —W(T'). If F'is a tree with ng vertices, then W (LF) =
W(F) — ("), by Theorem 1.1. Denote by n; the number of vertices of LF. Since
ni = no— 1, we have W(F) = W(LF)+ (""). Denote by n the number of vertices
of LT. Then

Wi -wir) = wier)+ ("3 %) -wan - (")

= W(LT*)—=W(LT)+n+ 1.

In W(LT*) — W(LT), all terms for pairs u,v which do not contain b will cancell
out. Therefore

W(T*) = W(T) = > d(ub)+d(a,b)+n+1

= > (dwa)+1) +14+ 3 1+2

u

> (d(u, a) + 2) +3. (5)

u

where the sum goes once again through n — 1 vertices u € V(LT) \ {a}.

Since AT = D(T*) — D(T) = W(LXT*)) — W(T*) — W(L}(T)) + W(T) =
AWL? — (W (T*)—W(T)), combining (3), (4) and (5) we obtain the required result.
d



3 Proof of Theorem 1.5

We prove that AT > 0 for every tree T which is not homeomorphic to a path, claw
K 3 or the graph H. Let [, a’, V', a, b, T* and AT be as in the discussion following
Corollary 1.6. As explained there, we proceed by induction on [.

First we prove AT > 0 for the case [ = 0. In this case a’ is adjacent to a vertex
of degree at least 3 in 7', so that in LT we have d, > 2.

Let v be an endvertex of a ray R in LT, i.e., d, = 1. By v we denote the first
vertex of R, i.e., a vertex at shortest distance to v whose degree is at least 3. Due
to the clique structure of LT described below Proposition 2.1, we have:

Observation 3.1 Ifu and v are distinct vertices of degree 1 in LT, then u # .
We use Obseravtion 3.1 repeatedly in the following proofs.

Lemma 3.2 Let T be a tree different from a path, in which all rays have length at
most I +2, and let | =0. Then AT > 0.

ProOOF We find a lower bound for ) hpr(u). Consider four cases.
e d, = 1: Then d(u,a) > 1, so that hyr(u) = —d(u,a) — 2 by (1).

e d, = 2: Since (d, — 1)(d,, — 2) = 0, we have ¢(u,a) = 0 also in this case. By
(1) we have

hrr(u) = (d, — 1)d(u,a) +d, —3>d,—1+d, —3=2d,—4>0
as d, > 2.

e d, >3 and d(u,a) > 2: By (1) we have

hir(u) = ((012“) d, — 1) d(u,a) + (d, — 1)<du dy — dg — %du> —2

5d(u, a) + (dy — 1)% [ (d, —2) + dy (dy — 1)) —2
Sd(u,a) +5—2
d(u,a) + 11

(\VARAVARR V]

as d, > 3, d, > 2 and d(u,a) > 2.

e d, >3 and d(u,a) = 1: By (1) we have

hir(u) = ((012“) d, — 1) d(u, a) + (d, — 1)<du d, —d, — %du> 9
—(dy — D) —2)



1 3 3 5

> 5d d,d, — =d,> —3d,d, + =d, +3d, — = — =

> (u,a) + 5 + 5 + )
1

= Sd(u.a) + 5 [(Zda - 1)<du(du —3) + 3) - 5]

> d(u,a) + 6

as d, > 3, d, > 2 and d(u,a) = 1.

Hence,
—d(u,a) —2 ifd, =1,
hLT(u, a) 2 0 if du = 2, (6)
d(u,a)+6 ifd, > 3.

Since [ = 0, all rays of T" have length at most 2, so that all rays of LT have
length at most 1. Hence, if d, = 1 then d(u,u) = 1 in LT. Thus,

hpr(uw) + hpr(a) > —d(u,a) — 2+ d(u,a) + 6 = —d(u,a) — 3+ d(uw,a) + 6 > 0.

Denote by V; the set of vertices of degree 1 in V(LT) \ {a}. By Observation 3.1,
u # v whenever u,v € V;, u # v. Hence, by (6) we have

> hur(w) = Y (her(w) + hor(@)) = 0.

ueVy

As d, > 2, we have 2d, (d, — 1)(2d, — 1) > 3, so that

1
AT = " hpr(u) + 5o (do = 1)(2d, — 1) = 3> 0,

by Proposition 2.2. O

Now we prove AT > 0 for [ > 1, i.e., from now on we consider [ > 1. In this
case ¢(u,a) = 0 as d, = 1, which simplifies hpr(u), see (1). The problem is that
hrr(u) < 0 even if d, = 2, so that we need more thight estimations. We prove
AT > 0 by induction on the number of vertices of degree at least 3 in 7.

Let G be a graph. A path of length at least one in G is interior path if its
endvertices have degrees both at least 3, its interior vertices (if any) have degrees 2
in G, and its edges are bridges of G. In the next lemma we show that it suffices to
prove AT > 0 for trees whose interior paths have lengths at most 2, i.e., we reduce
the class of trees for which we need to prove AT > 0.

Lemma 3.3 Let T be obtained from T by subdividing one edge of an interior path
of length t, t > 2, and let | > 1. Then AT® > AT.



PROOF Denote by P’ the interior path of 7', whose edge was subdivided to obtain
Ts. Since P’ has length ¢ > 2, the edges of P’ form an interior path P of length
t—12>11in LT. Obviously, LT® can be obtained from LT by subdividing one
edge of P. Denote by e the endvertex of P, which has among the vertices of P the
greatest distance from a. Let LT® be obtained from LT by subdividing that edge
of P which is incident to e. Denote the new vertex by w. Observe that for every
vertex u € V(LT), the degree of w in LT is the same as its degree in LT"”.

Since the degree of a is the same in LT* as in LT, namely 1, by Proposition 2.2 it
suffices to show that ZueV(LTS)\{a} hpps(u) > ZueV(LT)\{a} hrr(u). We distinguish
three cases.

e u is a vertex of LT, such that e does not lay on u — a path in LT: Then
drrs(u,a) = dpp(u,a), so that hpps(u) = hrpr(u) and hpps(u) — hpp(u) = 0,
see (1).

e u is a vertex of LT, such that e lays on u — a path in LT: Then dpps(u,a) =
drr(u,a) + 1, so that hpps(u) — hpr(u) = (d;) —1lasd, =1, see (1). Thus,

hLTs(u) — hLT(u) = —1if du = 1, hLTs(u) — hLT(u) = 0 if du = 2 and
hLTs(u) — hLT(U) Z 2 if du Z 3.

e u=w: As the degree of w is 2 in LT*, we have hprs(w) = —2, by (1).

Every vertex u of degree 1 in LT is an endvertex of a ray starting at vertex w of
degree at least 3. By Observation 3.1, if u and v are distinct vertices of degree 1 in
LT, then u # v. Denote by V, the set of vertices u of LT such that d, = 1 and e
lays on u — a path. Observe that e # u for any u € V..

Denote Ah = 3° v propgay Prrs (W) — X ucvrn ey Mer(uw). By the analysis
above only vertices of V, U {w} contribute by negative numbers to Ah. Therefore

Ah > Z [(hLTS (u) — hLT(“)) + <hLT5 (@) — hLT@))]

ueVe
+ (hLTS (6) — hLT(e)) + hLTS (w)
> Y (-1+2)+2-2>0.

u€Ve

Hence, AT*® > AT. 0

Let F be a tree, such that 7" is a subgraph of F' and the degree of ¢’ is 1 in
F'. Denote by Spr the set of first edges of rays of F. Then Spr is also a set of
vertices of LF'. These vertices have degrees at least 3, with the exception when the
corresponding edge is incident to vertices of degrees 1 and 3 in F. Let u € Spp. If
there is a ray in LF' starting at u, then denote by Rpr(u) the set of vertices (other
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than a) of this ray; otherwise set Rpp(u) = {u}. Since [ > 1, there is a ray in LF
starting at @, so that the vertex a is not in Rpp(v) for any v € Spp. Observe also
that Rpp(u) N Rpp(v) = 0 whenever u,v € Spr, u # v.

Lemma 3.4 Let F' be a tree, rays of which have length at most [+ 2,1 > 1. More-

over, let T be a subgraph of F' and let the degree of a’ is 1 in F. Let ¢ € Spr be a
vertex of a clique from C(LF) of order r > 3. Then

() = 3)1+ (5) ifc=a
Z hpp(u) > ("5 — 1)d(c, a)+ (7)) -2 if c#a and |Rpp(c)| =1
ueRer(e) (5) — 2)d(c, a)—3l+ (") =5 ifc#a@ and |Rpp(c)| > 2.

ProoOF We distinguish three cases.

e ¢ =a: Then Ryp(c) has one vertex of degree r, namely ¢ with d(c,a) = [, and
[ — 1 vertices of degree 2. As the degree of a is 1, by (1) we have

Y hue(u) = (<g)—1)d(c,a)+(r—1)<T;2)—2+(l—1)(—2)

— (") =) (T
2 2 )
e c#a and |Rpp(c)| = 1: As the degree of ¢ is r — 1, by (1) we have

3 hLF ) = hpp(c) = ((rgl)—1)d(c,a)+(r—2)<T;3>—2.

UERLF

e c #a and |Rpp(c)| > 2: Then Rpp(c) has one vertex of degree r, namely c,
one vertex of degree 1 at distance at most d(c,a) 4+ 1 + 1 from a and at most
[ vertices of degree 2 as all rays of LF' have length at most [ + 1. By (1) we

have
((g) - 1)d(c,a) +(r— 1)<r ; 2) —9

—(d(c,a)+14+1) =2+ 1(-2)

_ ((72“) —2)d(c,a) T (Tgl) _s.

Z hLF(u)

UGRLF(C)

v
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Before we state the lemmas necessary for the basis of induction, we give the proof
of induction step. ILe., we prove that if AT" > 0 for every tree 7" homeomorphic
to T, rays of which have lengths at most [ + 2, then AT9" > 0 for all trees 79"
homeomorphic to TY, rays of which have lengths at most [+ 2, where TY is obtained
from T by inserting a star at the end of one ray of T' (of course, we cannot attach
this star on a').

Let R’ be a ray of T" which does not terminate at a’. Remove R’ from T and
replace it by a path PR’ of length i, 1 <1i < 2. Denote by ¢ the vertex of degree 1
in PR'. Now attach to ¢ exactly j —1 rays, each of length at most [+ 2, and denote
the resulting graph by 7; ;, 7 > 3. In the next two lemmas we prove that AT; ; > 0.

Lemma 3.5 Suppose that AT" > 0 for all trees homeomorphic to T, rays of which
have lengths at most 1 +2,1 > 1. Then AT;3 >0, 1 <17 <2.

PROOF Since AT" > 0 for all trees homeomorphic to T, rays of which have
length at most [ + 2, we may assume that the length of R’ is exactly [ + 2,1 > 1.
Then the edges of R’ form a ray R in LT of length [+ 1. Denote by e the first vertex
of R. By (1) we have

Z hrpr(u) = =20 — (d(e,a) + 1+ 1) —2 = —d(e,a) — 31 — 3
ueR(e)\{e}

as R(e) has [ vertices of degree 2 and one vertex of degree 1 at distance d(e,a)+1+1
from a. We distinguish two cases.

e ;= 1: Then PR’ has length 1 and the unique edge of PR’ corresponds to the
vertex e in LT} 3. In LT} 3 the degree of eis de +3 —2 =d. + 1 as e is in two
cliques from C(LT 3), one of them has order d. and the other one has order 3.

Denote by ¢ any one of the other two vertices of this clique of order 3. Since
d(c,a) > 1+ 2, we have d(c,a) — 3l —4 > —2] — 2. Hence, by Lemma 3.4

-2 if |RLT1,3 (C)| =1
Z hrr 5(u) > { =20 =2 if |Rpp ,(c)| = 2.

u€RLTy 4(c)

As —2] — 2 < —2, we have ) (0 Py (w) > =21 — 2.

UGRLTIB

Denote

Ah = Z hLT1’3 (u) — Z hLT(u).

w€V (LT1,3)\{a} ueV (LT)\{a}

In Ah all terms cancell out, except the terms corresponding to vertices of
rays starting at the clique of order 3 containing e, the vertex e itself, and the
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vertices of R(e) \ {e}. By (1) we have

Ah > 2(—21—2) ((d ) )(ea)+d<de;rl -2
<( ) ) d(e,a) =~ (de ‘1>(%—1>+2+<d<eaa>+3l+3>

(do + Dd(e,a) + (do — 1) — 1 — 1
4d(e,a) =1 +1>0

>
>

as d. > 3 and d(e,a) > | + 1. By Proposition 2.2, AT} 3 — AT = Ah > 0, so
that ATLg Z AT Z 0.

e i = 2: Then PR’ has length 2. One edge of PR’ corresponds to e, while the
other corresponds to a vertex of degree 3, say f, in LT53. Observe that the
degree of e is d. in LT, 5 and the degree of f is 3 in LT, 3. Analogously as in the
previous case, denote by ¢ any one of the two vertices of the triangle containing
f, c¢# f. Since d(c,a) = d(e,a) +2 > [+ 3, we have d(c,a) —3l —4 > —2] — 1.
Hence, by Lemma 3.4

Z hir,s(u) > { . 28
’ —2l-1 if |R > 9.
u€ERLT, 4(c) 1 | LT3 (C)| =
As | > 1 we have —2] —1 < —2, so that }_ _p © hig,(u) > —21 — 1.
2,3 )

Denote
Ah= " > hp,w) - Y hr(w).

ueV (LTz 3)\{a} ueV(LT)\{a}

In Ah all terms cancell out, except the terms corresponding to vertices of
rays starting at the clique of order 3 containing f, the vertex f itself, and the
vertices of R(e) \ {e}. By (1) we have

Ah > 2(=2l—1)+(2d(f,a) — 1) + (d(e,a) + 3L + 3)
> 3d(e,a)—1+2>0

as d(f,a) = d(e,a)+ 1 and d(e,a) > [+ 1. By Proposition 2.2, ATy 3 — AT =
Ah >0, so that AT, 3 > AT > 0.

In both cases we have AT; 3 > 0, which completes the proof. 0

Now we extend the previous lemma to trees 7; ; with higher j.

Lemma 3.6 Suppose that AT" > 0 for all trees homeomorphic to T, rays of which
have lengths at most 1 +2, 1> 1. Then AT, ; > 0 if j > 4,1 <¢<2.

13



PROOF We use the notation of the proof of Lemma 3.5. Analogously as in the
proof of Lemma 3.5, assume that the length of R' is [ + 2, [ > 1. Then again

> hur(u) = —d(e,a) - 31 - 3.
u€R(e)\{e}

Let ¢ be one of the 7 — 1 vertices of the clique of order j obtained from the edges
incident to ¢, other than e (in the case i = 1) or f (in the case i = 2). By Lemma 3.4
we have

Z h’LTi,j (u) >

ueRLTi,j (C)

(3 - 1)d(c, a)+ (1Y) =2 if [Rep, (o)) =1
(3) —2)dle.a) =31+ (5) =5 if |Ru, (0)] = 2.

As j > 4 and d(c,a) > 1+2 > 3, in any case we have > o (. hor;(u) > 0.
2,7

Now if 4 = 1 then hrg, ,(e) — hrr(e) > 0 as the degree of e is eg + j — 2 in Tj;, see
(1). On the other hand if i = 2 then hyr, (e) = hrr(e) while hpr, (f) > 0, as the
degree of fis j > 4 in T; ;. Hence

Ah=" > hyp,(w)— > hgr(w) > (j—1)-0+0+d(e,a) + 31 +3 > 0.
u€V (LT; ;)\{a} ueV(LT)\{a}
By Proposition 2.2, AT; ; — AT = Ah > 0, so that AT; ; > AT > 0. 0

Now we prove AT > 0 for the basis of induction. To simplify the notation, we
omit the index LT from Ryt and hrr.

Lemma 3.7 Let T be a tree homeomorphic to a star Ky, k > 4, in which all rays
have lengths at most 1 +2,1 > 1. Then AT > 0.

PROOF Here |Spr| = k and Uyes,, R(u) = V(LT) \ {a} where R(u) N R(v) = {)

if w##v. Thus 37, h(u) = 3" cs,, (Xuecr(e M(w). We prove that >, g h(u) > 1.
Choose ¢ € Spr. By Lemma 3.4 we have

() =3)1+ (%)) ifc=a
Z h(u) > (*;") - 1>d(c, a)+ ("% —2 if c#aand |R(c)| =1
weR() (%) - 2>d(c, a)—3l+ (*;1) =5 ifc#aand |R(c)| > 2.

As d(c,a) =1+ 1 in the last two cases, k > 4 and [ > 1, in all three cases we have

ZuER(c) h(U) 2 1
We have > h(u) = > cq,, (O uene Mu)) = k-1 > 4. As d, = 1, we have
AT =" h(u) — 3 by Proposition 2.2, so that AT > 0. 0

14



Denote by H; ; a tree having ¢ + j vertices, ¢, 7 > 3. Out of them one vertex has
degree 1, another one has degree j and the remaining i 4 j — 2 vertices have degrees
1. Obviously, the vertices of degrees ¢ and j must be adjacent in H; ; and H = Hj 3.

Lemma 3.8 Let T be a tree homeomorphic to Hsj, j > 4, in which all rays have
lengths at most | + 2, 1 > 1. Suppose that the interior path of Hs; has length at

most 2 and moreover suppose that the first vertexr of a ray terminating at a’ in T
has degree 3. Then AT > 0.

PROOF Denote e = a. Moreover, denote by P’ the unique interior path of
T. If P’ has length 1, then the unique vertex of LP’ (denote it by v) has degree
3+ j —2 > 5, while if P’ has length 2, then one of the vertices of LP’ has degree 3
and the other (denote it by v) has degree j > 4. Since by (1), h(u) > 0if d, > 3 and
h(u) > 5d(u,a) +1if d, > 4, the vertices of LFP’ contribute to >, cy (17 1oy (1) by
at least bd(v,a) + 1> 50+ 6 as d(v,a) > 1 + 1.

Denote by ¢ any one of the j — 1 vertices of the clique of order j from C(Hj ),
which is not in LP’. By Lemma 3.4 we have

S A (]'2>_1>d(ca@)+(]2 )1—2 if |R(c)| =
weRe) () = 2)d(c,a) = 3L+ (51) =5 if |R(c)| > 2

As j >4 and d(c,a) > 1+2 > 3, in any case we have }_ ) h(u) > 0.
Now consider the rays attached to the clique of order 3 from C(Hs;). By

T (@)

u€R(e)

Denote by f that vertex of the clique of order 3 from C(Hs ;), which is different from
e and which is not in LP’. By Lemma 3.4 we have

it |R(/)|
2 k) 2{ atha—si—1 1170

ueR(f

I\/ ||

Since d(f,a) =1+ 1 and [ > 1, in any case we have )
Now summing the 1nequa11t1es above we obtain

yh(u) = =20 3.

ueER(f
Zh >(Bl4+6)+(j—1)-0+1+(—20—3)=31+4>3.

As d, =1, we have AT =} h(u) — 3 by Proposition 2.2, so that AT > 0. m

Denote by Y;;, 1 < 4,7 < 2, a tree having three vertices of degree 3, namely
y1, y5 and y5. All the other vertices of Y;; have degrees at most 2. There are two
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interior paths in Y;;, namely v} — y5 and y5 — y;, and their lengths are ¢ and j,
respectively. Moreover, there are five rays in Y; ;. Two such rays start at y;, one
starts at y}, and two start at y5. Of course, one of these rays has length exactly [+ 1
and it terminates in a'.

Lemma 3.9 Let T' be the tree Y;;, 1 < 4,5 < 2, in which all rays have lengths at
mostl+2,1>1. Then AT > 0.

PROOF Denote by 1, x5, x3, 4 and x5 the five vertices of Sy corresponding
to the first edges of rays starting at yi, v}, v5, v and yj, respectively. Since the
degrees of ¥, y4 and y; are 3 in T, all 1, x9, ..., x5 are vertices of cliques of order
3in LT. Let xz; =a, 1 <t < 5. By Lemma 3.4

> h(u)

u€R(x¢)

For all other z,, 1 <r <5 and r # t, by Lemma 3.4 we have

> h(u) > min{-2,d(z,,a) — 3] — 4}.

u€R(zr)

As [ > 1, this minimum equals d(z,,a) — 3l —4 if d(x,,a) < [+4. f d(z,,a) =1+5
then >°, g,y A(u) > min{—2, -2/ + 1} > —21.

Now we consider vertices corresponding to edges of interior paths. If such a path
has length 1, then its unique edge corresponds to a vertex, say e, which degree is 4
in LT. By (1) we have

h(e) = bd(e,a) + 1.

On the other hand if such a path has length 2, then its edges correspond to two
vetices, say e and f, both of degree 3. Suppose that e is closer to a than f. By (1)
we have

h(e) + h(f) =2d(e,a) — 14 2d(f,a) — 1 = 4d(e, a).

In the next, we list contributions to ) h(u) first by vertices of rays starting at
x1,T9,. .., o5 and then by the vertices corresponding to edges of paths y; — 35 and
Yy — y5. By symmetry, there are two cases to consider. First, suppose that t = 1,
i.e., @ = ;. We distinguish 4 subcases.

e i =j=1: Then d(z2,a) = 1+1, d(x3,a) = [4+2 and d(x4,a) = d(z5,a) = [+3.
As | > 1, we have

Zh ) > 14 (=21—3)+(—21—2)+2(—21—1)+(514+6)+(514+11) > 21411 > 3.
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e : =1 and j = 2: Analogously as above we get

Zh ) > 14 (=20 —3)+ (=21 — 2) + 2(=21) + (5] +6) + (41 +8) > [+ 10 > 3.

e =2 and j = 1: We have

Zh ) > 14 (=21 =3)+ (=21 = 1) +2(—20) + (4l +4) + (51 4+16) > [ +17 > 3.

e | =j =2: Here d(z4,a) = d(x5,a) = [+ 5. Hence,
Zh ) > 14 (=20 —3) 4 (=21 — 1) +2(=21) + (4] +4) + (41 + 12) > 13 > 3.

Now suppose that t = 3, i.e., @ = x3. By symmetry, it suffices to consider 3
subcases.

e i =j=1: Then d(z1,a) = d(z2,a) = 1+2 and also d(z4,a) = d(zs5,a) = [+2.
As | > 1, we have

Zh (=20 —2) + 14 2(—21 — 2) + (51 +6) + (51 +6) > 2 + 5 > 3.

e ;=1 and j = 2: We have

Zh (=20 = 2) +14+2(—21 — 1) + (5l +6) + (4l +4) > 1+ 5> 3.

o ; =7 =2: We have

Zh (=20 = 1)+ 14+2(=20 — 1) + (4l +4) + (4L +4) > 5> 3.
As AT =", h(u) — 3 by Proposition 2.2, we have AT > 0. 0

Now we prove AT > 0 for the last graph of the basis of induction. Denote by
Xk, k >4, a tree having two vertices of degree 3, namely y| and y)}, and one vertex
of degree k, namely y5. All other vertices of X}, have degrees at most 2. There are
two interior paths in Xj, namely y; — y5 and y5 — y4, both of lengths at most 2.
Moreover, there are k + 2 rays in X;. Two such rays start at yj, one starts at 5
and the remaining k — 1 start at y;.
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Lemma 3.10 Let T' be the tree Xy, k > 4, wn which all rays have lengths at most
l+2,1>1. Suppose that the ray terminating at a’ starts at y. Then AT > 0.

ProOF We use the notation of the proof of Lemma 3.9. Denote by 1, x2, 3, 24,
.. Tryo the k + 2 vertices of Sy corresponding to first edges of rays starting at

Y1, YL, Yy Yhs - - ., Us, Tespectively. The vertices xq, 29 and x3 are in cliques of order 3,
while x4, ..., xp.o are in the clique of order k. Assume that @ = x;. As shown in the
proof of Lemma 3.9, we have > pyh(u) = 1. Further, 37 p.  h(u) > =20 -3
as d(z2,a) = [+ 1. The vertices corresponding to edges of y; — 4 path contribute to
>, h(u) by at least min{5d(e,a) +1,4d(e,a)} = 4d(e,a) = 4l +4 as d(e,a) = [+ 1.
Finally, >°, ¢ ppy) (w) = min{—2,d(x3,a) — 3l — 4} > =2 — 2 as d(z3,a) > | + 2.

Since the vertices corresponding to edges of y5 — y4 path have degree k + 1 (in
the case when the length of y, — ¢4 is 1) or 3 and k& (in the case when the length of
yh — s is 2), and since h(u) > 0 if d, > 3 by (1), the contribution of these vertices
to >, h(u) is nonnegative.

Finally, consider ) . Rizs) h(u) when i > 4. By Lemma 3.4 we have

( 2 ) - l)d(xﬂ a) + (k;2) —2 if |RLT1,3(C)| =1

RCEI I

e ) = 2)d(wia) = 3+ (451) = 5 i Ry, (0)] > 2.

Since d(x;,a) > 1+ 3,k >4 and [ > 1, we have >
Summing these inequalities we obtaln

o M) = min{7, 11} = 7.

u€R(x
Zh Y214 (—20—3)+ (4l +4)+(—2—-2)+0+ (k—1)7T=Tk—7>3.

As d, = 1, by Proposition 2.2 we have AT =" h(u) —3 > 0. 0

Now we summarize the proof of Theorem 1.5

ProoOF OoF THEOREM 1.5 Let T' be a tree, not homeomorphic to a path, claw
K13 and H. We prove that D(T) = W(L*(T))—W(T) > 0. Denote by I+2,1 > —1,
the length of a longest ray in 7. If { = —1 then D(T) = W(L*(T)) — W(T) > 0 by
Theorem 1.4.

Hence, suppose that [ > 0 and assume that the statement is true for all trees,
not homeomorphic to a path, claw K; 3 and H, rays of which have lengths at most
I+ 1. Let R|,R),..., R, be rays of T having length [ + 2. Further, denote by ¢}
the first vertex of R}, denote by b; its last vertex and denote by a; the neighbour
of t) in T, 1 < ¢ < t. Finally, denote by 7; a tree obtained from 7" by removing
the vertices b, 0} 5,...,b; and edges a;j, b, |, a; 50} 5, ..., a;b;, 0 < i < ¢. Then
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T, = T and Ty is a tree, rays of which have length at most [+1. By induction we have
D(Ty) = W(L3(Ty)) — W(Tp) > 0. Denote AT; = D(Tyy1) — D(T;), 0 <i <t — 1.

Suppose that [ = 0. All rays of T; have length at most [ 4 2, and the ray R;
terminating at a;, ; has length [4-1. Moreover, T}, is obtained from T; by adding the
vertex b}, and the edge aj b}, ,. Hence AT; > 0 by Lemma 3.2,0 < ¢ < t—1, where
the vertex a;,, and the tree T; play the role of a and T', respectively. Consequently
S0 AT, > 0. Since

t—1

0< " AT = D(T) = D(Ty) = W(LAT) = WD) = W (L (Ty) = W (T,

we have W (L3(T)) — W(T) > W(L3(Ty)) — W(Ty) > 0.

Now suppose that [ > 1. Denote by T, a tree obtained from 7; by shortening all
interior paths, which length is at least 3, to paths of length 2. Analogously as T;,4
is obtained from Tj, the tree T, is obtained from 7, by adding the vertex b/, , and
the edge ajb;,,. We prove that AT,” = D(T;. ;) — D(T; ) > 0 by induction on the
number of vertices of degree at least 3. Observe that 7, so as T, is a tree, rays of
which have length at most [ + 2 and the ray terminating at a;,, has length [ + 1,
0<e<t—1.

Denote by V;? the set of vertices of degree at least 3 in 7, . We distinguish four
cases.

e |V3| = 1: Then T, is homeomorphic to Kj . Since T is not homeomorphic

to K; 3, we have £k > 4. By Lemma 3.7 we have AT, > 0.

o |V?| = 2: If the degree of ¢, is 3, then AT;” > 0 by Lemma 3.8, as T" is not
homeomorphic to H = Hs 3. On the other hand if the degree of ¢, is k > 4,
then denote by ¢’ the other vertex of V3. Remove the rays starting at ¢’ from
T, and denote the resulting graph by 7”. Then 7" is a tree, rays of which

have length at most [ + 2, and 7" is homeomorphic to K; ;. By Lemma 3.7

we have AT” > 0. If the degree of ¢’ is 3 then AT,” > 0 by Lemma 3.5, while

if the degree of ¢” is at least 4 then AT, > 0 by Lemma 3.6.

e |V?| = 3: Denote by T* a graph obtained from 7;” by removing the edges of
all rays. Then T™ is a tree, so that it has at least two vertices of degree 1.
(We remark that in this case T is a path.) Denote by ¢’ such a vertex of
degree 1in T*, ¢ # ¢, which degree in 7 is the smallest possible. Finally,
denote by 7" a tree obtained from 7" by removing all rays starting at ¢’. We
distinguish two subcases.

— T" is homeomorphic to H: If the degree of ¢” is 3 in T then AT, > 0 by
Lemma 3.9. Hence, suppose that the degree of ¢’ is k > 4. By the choice
of ¢, the vertex c; , is a leaf of T*. Hence, T'is X} and ¢, is the vertex
y; in the notation of Lemma 3.10. Therefore AT,” > 0 by Lemma 3.10.
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— T" is homeomorphic to H; j, i < j and j > 4: Since T" is not homeomor-
phic to H, we have AT” > 0 by the previous case (the case |V}*| = 2). If
the degree of ¢’ is 3 then AT,” > 0 by Lemma 3.5, while if the degree of
c” is at least 4 then AT, > 0 by Lemma 3.6.

Thus, we proved AT, > 0 for every tree T, rays of which have length at
most [ + 2 and |V?| = 3.

e |V3| > 4: Analogously as in the previous case, denote by T” a tree obtained
from 7; by removing all rays starting at a pendant vertex ¢ of T, ¢’ # ¢;_,.
By induction we assume that AT” > 0. If the degree of ¢’ is 3 then AT, > 0 by
Lemma 3.5, while if the degree of ¢’ is at least 4 then AT, > 0 by Lemma 3.6.

Hence, in any case we have AT, > 0. If 7; = T, then we have also AT; > 0.
Otherwise form a sequence T, = Fy, F, ..., F, = T; such that F}; is obtained from
F}; by subdividing one edge of one interior path, 0 < j <7 — 1. By Lemma 3.3 we
have AF;.1 — AF; > 0. Hence, Z;;é(AFjH — AF};) > 0. Since

—

0< S (AF, — AF)) = AT, — AT/,
J
we have AT, > AT, > 0.
Thus, we proved that AT; > 0 for every i € {0, 1,...,¢t—1}. Hence, ZZ;(I] AT, >
0. Since

Il
o

t—1

0< Y0 AT = D(T) — D(Ty) = W(LAT) = WD) - [W (L (Ty) = W (T,

we have W(L3(T)) — W(T) > W(L3(Ty)) — W(Tp) > 0. -

Acknowledgements. The first author acknowledges partial support by Slovak
research grants VEGA 1/0489/08, APVV-0040-06 and APVV-0104-07.

References

[1] F. Buckley, Mean distance in line graphs, Congr. Numer. 32 (1981), 153-162.

[2] A.A. Dobrynin, Distance of iterated line graphs Graph Theory Notes New York
37 (1999), 50-54.

(3] A.A. Dobrynin, R. Entringer, I. Gutman, Wiener index of trees: Theory and
applications Acta Appl. Math. 66(3) (2001), 211-249.

20



[4]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

A. A. Dobrynin, I. Gutman, S. Klavzar, P. Zigert, Wiener index of hexagonal
systems, Acta Appl. Math. 72 (2002), 247-294.

A.A. Dobrynin, L.S. Melnikov, Some results on the Wiener index of iterated
line graphs, Electronic notes in Discrete Mathematics 22 (2005), 469-475.

R. C. Entringer, D. E. Jackson, D. A. Snyder, Distance in graphs, Czechoslovak
Math. J. 26 (1976), 283-296.

[. Gutman, S. Klavzar, B. Mohar (eds), Fifty years of the Wiener index,
MATCH Commun Math. Comput. Chem. 35 (1997), 1-259.

. Gutman, S. Klavzar, B. Mohar (eds), Fiftieth Aniversary of the Wiener index,
Discrete Appl. Math. 80(1) (1997), 1-113.

[. Gutman, I. G. Zenkevich, Wiener index and vibrational energy, Z. Natur-
forsch. 57 A (2002), 824-828.

L. Niepel, M. Knor, I. Soltés, Distances in iterated line graphs, Ars Combina-
toria 43 (1996), 193-202.

M. Knor, P. Poto¢énik, R. Skrekovski, Wiener index in iterated line
graphs, submitted, (see also IMFM preprint series 48 (2010), 1128,
http://www.imfm.si/preprinti/index.php?langlD=1).

M. Knor, P. Potoénik, R. Skrekovski, Wiener index of iterated line graphs of
trees homeomorphic to the claw K 3, in preparation.

M. Knor, P. Potoénik, R. Skrekovski, Wiener index of iterated line graphs of
trees homeomorphic to “H”, in preparation.

J. Plesnik, On the sum of all distances in a graph or digraph, J. Graph Theory
8 (1984), 1-21.

H. Wiener, Structural determination of paraffin boiling points, J. Amer. Chem.
Soc. 69(1947), 17-20.

21





