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Abstract

We construct a family of upper semi-continuous set-valued func-
tions f : [0,1] — 2% (belonging to the class of so-called comb
functions), such that for each of them the inverse limit of the in-
verse sequence of intervals [0,1] and f as the only bonding function
is homeomorphic to Wazewski’s universal dendrite. Among other re-
sults we also present a complete characterization of comb functions
for which the inverse limits of the above type are dendrites.

1 Introduction

In 1923 T. Wazewski described an example of a dendrite in the plane which
contains a topological copy of any dendrite [26]. The described dendrite
is now known as Wazewski’s universal dendrite. In [20, p. 181] one can
find a construction of Wazewski’s universal dendrite using inverse limits. In
particular, it is constructed as the inverse limit of an inverse sequence of
planar dendrites and monotone bonding mappings. In this paper we con-
struct Wazewski’s universal dendrite as the inverse limit of inverse sequence
of closed unit intervals [0, 1] and a single upper semi-continuous set-valued
bonding function. This new presentation of Wazewski’s universal dendrite
significantly simplifies the construction described in [20].
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2 Definitions and Notation

Our definitions and notation mostly follow Nadler [20] and Ingram and
Mahavier [13].

A map is a continuous function. For ¢ = 1,2, m; : [0,1] x [0,1] — [0, 1]
denotes the i-th projection from [0, 1] x [0, 1] onto the i-th factor, and for
any positive integer i, p; : 11°°,]0,1] — [0, 1] denotes the i-th projection
from 1122, [0, 1] onto the i-th factor.

A continuum is a nonempty, compact and connected metric space. A
Peano continuum is a locally connected continuum.

A dendrite is a Peano continuum which contains no simple closed curve.

Let D be a dendrite, b € D, and 3 a cardinal number. We say that b is
of order less than or equal to § in D, written ord(b, D) < (3, provided that
for each open neighborhood U of b in D, there is an open neighborhood V'
of bin D, such that b € V C U and | Bd(V)| < /5. We say that b is of order
B, ord(b, D) = f3, provided that ord(b, D) < f and ord(b, D) £ « for any
cardinal number o < .

Points of order 1 in a dendrite D are called end points of D, the set of
all end points of D is denoted by E(D). Points of order n > 2 are called
ramification points and the set of all ramification points of D is denoted by
R(D).

A free arc in a dendrite D is an arc such that all its points but its end
points are of order 2 in D. In particular, a mazimal free arc in a dendrite D is
an arc A with end points = and y in D such that AN(E(D)UR(D)) = {x,y}.

A continuum S is a star if there is a point ¢ € S such that S can be

presented as the countable union S = U B, of arcs B,,, each having c as
n=1

an end point and satisfying lim diam(B,) = 0, such that B, N B,, = {c}
when m # n. The point ¢ is ﬁrﬁaouely determined and is called the center of
S. The arcs B,, are called beams of S.

Let D; be a star in a compact metric space X. Let c4 € R(D;) denote
a point in the maximal free arc A, for each maximal free arc A of D; (here
maximal free arcs are precisely the beams of D). Let Cy = {x1, 29, 23,...}
be any subset of the set {c4 | A is a maximal free arc in D;}. For each
positive integer i, form a star S; in X with the center z; and otherwise
disjoint from D;, making sure that S; NS; # () only when ¢ = j and that
leglo diam(S;) = 0. Let Dy = Dy U (IJ;2, Si). Next define D5 in a similar

manner. Let ¢4 &€ R(D) denote a point in the maximal free arc A in Dy,
for each maximal free arc A of Dy. Let Cy = {1, 29, z3, ...} be any subset of
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the set {c4 | A is a maximal free arc in D, }. For each positive integer 7, form
a star S; in X with the center x; and otherwise disjoint from D,, making
sure that S; NS; # 0 only when i = j and that llgglo diam(S;) = 0. Let
Dy = Dy U (U2, Si). Continuing in this manner, we obtain a continuum
D,, for each positive integer n. The following theorem (already implicitly
used in the above inductive construction) is a well-known fact, see [20] for
details.

Theorem 2.1. For each positive integer n, D,, is a dendrite.

The construction of the continuum, homeomorphic to Wazewski’s uni-
versal dendrite in [20, p. 181] uses the abovementioned construction of a
chain of dendrites D; C Dy C D3 C ..., then defines certain bonding maps
fn: Dpy1 — Dy, and then finally obtains Wazewski’s universal dendrite as
Wm{ Dy, fi}p2y-

Finally we state a result that is characterizing Wazewski’s universal den-
drite that will be needed in Section 4.

Theorem 2.2. For any dendrite D, D is homeomorphic to Wazewski’s
universal dendrite if and only if its set of ramification points is dense in D

and each of its ramification points is of infinite order.
Proof. |7, p. 169], |26, p. 123] O

If (X,d) is a compact metric space, then 2% denotes the set of all
nonempty closed subsets of X. Let for each £ > 0 and each A € 2%

Ny(e,A) ={zx € X | d(z,a) < € for some a € A}.

The set 2% will be always equipped with the Hausdorff metric H,, which is
defined by

Hy(H,K)=inf{e >0 | H C Ny(e,K), K C Ny(e, H)},

for H, K € 2%. Then (2%, Hy) is a metric space, called the hyperspace of
the space (X, d). For more details see [12, 20].

When we say that f is a set-valued function from X to Y, we mean
that f is a single-valued function from X to 2¥, ie. f: X — 2¥. By a
slight misuse of notation and terminology we will also say that function
f: X — 2Y is set-valued (without explicitly mentioning "from X to Y").

A function f : X — 2Y is surjective set-valued function from X to Y if
for each y € Y there is an x € X, such that y € f(z).
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The graph T(f) of a set-valued function f : X — 2¥ is the set of all
points (z,y) € X x Y such that y € f(x).

A function f : X — 2Y, where X and Y are compact metric spaces, is
upper semi-continuous set-valued function from X to Y (abbreviated wu.s.c.)
if for each open set V' C Y the set {z € X | f(x) C V} is an open set in X.

The following is a well-known characterization of u.s.c. functions between

metric compacta (see [13, p. 120, Theorem 2.1]).

Theorem 2.3. Let X and Y be compact metric spaces and f : X — 2¥ a

set-valued function. Then f is u.s.c. if and only if its graph I'(f) is closed
in X xY.

An inverse sequence of compact metric spaces X with u.s.c. bonding
functions f is a sequence { Xy, fp}72, where fi : Xpy1 — 2%k for each k.

The inverse limit of an inverse sequence { X, fi}72; with u.s.c. bonding
functions is defined to be the subspace of the product space [, X of all
r = (z1,29,23,...) € [[1—; Xk, such that x), € fy(xgy1) for each k. The
inverse limit of { X, fi}2; is denoted by Im{Xy, fi}72,.

Note that each inverse sequence {Xp, fr}2>; with continuous single-
valued bonding functions can be interpreted as an inverse sequence with
u.s.c. set-valued bonding functions and that the inverse limits obtained ac-
cording to both interpretations coincide. Therefore we do not specially em-
phasize the status of bonding functions in inverse sequences we deal with.

The notion of the inverse limit of an inverse sequence with u.s.c. bonding
functions was introduced by Mahavier in [18] and Ingram and Mahavier in
[13]. Since the introduction of such inverse limits, there has been much
interest in the subject and many papers appeared [1, 2, 3, 4, 5, 6, 8, 9, 11,
14, 15, 16, 21, 22, 23, 24, 25].

The most important case in the present paper is the case when for each
k, X; = [0,1] and f;, = f for some f : [0,1] — 2[%U. In such case the inverse
limit will be denoted by Jm{[0, 1], f}72,.

On the product space H X,, where (X,,,d,) is a compact metric space

n=1
for each n, and the set of all diameters of (X, d,) is majorized by 1, we use

o= o [Hmm)

nef1,2,3,..} 2"

the metric

where © = (z1,22,23,...), ¥ = (Y1,Y2,Y3,-..). It is well known that the
metric D induces the product topology [10, p. 190].
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3 The comb functions
Let A C [0, 1] x [0, 1] be defined by
A={(t1) e0,1]x[0,1] | t € [0,1]}.

For any positive integer n, let {(a;, b;) }?; be a finite sequence in [0, 1] x [0, 1],
such that a; < b; for each ¢« = 1,2,3,...,n and a; # a; whenever i # j.
Next denote by A(a;, b;)?_, the union

n

Alas, bi)iy = | J([as, 03] x {a:}) € [0,1] x [0, 1].
i=1
Then
G(CLZ‘, bi)?:l = A U A(ai, bi>?:1

is closed in [0, 1] x [0, 1], since it is a union of finitely many closed arcs. Fur-
thermore m(G(a;, b)) = m2(G(a;, b)) = [0, 1]. Therefore by Theorem
2.3 there is a surjective u.s.c. function f(4, 5,n ¢ [0,1] — 2% such that its

graph I'(f(a, 5,)n_ ) equals to G(a;, b;)i, .

Definition 3.1. Let n be a positive integer and {(a;, b;)}?_; be a subset of
[0,1] x [0,1], such that 0 < a; < b; for each i = 1,2,3,...,n and a; # a;
whenever i # j. Then f : [0,1] — 2% is called an n-comb function with
respect to {(a;, bi) }iy, if f = flapnr -

We also say that f : [0,1] — 2% is an n-comb function, if f is an
n-comb function with respect to some {(a;, b;)}" .

Figure 1: The graph of an 8-comb function

It is not necessary to eliminate the possibility a; = 0 for some ¢ (all the
proofs in the paper would go through also in such case), but we have chosen
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to do so in order to reduce the number of cases that must be examined in

the proofs and since the main result can be obtained with this restriction

in place.

Definition 3.2. Let for each j, 7; be a nonnegative integer. We use

(a?,a?,a?,...)

to denote the point (aj,aq,...,a1,a9,a9,...,as,...) and
- A o
Vv Vv
i1 7;2
i ip s ij 4oo
(af', a5, a3, ... a],t>)
to denote the point (gl,al,...,all,gg,az,...,a%,...,aj,aj,...,aj,t,t,t,...).
i1 i ij

Example 3.3. Let f be a 1l-comb function with respect to {(a;,b;)}_;.
Then z € lim{[0,1], f}32, if and only if

1. either x = (t*°) for a t € [0, 1] or
2. there is a positive integer n such that = = (af,t>) for a t € (aq, by].

Therefore 1&1{[0, 1], f}72, is the star with the center (a$°) and beams By =
{@=) [t e 0,a]}, By = {(%) [ t € |y, 1]} and B, = {(ay,1™) [ t €
[CLl, bl]}, n = 1, 2, 3, NN

Figure 2: The graph of an 1-comb function and its inverse limit

Example 3.4. Let f be a 2-comb function with respect to {(as, b;)}2,,
where a; < as. We distinguish the following two cases:

1. b1 < a9

Then z € @{[0, 1], f}72, if and only if

(a) either x = (¢t*°) for a t € [0,1] or
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(b) there is a positive integer n such that z = (af, t>) forat € (ay, b;]

or

(c) there is a positive integer n such that z = (a},t>) for a t €
(ag,bg].

Therefore Lim{[0, 1], f}32, is the union of two stars. The star S with
the center (a$°) and beams By = {(t*) | t € [0,a1]}, By = {(t*) | t €
la1, 1]} and B, = {(a},t®) | t € [a1,b1]}, n =1,2,3,..., and the star
So with the center (a3°) and beams C, = {(a},t>®) | t € [ag,bs]},
n=1273,...

y

Figure 3: The graph of a 2-comb function and its inverse limit, b; < as

2. b1 ZGQ

Then x € lim{[0,1], f}32, if and only if

(a) either x = (¢t*°) for a t € [0,1] or

(b) there is a positive integer n such that z = (af,t>) forat € (ay, by]

or

(c) there is a positive integer n such that z = (a%,t>) for at € (as, by

or

(d) there are positive integers n and m such that = = (a}, a3, t>)
forate (CLQ,bQ].

Therefore 1@{[0, 1], f}72, is the union of countable many stars. The
star S with the center (a(®) and beams By = {(t>°) | t € [0, a1]}, B) =
{(t®) | t € [a1,1]} and B,, = {(a},t>®) | t € [a1,b1]}, n = 1,2,3,...,
the star Sy with the center (a3°) and beams C,, = {(a3,t>®) | t €
lag, bo]}, m = 1,2,3,..., and for each positive integer k the star Sy
with the center (a},a3®) and beams C* = {(af,a},t>) | t € [ag, bo]},
n=1,23,...
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/.

Figure 4: The graph of a 2-comb function and its inverse limit, b; > as

L

y

Figure 5: The graph of a 2-comb function and its inverse limit, b; = as

Note that if by = ay the stars S, k = 1,2,3,..., are attached at the end
points (a¥, b%°) of S and if b; > ay the stars Sy, k = 1,2,3,.. ., are attached
at the interior points of the maximal free arcs {(a%¥,t>) | t € [a1,b1]} of S,
k=1,23,...

In the following theorem we show that any inverse limit of intervals [0, 1]
and a single n-comb function is a dendrite.

Theorem 3.5. Let n be any positive integer and let f : [0,1] — 20U be
any n-comb function. Then @{[O, 1], f}22, is a dendrite.

Proof. We prove Theorem 3.5 by induction on n by proving the more precise
claim that includes also information about maximal free arcs and ramifica-
tion points in the dendrite. For each positive integer ¢, let us introduce the
following notation for certain statements that will be used in the inductive

proof of the theorem:
a)y e mnverse limit Dy = hm< |0, 1|, /. 1.y -, 1s a dendrite.
The i limit D L 0,1 (aibi)’_, v, is a dendri

(b)¢ The points of the form (z1, 29,23, ..., Tm,a°) € Dy, j < ¢, are exactly
the ramification points of D,.
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(c)¢ The points of the form (x1, 29, x3,...,Tm,0°) € Dy, i < {, where
m > 1, a; = x,, # by, and b; & {a;11, 049,013, ...,a}, are endpoints
of Dg.

(d), All endpoints of Dy are of such form, except endpoints (0°) and (1°°).

(e)¢ The maximal free arc in D, having the point x = (x1, 22, 23, . . ., T, b3°)
described in (c), as one endpoint, has (xq,x9, x3,...,Tm,a®) as the
other endpoint if ay < b;; if ay > b; then the maximal free arc in D,
ending at x equals to the maximal free arc in D,_; ending at x.

(f)¢ The arc with endpoints (af°) and (1°°) is a maximal free arc in Dj.

1. Let n = 1. There are a;,b; € [0,1] such that a; < b and f =
f(aipr_,- In Example 3.3 it was shown that the inverse limit D; =
@{[0, 1], f}22, is a star, and is therefore a dendrite. We see that
(a$°) is the only ramification point of D; and that maximal free arcs
of Dy are exactly the beams By = {(t*) | t € [0,a:1]}, By = {(t>) | t €
la1,1]} and By = {(a},t®) | ¢ € [a1,b1]}, k = 1,2,3,... of the star
D;. Note that (a);—(f); hold true.

2. Let f be any n-comb function, n > 2. Without loss of generality we
may assume that f = f(ai,bi)?:p where a1 < ay < a3 < ... < a,.
Let, as the inductive assumption, (a),—1—(f),—1 hold true for f, , n—1.

We show that the inverse limit

m{[oa 1]7 f}ZO:1 =D, = @{[07 1]7 f(ai,bi)?:1 }20:1

satisfies all the abovementioned properties for ¢ = n.

By the inductive assumption D,,_; = 1@{[0, 1], f(ai’bi)n__ll}zil is a den-
drite.

Case 1. a, > b; foreach i =1,2,3,...,n—1
In this case any x € D,, \ D, is of the form z = (a*,1°°), where k is
a positive integer and ¢ € (ay,, b,|. Therefore

Dn = anl U Sa
where S = {(a¥,t*) | k € N,t € [a,,b,]}, and we see that S is a star
with the center (a;°) € D,, \ R(D,,—1). Obviously (a),-(f),, hold true.

Case 2. a, < b; for some 1 =1,2,3,...,.n—1
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In this case we show that

Dy, = Dy 1 U (Us) :

where

(a) S = {S1,952,55,...} is a countable family of stars with centers
1, Ca, Cs, . .. respectively, where ¢1, o, ¢3, ... € D, \ R(D,,—1), and
each of the maximal free arcs in D,,_; contains at most one of
these centers,

(b) for each positive integer i, S; N D, —1 = {¢;},

(C) SlﬂS] :®1f27é], and

(d) lim diam(S;) =0,

1—+00
and therefore it will follow that D,, is a dendrite by Theorem 2.1, using
(a)p—1. That will prove (a),.
Any point of D,,\ D,,_; is of the form (1, T2, 3, . . ., T, ak, t>°), where
k is a positive integer, m is a nonnegative integer, t € (a,,b,|, and
Tm F# Gy, and vice versa.

The set
{(z1, 29,23, . .., T, a t°) | k> 1,t € [an, by]}
is a star centered in (x1, 22, X3, ..., Tm, al’) having the beams
{(z1, 20,23, . .., T, @ ) | t € [an, ]},

for each k¥ > 1. Note that S is infinite since for each ¢ such that
a, < b; the family S contains stars centered at (af,a®®) for each
positive integer k.

From f (:ul,bi)?:f (a,,) = {ay} it follows that if for x € D,,_; and for some
positive integer m, p,,(z) = a,, then p,,1(x) = a,. Therefore such x
ends with the block aS°. Let X; = {(a2°)} and let for each positive
integer m > 2,

Xm = {I’ € Dn—l | pnz(x) = anupm—l(x) 7£ an}-

Then X,, is a finite set for each m. Therefore X = Ufno:l X,, 1s a finite
or countable infinite subset of D,y \ R(Dp-1) ((b),—1 is also used).
Also, each maximal free arc of D,_; contains at most one x € X.
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To prove this, we shall for each x € X find the uniquely determined
maximal free arc of D,,_; containing z. Let

o0
r = (T1,T2,%3,...,Tm,as’) € X,

where x,, # a,. Then z,, = a; for some ¢ < n. Note that since
ai € [, bi)@:ll(an), it follows that a, € [a;,b;] and therefore b; > a,,.
Now we distinguish two cases, b; > a,, and b; = a,,.

If b; > a,, then b; & {a;11,0;49,...,a,}, hence (xy, 9, ..., Ty, b°) is
an endpoint of D, by (¢),_1 and the arc

{(xla Lo, T3, .. axmatoo) | te [an—h bz]}
is a maximal free arc of D,,_1 by (e),_1. Obviously = belongs to the
arc, since a, € [an_1,b;).

If b; = a,, then x is an endpoint of D,,_; by (c¢),_1, and clearly it be-
longs to the maximal free arc {(z1, 22,3, ..., Tm, t°) | t € [an_1,bi]}
of D,,_1, which is a maximal free arc in D,,_1 by (e),_1.

Now, when we have the explicit description of all maximal free arcs in
D,,_; containing elements of X, we see that each such maximal free
arc contains exactly one point from X.

Take any x = (z1,%2,23,...,Tm,a°) € X, where x,, # a,. Then

Tm = a; for some ¢ < n. For each positive integer k, let
Bk = {(331,.’13'2,1’3, R ,,fm,af”too) | te [Cln,bn]}

Obviously, By, is an arc in D,, and S(z) = U, By is a star centered
at x. The diameter of S(x) satisfies

diam(S(z)) < D((x1, T2y ...y T, 07), (1, T2y . o, Ty, 179)) <

Since for each m there are only finitely many such points z € X (X,
is finite), it follows that the set S = {S(z) | + € X} is finite or
it can be presented as § = {51,552, 5s,...}. From the above upper
bound for the diameters of the stars in the infinite case it follows that

lim diam(S;) = 0.

1—00
Take any point x € D,, \ D,_1. As already noticed, it is of the form
T = (21, 29,T3,...,Tm,ak 1), where k is a positive integer, m is a
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nonnegative integer, t € (ay,,b,], and z,, # a,. Therefore x € S(y),

where y = (21,22, ..., Tm,a’) € X. Therefore
zeX
and finally

D, =D, 1U(|J S() = Duy U (U 3) ,

zeX

proving (a)p.

To prove that the points of the form © = (21, X2, 3, ..., 2y, b°) € D,
where i < n, x,, = a;, and b; & {a;11,a;42,0:43, - ..,a,}, are endpoints
of D,,, we distinguish two cases. If i <n—1 then x € D,,_; and then x
is an endpoint of D,, 1 by (¢),_1, since b; & {a;11, 0542, 0543, .-, Qp_1}-
Since b; # a, the only star attached to the maximal free arc in D,,_,
ending at x is centered at a point that differs from z, or no star is
attached to that arc at all, it follows that z € E(D,). If i = n then

b; = b, and therefore x is an endpoint of a star from S. That proves
(©)n-

Also each endpoint of D,,, which belongs to D,,_1, is also an endpoint
in D,,_1, therefore it is of the form = = (21, 29, x3,..., 2, 0°) € D,
where z,,, # b; and b; € {a;11,Gir2,0it3, ..., an-1}, by (d),—1. Points
of such form with b, = a, are centers of the newly attached stars
and therefore are not endpoints of D,,. It follows that b; # a, and
therefore b; & {a;y1,ai19,0i13,...,a,}. Fach endpoint of D,,, which
belongs to D,, \ D,_1, is necessarily an endpoint of a newly attached
star and therefore is of the form x = (1,29, 23,...,Tm,b), a, =
T 7 bp. Additional condition b; & {a; 41, a;y0, aiys, - .., a,} is satisfied
vacuously for i = n. Obviously (0%°) and (1°°) are endpoints of D,,
too. That proves (d),.

Let x = (21,29, 23,...,%,,0°) € D, be any endpoint of D,, men-
tioned in (c),, where a; = x,, # b; and b; & {a;11, air2, air3, ..., an}.
If ¢ < n then by (¢),—1 « is an endpoint of D,,_;. If a,, < b; then we
have already proved that a new star centered at (x1, o, T3, ..., Ty, as’)
is attached to the maximal free arc of D,,_; ending at x, and since no
other star was attached to this arc it follows that (z1, x9, T3, ..., T, a)
is the other endpoint of the maximal free arc of D, ending at z. If

a, > b; then no star was attached to the maximal free arc of D,,_;
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ending at = = (x1,22,23,...,%m,0°), and therefore it remained a
maximal free arc of D,, as well. This proves (e),.

By (f),_1 the maximal free arc of D,,_; having (1°°) as one endpoint

[e.e]

has (a;° ) as the other endpoint. Since a star centered at (a;;

n—1 ) was

attached to D,,_1, and since no other star was attached to the above-
mentioned arc, (f), follows.

Finally (b),, follows from (b),_; and from the fact that at each point
of the form (z1,x9,23,...,2m,a°) € D, a new star was attached to
D,,_1, as shown above.

]

In the following remark we extract certain parts of the above proof for
later use.

Remark 3.6. Let n be a positive integer.

1. For each positive integer n and for each y € D,,, y is either of the
form y = (t°), t € [0,1], or of the form y = (a*, a?, a*3 akm 1),

2110 20 i3 0t ) Mgy,

where m is a positive integer and for each ¢ < m it holds that i, < n,
k’g > O, a;, < Qigyy < bié, and a;,, < t < bim-

2. Any point of D, 1 \ D, is of the form
(xly T2, T3y .., Tm, a’ﬁ+17 tOO))

where k is a positive integer, m is a nonnegative integer, t € (a,41, b1,

and T, # ny1.

3. x € D, is a ramification point in D, if and only if there are positive
integers m and j < n, such that py(x) = a; for each positive integer
k> m.

Definition 3.7. We will use D,, to denote the dendrite

D, = @{[07 1]7 f(ai,bi)?zl}zozl'

Next we define functions that we shall use later in proof of the main

result.
Definition 3.8. We define the function f, : D,,1 — D,, by

| gu(z) 3 e CUDps1 \ D),
f"(w)_{x . x €D, "
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where g, : Cl(Dy4+1\ Dy) — D, is defined as follows. Any point of Cl(D,, 41\

D,,) is of the form
x—($1,$2,$3,...,$m,an+1, )’

where k is a positive integer, m is a nonnegative integer, t € [a,41,byi1],

and T, # a,41 (see Remark 3.6), and we define
gn('x> = (xlv T2, T3, .., Tm, aqio-i-l)'
Note that f, is continuous for each n by [19, Theorem 7.3 p. 108|.

Lemma 3.9. Let x € D,,.

1. If
k1 ko ks k;
T = (a;', a2, ... ,aijj,too) € D,,
Wherej > O, il,ig,ig,...,ij <n, Ay < Ay < 000 < Qi kl,kg,...,/{?j >
0, and t € [a,;, b;,], then for each
-1
y€ fo (2)

and for each i < ky + ko +ks+ ... +k; + 1 it holds that p;(z) = p;(y).
2. If x = (t*), t € [0, 1], then for each
yE fu(2)
it holds that p;(z) = p1(y) = t.

Proof. It y € D,,, then y = x and the claim is obviously true. Note that in
Case (1) from t = a, it follows that y € D,,.
If y € Dyyq \ Dy, then by Remark 3.6 (2) y is of the form

k 0
(l’l,fﬂg,mg, s 7xm7an+17 S )7

where k is a positive integer, m is a nonnegative integer, s € (any1,bni1],
and T, # apy1. Then o = f,(y) = gu(y) = (x1, 22,23, ..., Tm, a55 ).

In Case (1) in the remaining subcase t # a;, it follows that m =
]{31 -+ 1{72 + ]{73 + ...+ kj and t = Api1- Therefore ($1,$2,I3, B ) an+1)

ki ko K kj
(aill’ ai;’ a233’ ey (IZJ] 5 t).
In Case (2) it follows that m = 0 and t = ap41. O
Lemma 3.10. Let x = (21,22, %3, ..., %m, a5 1) € Dy, where n is a positive

integer, m is a nonnegative integer, and x,, # a,41. Then f.'(z) is a star

centered in z.
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Proof. From what we have seen in the proof of Lemma 3.9 it follows that
fl(z) = U{([L’l,CC'Q,Ig, e Ty a1 8%) | 8 € [ans1, D]}
k=1

and for each k the set

By, = {<x17x27 L35 -5 Tm, aﬁ_t,_p SOO) | CNS [an+1, bn—i—l]}
is an arc with endpoints z and (21, ¥2, T3, . . ., Ty, ak 1, 055,), BiNB; = {z}
for any ¢ # j, and limy_, ., diam(By) = 0. O

Let {(an,b,)}52, be any sequence in [0,1] x [0, 1], such that a, < b,
for each positive integer n, and a; # a; whenever ¢ # j. Next denote by
A(ap, b))%, the union

[e.o]

Alan, 0oy = | (fan, ba] x {an}) € [0,1] x [0,1].

n=1

and by G(an,b,)32 ; the subset of [0,1] x [0, 1], defined by

G(an,bn)oey = AU A(an, by)oe

n=1»

where A = {(t,t) | t € [0,1]} as above.
It is easy to see that w1 (G(a, b)) = ma(G(as, b)) = [0,1].
Obviously G(an,b,)5, is not necessarily closed in [0,1] x [0,1]. The
following theorem gives a whole family of sets G(a,, b,)>, that are closed
in [0, 1] x [0, 1].

Theorem 3.11. Let {(a,,b,)}>2, be any sequence in [0,1] x [0, 1], such
that

1. a, < b, for each positive integer n,
2. a; # aj whenever ¢ # j,

3. lim (b, — an) = 0.

n—oo
Then G(an, b,);2, is a closed subset of [0, 1] x [0, 1].

Proof. Let {x,}22, be any sequence in G(ayn, b,)>2, which is convergent in

0, 1] x[0, 1] with the limit ¢ € [0, 1] x [0, 1]. We show that z¢ € G(ay, b,)52 .

If there are positive integers k and ng, such that z, € [ag,br] X {ar}
for each n > ng, then, since [ay, bx| X {ax} is compact, xg € [a, bx| X {ax}
and therefore xy € G(ay,b,)>2 ;. Otherwise there are strictly increasing
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sequences {i,}r>; and {j,}0>, of integers, such that z;, € ([a,,,b;.] X
{a;,}) U A, where A = {(t,t) € [0,1] x [0,1] | t € [0,1]}, for each positive
integer n. Since lim (b, — a,) = 0, it follows that zo € A and therefore
20 € Glan, b) . 0

Therefore by Theorem 2.3 it follows that for any sequence {(a,, b,)}2>,
satisfying

1. a, < b, for each positive integer n,
2. a; # a; whenever i # j,

3. lim (b, — a,) =0,

n—oo
there is a surjective w.s.c. function fg, s, : [0,1] = 2% such that its
%, since G(an,b,)2, is a closed
subset of [0, 1] x [0, 1] by Theorem 3.11, and since

graph I'(f(a, b,y ) equals to G(an,by)52

m1(G (i, bi)iy) = ma(Glai, bi)izy) = [0, 1].

Definition 3.12. Let {(ay,b,)}>>; be any sequence in [0, 1] x [0, 1], such
that

1. a, < b, for each positive integer n,
2. a; # aj whenever ¢ # j,

3. lim (b, — a,) = 0.

n—oo

Then f,, p,) , is called the comb function with respect to {(an, b,)}5Z;.

n=

We also say that f : [0,1] — 2[®! is a comb function, if f is the comb
function with respect to some sequence {(a,,b,)}>; in [0,1] x [0, 1] satis-

fying (1), (2), and (3).

Theorem 3.13. Let f : [0,1] — 2[%! be the comb function with respect to
the sequence {(ay,, b,)}>2 . Then

lim{[0, 1], f}32, = C1 (U Dn) .

Proof. Obviously, since 1’&1{[0, 1], f}32, is closed in []2,[0, 1],

lim{[0, 1], f}32, 2 C (U Dn> .
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Next we show that

lim{[0,1], f}32, € CI (U Dn> .
n=1
Let z € @{[O, 1], 322, \ U=, D,,. Obviously z is of the form

T = (ai17ai2>ai37 3 -)7

where {a;, | n=1,2,3,...} is an infinite subset of {a, | n =1,2,3,...}.
Take any open ball U = B(z,¢) in HOO [0, 1] with respect to the metric
< €. Then

D. Let m be a positive integer such that 2,"

(aiuaiga-' y Qg 95 Ay )EUﬂD
[

In the above proof we noticed that any x € 1&1{[0, 1, 32 \U2 Dy, is
of the form z = (a;,, a;,, @iy, - ..), where {a;, | n=1,2,3,...} is an infinite
subset of {a, | n = 1,2,3,...}. We can make this statement more precise
taking into account the definitions of inverse limits and comb functions as
follows:

Remark 3.14. Let f : [0,1] — 2% be the comb function with respect to
the sequence {(a,,b,)}°>,. Any point z € @{[0, 1, 322, \U,Z, D, is of
the form

ki ks ks
(ai1 NN ),

where for each £ it holds that &, > 0 and a;, < a;,,, < b,

(7

In Examples 3.15 and 3.16 we show that there are comb functions f,
such that the inverse limits im{[0, 1], f}}2, are not dendrites.

Example 3.15. Let (a1,b1) = (3,1) and let for each positive integer n > 2,
(an,bn) = (3 — 25,3 + -25). We show that 1#{[0 1], flanba), frey is not

27 n+iv2
locally connected and therefore it is not a dendrite. Let

11 o
20 = (55> 1) € Jm{[0, 1], flan iz, Jita

and € = min{d(zo, K), 555} > 0, where K = {(¢t>®) | t € [0,1]}. Let r < ¢
and y = (y1,Y2,Y3,...) € B(xo,r )QL{[O 1], fianba)= , Yoey be arbitrarily

chosen. Then, since r > D(zg,y) > 23?’3, it follows that y3 > 1 — 23r.
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Figure 6: The graph of the comb function from Example 3.15

U

Figure 7: The continuum from Example 3.15

Therefore y3 > 1 — 23r > 1 — 6%

Furthermore y» € f(y3) = {3, y3}. If yo = y3 then

= % and hence y; = y3 for each i > 3.

not -1
a contradiction. Therefore y, = % and hence y; € f (%) Clearly there is a
positive integer n, such that y; = a,, and L;" =20 <

Therefore for each r < e, y € B(xg,r) if and only if there is a positive
14
2" <randt>1—2%.
Therefore for each r < e the intersection B(xy, r)ﬁl'&n{[o, 1, flanbn)e=, 1oz

integer n, such that y = (a,, %, ), where
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is the union of countably many mutually disjoint intervals

{(a, %,t“) e (1— 2 1)),

1 _an .
where 25— < r. See Fig. 7.

Example 3.16. Let (a,b,) = (%, 1) and let for each positive integer n > 2,

(n,bn) = (3 —2,1). A similar argument as in Example 3.15 shows that the

Figure 8: The graph of the comb function in Example 3.16

inverse limit @{[O, 1], f(anbu)2=, they is not locally connected and therefore
it is not a dendrite.

In Theorem 3.20 we prove that under rather weak additional assump-
tions the inverse limit of a comb function is a dendrite. Essentially, the
conditions say that the only comb functions for which the inverse limits
are not dendrites are similar to those from Examples 3.15 and 3.16. Be-
fore stating and proving the theorem we introduce the necessary notion of

admissible sequences and prove a few lemmas.

Definition 3.17. The sequence {(an,b,)}>, in [0, 1] x [0, 1] is admissible
if for each positive integer n there is a positive integer p(n) > n, such that
for each m > p(n) it holds that if a,, < a,, then b,, < a,.

Lemma 3.18. Let f : [0,1] — 2% be any comb function with respect to
a sequence {(a,,b,)}%,, and let

_ (ki ke ks ki 0o
x—(ail,aiwaig,...,a%,t ) € Dy,
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7 >0, il,ig,ig,...,ij <n,a <a, <---< Qs kl,kg,...,]i'j > 0, and
t e [aij, bij]. Let f, be the functions defined in Definition 3.8. Then for each

y e CU({J(fuo fasro...0 fi) 7 (x))

k>n

and for each ¢ < ky+ko+ks+...+k;+1 it holds that p;(x) = p;(y) (where
x and y are interpreted as elements of II2° [0, 1]).

Proof. By induction on k — n we prove the following claim:

For each
Y € (fao far10...0 fir) (z)

and for each i < ky 4+ ko + ks + ... + k; + 1 it holds that p;(z) = p;i(y).

For k —n = 0 the statement holds true by Lemma 3.9 (part (1) for j > 0
and part (2) for j = 0).

Let k —n = ¢ and assume that the claim is true for ¢ — 1. Since

(fao fas1 0.0 fi) () = U i)

Ze(f7z°fn+1o...ofk_1)71(x)

for any y € (fno fay10...0fx) " (x) we choose z € (f,0 fur10...0fr_1) " (x)
such that y € f, '(2). By the induction assumption p;(z) = p;(z) for each
i <ki+ky+ks+...+kj+1and by Lemma 3.9 p;(y) = p;(2) again for each
t < ki +ky+ks+ ...+ k; + 1. This completes the proof since the limits of
sequences of points with the required property have the property. O

We will also need the following lemma about point preimages.

Lemma 3.19. Let f : [0,1] — 2% be the comb function with respect to

any admissible sequence {(ay,b,)}%°

o 1. For each € > 0 there is a positive

integer k such that

diam(U(fk o frs10...0f) ' (p)) <e

n>k
for each p € Dy, where maps f, are defined as in Definition 3.8.

Proof. Let ¢ > 0 and m be a positive integer such that le,l < e. Also let

ng > m be any positive integer such that for each n > ng, it holds that
b, — an < =. For each positive integer /, let x(£) be a positive integer such
that for each n > pu(¢) it holds that if a, < ay, then b, < a, (here we use
the admissibility of the sequence {(a,,b,)}2 ).

Let
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ko = maX{nOa ,u(l)v /L(Q), M(B)v e hu(no)}a
kl = max{no, :U’(1>7 :u<2>7 M(3)7 s 7u(k0)}7
k2 = maX{”Oa :u(l)7 :U“<2)7 M(3)7 s mu(kl)}a

km = max{no, (1), (2), p(3), . . ., pe(km—1) }-
Then we show that

k = max{no, u(1), u(2), 1(3), -, (k) }

is a positive integer, such that

diam(|_J(fro frs10...0 fu) 7 (p) <e

n>k

for each p € Dy.

Take any p € Dy. Then by Remark 3.6 (1) p is either of the form p = (¢*°),
t € [0,1], or of the form p = (p1,p2, ps, - .., p;,t>), where p; = a, for some
s < kandt € (as,bs.

Clearly, it holds that

diam(|_J(fi o frs10...0 fu) 7 (p) < diam({ J(fi o frsr0... 0 f) (™))

n>k n>k

since

(fk o) fk+1 6...0 fn)_l((p17p27p37 s 7p]7too)) =
{(P17P27P37 ceeyPjy L1, T2, T3, - - ) | (961,%2@3, .- ) € (fkofk+1o- . -Ofn)_l(too>}-

If t # a; for all i > k, then 5, (fr o figr 0. fu) 7' (t°) = {(t*)} and
therefore diam(UJ,,,,(fx © fir10... fa) 7' (t*)) = 0.

If t = a; for some ¢ > k, then we shall prove that

diam(U(fk O frs10...0f) (X)) <¢

n>k

by proving that

D(y, (1)) = D(y, (7)) < -

for arbitrary Y= (yh Y2, Y3, -5 Ym, - - ) € UnZk(fk © fk-‘rl 0...0 fn)il(too)
Since y; = t = a; by Lemma 3.18 (and therefore #5% = 0), and since
1 < yo <y3 < ... it follows that

o Y2 — a; Y3 — a; Ym —a; 1
D(y7 (ai )) S Sup{ 22 ) 23 IR om ) 2m+1 }
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Let j € {2,3,4,...,m} be arbitrary. We show that

Yy, —a; €

o <%
First we show that for each s € {2,3,4,...,j} there is a positive integer
¢ > ng such that ys, ys_1 € [ag, bel.

For s = 2, the claim is true since ys € [a;, b;], y1 = a;, and i > k > ny.

Ifys ¢ {a, | n=1,2,3,...}, then yo = y3 = y4 = --- and therefore for
each s € {3,4,5,...,7}, ¥s = Ys_1 = Y2 € |as, b].

In the rest of the proof we consider the case y» = a;, for some positive
integer ig. If ig < Ky, then p(ip) € {no, u(1), u(2), u(3),..., u(ky)} and
therefore u(ig) < k. Since k < ¢, it follows that (i) < i. Therefore from
Y2 = a;, > a; it follows that a;, > b, and this contradicts the fact that
a;, = Y2 € [a;,b;]. So in this case ig > k,, > no and the claim for s = 3
follows, since ys, y2 € [aiy, biy]-

Ifys ¢ {a, | n=1,2,3,...}, then y3 = ys = y5 = --- and therefore for
each s € {4,5,6,...,7}, Ys = Ys—1 = Y3 € [y, by, |-

In the rest of the proof we consider the case y3 = a;, for some positive
integer 1. If iy < kp,—1, then p(iy) € {ng, u(1), u(2), u(3),. .., u(kn—_1)} and
therefore p(iy) < k. Since k,, < ig, it follows that p(i;) < iy. Therefore
from y3 = a;;, > a,, it follows that a;, > b;, and this contradicts the fact
that a;, = ys3 € |aiy,bi,]. So in this case i1 > k,,—1 > ngp and the claim
follows for s = 4 since vy, y3 € [ai,, bi, ]

Repeating this reasoning m times proves that for each s € {2,3,4,..., 7}
there is a positive integer ¢ > ngy such that ys, ys_1 € [ag, bel.

It follows that

, €
d(y;, ai) < d(yj,yj—1) + ... +d(ys, y2) + d(y2,a;) < (j — 1)% <g,

]

since ys, ys—1 € |ay, by| for each s, for some ¢ > ngy. Therefore yjz;ai <

5-
Theorem 3.20. Let f : [0, 1] — 2[%! be the comb function with respect to

any admissible sequence {(ay, b,)}2 ;. Then l.ﬂl{[o, 1], f}32, is a dendrite.

Proof. We show that 1'@{[0, 1], f}72, is homeomorphic to the inverse limit
of an inverse sequence of dendrites with monotone bonding functions, which
is by [20, Theorem 10.36, p. 180] a dendrite, and therefore @{[O, 1], 172,
is a dendrite, too.

More specifically we prove that @n{[O, 1], f}22, is homeomorphic to
le{Dn, ool ,, where f, : D,1 — D, is the mapping defined in Defi-
nition 3.8 and that each f,, is monotone.
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For fixed x = (21,22, 23, ..., Tm, 435 1), Tm 7 Gny1, and fixed k, let
Bi(z) = {(21, 29,3, . . ., Ty, b1, 1), € [Any1, bnya]}-
Then each

S(x) = | Bula).

is the star with the center x and beams By(z), k= 1,2,3,. ..
Using Remark 3.6 we see that

1. f,Y(z) = {x} for each x € D, \ CI(D,,41 \ D,,), and
2. f71(z) is the star S(z) for each x € D, N Cl(D,11 \ Dy,).

Therefore f,, : Dy,41 — D, is monotone for each n and by [20, Theorem
10.36, p. 180]

1gl{l)m fn}zozl
is a dendrite.
Next we show that by

F(xy,29,23,...) = lim z,
n—ro0

a homeomorphism

F: @{Dnu fn}zo:1 — 1&1’1{[07 1]7 f}1olo:1
is defined.

1. First we show that F : @{Dn,fn}g’:l — 1&1{[0, 1], f}0o, is a well
defined function. Take any point (xy, 29, z3,...) in I'Ln{Dn, fn}e, C
112, D;. If there is a positive integer ng, such that z,, = z,, for each
n > ng, then nh_)rlolo Ty, = Ty, and z,, € Dy, C 1'&11{[0, 1], f}122,. There-
fore F(x1,29,23,...) € @{[0, 1], f}22,. If there is no such ng, then let
11 < iy < i3 < ... be the sequence of all such integers that z; # z; 11
for each n. Then z;,,, = 2,41 € f;'(2;,), where f; *(z;,) is the star

S(x;,) € D;, 1 with center x;, . Therefore x;, is of the form

_ 00
Lip = (yla Y2,Y3y -+ -y Ymy» ain+1)'

Similarly, x;,., is of the form

_ S
Lipyy = (21, 225235+« 3 Pmupgs ain-‘r?)'
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Since z;,,, € S(x;,), it follows that m, < m,;1 and y; = 2; for each

1 =1,...,my,. From m, < m,; for each n, it follows that m, > n
for each n. Therefore D(x;,,x;,,,) < 5= < 5. It follows that the

sequence {z,}>°; is a Cauchy sequence in C1 (|7, D,,) and hence by
Theorem 3.13 it converges to a point in 1&1{[0, 1, f1,.

. We show that F' is continuous.

Take any x = (21, x9,23,...) € @{Dn, fn}22, and any € > 0. Choose
a positive integer k (given by Lemma 3.19), such that

diam(U(fkoka o...of) tp)) <e

n>k
for each p € Dy.
Let B={z € @1{[0, 1, f}22, | d(z, F(x)) < e} and let

V =P (BN Dy),

where Py : im{Dy, fu}32, — Dy is the projection map to the k-th
factor. Since BN Dy, is open in Dy, V is open in I'&n{Dn, 22 ,. Since
x € Im{Dy, f.}72, and @ € Dy, it follows from the definition of F
that F(z) € CU U, (fk © fet1 0.0 fn) H(xx)). From the definition
of functions f; it follows that z, € CUU, i (ko frrr0. .0 fn) Hap)).
Therefore d(zg, F'(x)) < €, hence xy, € B. It follows that z; € BN Dy,
and thus x € V. Let y = (y1,92,¥3,...) € V. It follows that y, € B,
and therefore d(yy, F(z)) < e. Since F(y),yr € CH U, >(fx © frt1 0
.0 fu) " Huw)), it follows that d(yx, F(y)) < e. Hence, )

d(F(x), F(y)) < d(F(x), ye) + d(yr, F(y)) < 2e.

Therefore F' is continuous.

. We show that F'is a surjection. Let

Y= (yla Y2,Y3, - - ) € 1&1{[0, 1]a f}7c;o:1
be arbitrarily chosen. We define a sequence {z,,}7°,, such that

(a) for each n, z,, € D,,
(b> for each n, fn(xn—kl) = Tn,

(¢) lim, oo ¢, = ¥.
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If y ¢ D, for each n, then by Remark 3.14 y is of the form y =

(afll,afj, af;’, ...), where for each ¢, it holds that a;, < a;,,, < b;, and

that k, is a positive integer. In this case we define

_ (k1 k2 ks km 00
Ty = (a7, a5, a2, ... a;" yage ),
where iy < n for each ¢ =1,2,3,...,m, and i,,.1 > n. lf y € D,, for

some m, then define z,, = y for n > m and =, = (fpo o0 fr_1)(v)

for n < m.

Obviously the sequence {z,,}2° ;| satisfies (a), (b) and (c) and therefore
F(i[)l, To2,T3, .. ) =Y.

4. Finally we show that F' is an injection. Let © = (z1, 29, x3,...) and
y = (Y1,Y2, Y3, - ..) be any points in I&l{Dn, fn}22,, such that x # y.
Let k be a positive integer such that z; # yi. Since xp,yp € Dy, it
follows that

— q1 . q2 Qg3 qj 400
7 = (ag;, tas Qg oo Qs L )
and
_ T1 ) r3 T oo
Ye = (ay a2, ai, ... ap", %),

where iy, 49, ..., 05, 01,02, ..., b < k, t € (a;,,b;,] and s € (ay,,, e, ],
by Remark 3.6 (1). Let ¢ = ¢1 +qo+gs+. . .4qj, r = ri+ra+rs+.. .4r,.
Assume that ¢ < r. Also, let n be the smallest integer such that
Pn(k) # Pu(yr). If n < g then for each z; € CY{Usp(fr o frr10...0

fi)"Hz)) and each 2, € Cl Ui (fro frrr0...0 1) (yx)) by Lemma
3.18 it follows that p,(21) = pn(zx) and p,(22) = pn(yk), and therefore

d(pn (), Pulyr))

D(Zl, Zg) Z on .
Since
F(z) € CU{J(fuo frsio.. o fi) Haw)
i>k
and

F(y) € CU|J(fuo fuxro- 0 fi) ()

i>k
it follows that F'(z) # F(y).
If n > q, then vy is of the form

q1 492 43 an p Ti+1 Ti+2  Ti+3

— Tm o0
yk_(ailaai27ai37"'7 ijva'ija £j+1’ Zj+27 zj+37"'aa'£m78 )a

since r > q.
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We consider several cases.

Case 1. If p > 1, then n = ¢ + 1, since py1(x) =t and pyr1(y) =
ai;, and by Lemma 3.18 p,(F'(z)) = pn(ox) = t # ai; = pu(Ys) =
pu(F'(y)), hence F(z) # F(y).

Case 2. lf p4+7rj11 +1j40+7j33+...+1, =0, then n = ¢+ 1 and by
Lemma 3.18 p,(F(2)) = pa(@r) =t # s = pu(yx) = pu(F(y)), hence
F(x) # F(y).

Case 3. If p=0and rj;1 + 742 +7j43+ ...+ 1, > 0 and if there is a
positive integer ¢ < k such that ¢ = a;, then F(x) =z and n < r+1,
and it follows that p,(F(x)) = pn(xk) # pu(yr) = pn(F(y)), where the
last equality follows by Lemma 3.18.

Case 4. If p = 0 and 7j41 + rj40 + 7j43 + ... + 1y > 0 and if there
is a positive integer ¢ > k such that t = a;, then n = ¢ 4+ 1 since
Par1(Ye) = ay;,, and [y < k, while pg1(7x) =t = a;, © > k. There-
fore pn(F(x)) = pa(xr) = a; # ai;., = Pa(yk) = pu(F(y)), by Lemma
3.18.

Case 5. If p=0and rj41 +7j42+ 713+ ...+ 7 > 0 and if ¢ # q; for
each positive integer i, then F'(z) = 2, and n = ¢+1 <r+1, and we
continue as in Case 3.

Since F : @{Kn, fol, — @{[O, 1], 152, is a continuous bijection from
a compact space onto a metric space, it is by [19, Theorem 5.6, p. 167| a

homeomorphism. ]

4 Wazewski’s universal dendrite as an inverse
limit with one bonding function

The following example shows that the conditions of Theorem 3.20 are not
sufficient to guaranty that the corresponding inverse limit is homeomorphic
to Wazewski’s universal dendrite.

Example 4.1. Let for each positive integer n, (an,bn) = (1— 557, 1 — 55077
By Theorem 3.20, @{[0, 1], flan by, Yoz, is a dendrite. Since a, < b, <
a,+1 for each positive integer n, using Lemma 4.4 and Remark 3.6 (3), we
see that = € @1{[0, 1, flanba)e, Yizy is a ramification point if and only
if there is a positive integer m, such that = = (a2’). Therefore the set of
all ramification points is not dense in lgn{[(), 1, flanba)=, ozi- Hence, by
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Theorem 2.2, @{[O, 1], f(anba)=, oy is not homeomorphic to Wazewski’s

universal dendrite.

In Theorem 4.5 we show that with the additional condition that the
set {a, | n =1,2,3,...} is dense in [0, 1], it follows that the inverse limit
@{[O, 1], £}, is homeomorphic to Wazewski’s universal dendrite. In The-
orem 4.6 we show that in fact this additional condition characterizes inverse
limits @n{[o, 1], f}32, that are homeomorphic to Wazewski’s universal den-
drite.

First we prove the following lemmas.

Lemma 4.2. Let f : [0,1] — 2% be any comb function with respect to an

admissible sequence {(an, b,)}o2 . Let

y € m{[0, 1], F}32, \ L_JIDH

be arbitrarily chosen. Then for each = € J)~ | D,, the uniquely determined
arc L from z to y satisfies the condition

L\ {y} < |JD..

Proof. By Remark 3.14 y is of the form y = (a}*,a}?,a}?,...), where a;, <
aj,,, < b;, for each £. We use the same sequence {,}72, as in the proof of

surjectivity of F' in the proof of Theorem 3.20, i.e.

(k1 ks ks km oo
Ty = (a;}, a2, a2, ... ,ai:n”,aimﬂ) € D,,
where iy < n for each ¢ = 1,2,3,...,m, and 1,11 > n. Since D, is a

dendrite, there is a unique arc [x,,x,41] from x, to x,41 in D,y if 2, #
Tptr. I @, = xp4q let [z, 2,4q] denote {z,}. Then A = J)7 [, Tpi1] U
{y} is an arc from z; to y, since [z, Tpi1] \ {0} € Dpy1 \ D, and since
lim,, .o , = ¥y, as shown in the abovementioned proof of Theorem 3.20.

Obviously

A\ {gy € J D

Next, take the unique arc B from z; to z in |J,—, D, (the existence of
such an arc follows from the fact that there is an integer m such that x,,z €
D,,). Then CI((A\B)U(B\A)) is an arc from z to y in @{[0, 1, flaibne=, b1
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Since I'Ln{[O, 1], flaipie=, }21 is a dendrite, it follows that CI((A\ B) U (B\
A)) = L. Obviously

L\ {y} = Cl((A\ B)U (B\ )\ {y} € | Dn-

O

Lemma 4.3. Let f : [0,1] — 2% be any comb function with respect to an
admissible sequence {(a,,b,)}>> . Then each

1%@%&%ﬂ%\Q&z

is an endpoint of l'gl{[(), 1], 122, (and hence it is not a ramification point).

Proof. Assuming that y is not an endpoint, using Lemma 4.2, one easily
gets a simple closed curve in 1&1{[0, 1], f}72,. This contradicts the fact that
Wm{[0, 1], f}732, is a dendrite by Theorem 3.20. O

Lemma 4.4. Let f : [0,1] — 2[%! be any comb function with respect to an
admissible sequence {(a,,b,)}>2,. Let x € 1'&1{[0, 1], f}22,. The following

statements are equivalent.
1. x is a ramification point in @{[0, 1), f12,.
2. x is a ramification point in D,, for some positive integer n.

Proof. 1t is obvious that if there is a positive integer n, such that x is a
ramification point in D,,, then z is a ramification point in 1'&1{[0, 1, f12,
(since D,, C Y&n{[O, 1], f}%2,). Suppose that x is a ramification point in
@{[O, 1], f}72,. Since no point of

lim{[0,1], /322, \ | Da

is a ramification point in @{[O, 1], f}22,, by Lemma 4.3, it follows that
x € D,, for some positive integer ng. Let [z, z;], i = 1,2,3, be any three
arcs in 1&1{[0, 1], f}322,, such that [z, z1] U [z, 25] U [z, z3] is a simple triod.
Without loss of generality we may assume that x; € |J, -, Dy, i = 1,2,3,
since if z; ¢ J>7; D», we may replace [z,z;] by [x,v;], where y; € (2, 1),
by Lemma 4.2. For each ¢+ = 1,2,3 let n; be a positive integer such that
x; € Dy,. Let n = max{ng, ni, na, ng}. Obviously[z, z1] U [z, 2] U [z, 3] is a
simple triod in D,, and therefore z is a ramification point in D,,. [
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Theorem 4.5. Let f : [0,1] — 2% be any comb function with respect to
an admissible sequence {(a,, b,)}22, such that the set {a, | n=1,2,3,...}
is dense in [0, 1]. Then l'&l{[O, 1], f}72; is homeomorphic to Wazewski’s uni-
versal dendrite.

Proof. By Theorem 3.20, D = @{[0, 1], %2 is a dendrite. We show that
the set of ramification points of D is dense in D and that each ramification
point of D is of infinite order in D, and therefore by Theorem 2.2 D is
homeomorphic to Wazewski’s universal dendrite.

Let y = (y1,¥2,Y3,...) € D be arbitrarily chosen, such that y is not a
ramification point. We show that there is a sequence of ramification points
{z,}52, in D, such that nh_>nolo Zn = V.

If y € D, for some positive integer n, then by Remark 3.6 (1), (3) (taking
into account that by Lemma 4.4 y is not a ramification point in D, for each
?) there are a positive integer m and a real number ¢ € [0, 1]\ {a1, as, as, ...},
such that

Y= (y17y27 Yz, ... 7ym—latoo)7
where y,,_1 = ay for some k < n, and t € (ay, b]. Since the set {a, | n =
1,2,3,...} is dense in [0, 1], there is a strictly increasing sequence {i, }°°,

of positive integers, such that lim a;, =t and a;, € (ay, bg|. Therefore
n—oo

{(y1>y27y37 s 7ym717aioj)}zo:1

is a sequence of ramification points in D, which converges to y.
If ye D\ U, Dy, then by Remark 3.14

_ (k1 ke k3
y = (a;,az,a:;,...),

where for each £ it holds that k, > 0 and a;, < a;,,, < b;,. Then the sequence
{zn}2,, where
Zn — (ak1 ak)z ak’g aknfl OO)

i Wi, G a T ag
for each n, is a sequence of ramification points in D, which converges to .

Next we show that each of the ramification points is of infinite order in
D. Let x € D be any ramification point. Then by Lemma 4.4 and Remark
3.6 (3) there are positive integers m and j, such that py(x) = a; for each
positive integer k£ > m. Without loss of generality we may assume that
p(z) # a; for each k < m.

Since

ze fi(x)cD

and f,(x) is a star with the center by Lemma 3.10, it follows that z is
of infinite order in D. O
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Theorem 4.6. Let f : [0,1] — 2[%U be any comb function with respect to an
admissible sequence {(ay,b,)}>> ;. Then 1’&1{[0, 1], £}, is homeomorphic
to Wazewski’s universal dendrite if and only if the set {a, | n =1,2,3,...}

is dense in [0, 1].

Proof. Taking Theorem 4.5 into account it suffices to prove that if the set
{an, | n = 1,2,3,...} is not dense in [0, 1], then 1&1{[0, 1], f}72, is not
homeomorphic to Wazewski’s universal dendrite. If there is an interval J =
(aj,ar) C [0,1] containing no a,, let t = “T% and § = “-*. For any
ramification point z of @1{[0, 1, f}2, D(z, () > w > 4, since
p1(z) = a, for some n. Therefore the open ball in @n{[@, 1], f}r2, centered
at (t>°) with the radius § contains no ramification points and hence by
Theorem 2.2 I'&n{[O, 1], f}72, is not homeomorphic to Wazewski’s universal
dendrite. O

Theorem 4.7. There is a comb function f such that @1{[0, 1, f1%2, is
homeomorphic to Wazewski’s universal dendrite.

Proof. Let {a, | n € N} be any dense subset of (0,1). Inductively we define
sequence {b, }°°, in such a way that {(a,, b,)}>>; would be admissible which
would by Theorem 4.5 guaranty that 1&1{[0, 1], f}22, is homeomorphic to
Wazewski’s universal dendrite. For each positive integer n, let

1
b, = §(an+min{1,ai |1 <n,a; >a,}).

First we show that lim, (b, — a,) = 0. Let £ > 0 be arbitrary; choose
a positive integer k£ such that % < e. For each j < k choose 7;, such that
a;, € (52,1), and let ng = max{i; | j = 1,2,3,...,k}. For any n > ng let
a < b be two consecutive elements of the set {0,1,a;, | j = 1,2,3,...,k}
such that a, € (a,b). Then b, — a, < %’ —a, = b_Z“" < I’_T“ < Ee.

Since for each positive integer n for each m > n it holds that if a,, < a,,
then b, < %(am + a,) < ay, it follows that the sequence {(ay,b,)}>2 is

admissible. O]
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