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Izvlecek

V delu obravnavamo ra¢un mejne nosilnosti in mejne duktilnosti konstrukcij z metodo konénih
elementov. Ko je konstrukcija na meji svoje nosilnosti, so nekateri njeni deli v neelasti¢nem
stanju, v najbolj kriticnih konstrukcijskih elementih pa se pojavi lokalizirana porusitev mate-
riala, ki je povezana s koncentracijo neelasti¢nih deformacij na majhnem obmocju. Pri krhkih
materialih predstavlja lokalizirano porusSitev nastanek in razvoj vecje razpoke, pri duktilnih
materialih pa nastanek lokaliziranega nestabilnega plasti¢nega obmocja. Zato je racun mejne
nosilnosti povezan tako z modeliranjem standardnih neelasti¢nih materialnih efektov, kot tudi
z modeliranjem lokalizacijskih efektov v materialu, ki se jih pogosto oznacuje kot mehéanje
materiala. V tem delu za modeliranje standardnih neelasti¢nih materialnih efektov izpeljemo
in uporabljamo elastoplasticne materialne modele, dotaknemo pa se tudi elastoviskoplasti¢nega
materialnega modela za plosce in nelinearnega materialnega modela za armiranobetonske plosce.
Skupno vsem izpeljanim in uporabljenim neelasti¢nim modelom je, da so definirani na nivoju
rezultant napetosti. Za modeliranje pojava lokalizacij v materialu obstajajo razli¢ni matemati¢ni
modeli in numeri¢ni algoritmi, ki pa so pogosto premalo natanc¢ni ali premalo u¢inkoviti. Zato
v tem delu uporabimo novejSo metodo, ki temelji na konénih elementih z nezveznimi pomiki
znotraj konc¢nega elementa. Dokazemo, da je mogoce v okviru te metode izpeljati tudi kom-
pleksnejse konéne elemente - kompleksnejSe tako v smislu zahtevnejse kinematike samega os-
novnega modela, kot v smislu kompleksnejSe aproksimacije nezveznih pomikov. Razvijemo vec
konénih elementov za racun razlicnih konstrukcijskih elementov. Najprej je predstavljen nelin-
earni koné¢ni element za ra¢un mejne nosilnosti armiranobetonskih plos¢, nato pa konéni element
za neelasti¢no analizo kovinskih plosé¢, ki temelji na elastoplasticnem in elastoviskoplasti¢cnem
materialnem modelu z izotropnim in kinemati¢nim utrjevanjem. Pri slednjem izpeljemo rac¢unski
algoritem, ki hkrati zajame obe neeleasti¢ni formulaciji. Nadalje izpeljemo konéni element za
kovinske lupine z elastoplasti¢énim materialnim modelom z izotropnim in kinemati¢nim utrjevan-
jem, ki temelji na rezultantah napetosti in na kriteriju plasticnega tecenja, ki ga dolocata dve
ploskvi. Zadnja dva izpeljana kon¢na elementa sta namenjena modeliranju lokalizirane porusitve
materiala v nosilcih in ravninskih telesih. Elastoplasti¢ni konéni element za Euler-Bernoullijeve
nosilce ima vklju¢eno nezveznost v rotacijah, njegovi konstitutivni parametri pa so doloceni s
posebnim postopkom, ki temelji na predhodni nelinearni analizi izbranega dela nosilca s podrob-
nejsim modelom. Zadnji izpeljani kon¢ni element je elastoplasti¢ni stirivozliséni konéni element
za ravninska telesa, ki ima vklju¢ene nezveznosti v pomikih. Kinematika nezveznosti je taksna,
da omogoca linearne nezvezne skoke v pomikih tako v smeri normale, kot tudi v smeri tangente
na ¢rto nezveznosti. Numeri¢ni primeri dokazujejo, da je mogoce z izpeljanimi kon¢nimi ele-
menti in s pripadajo¢imi algoritmi u¢inkovito in na dokaj robusten nacin izra¢unati tako mejno
nosilnost konstrukcije, kot simulirati popolno porusitev konstrukcije. Med drugim je predstavl-
jen primer ra¢una nastanka in Sirjenje razpoke v krhkem materialu in primer strizne porusitve
v duktilnem materialu. Vse racunalniske kode za izpeljane konéne elemente so bile pripravl-
jene v programskem okolju AceGen, ki omogoca razvoj programske kode v simbolnem zapisu
in optimizacijo generirane kode. Numeri¢ni primeri so bili izra¢unani v programskem okolju
AceFem.
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Abstract

The dissertation deals with limit load and limit ductility analysis of structures by the finite
element method. When structure is at its limit load, several structural components behave
inelastically, while in the critical parts of the structure, due to localization of inelastic strains,
failure of material appears. Localized effects in brittle materials are related to appearance and
formation of a large (macro) crack, while failure in ductile materials is governed by localized
shear bands. The study of limit load is thus related to modeling both standard inelastic ma-
terial effects, as well as modeling of localized failure of material, often reffered to as material
softening. Standard inelastic material effects are in this work described with elastoplastic, elas-
toviscoplastic and nonlinear elastic material models. All the material models are defined at
the level of stress-resultants. Several mathematical approaches and numerical algorithms for
modeling localized effects are at hand, but they are often inefficient or inaccurate. Therefor, we
use an up-to-date approach, based on a finite element method with embedded discontinuity. We
derive new finite element formulations with a quite complex kinematics of the basic elements,
as well as rather complex description of discontinuous displacement fields. We derived several
finite element formulations for analysis of different structural components. First we present a
finite element for limit load analysis of reinforced concrete plates. Stress-resultant elastoplas-
tic and elastoviscoplastic plate finite element formulation along with a unified computational
procedure that covers both formulations are presented next. Further, a nonlinear shell finite ele-
ment, based on a two-surface yield function, that includes both isotropic and kinematic material
hardening is presented. The last two finite elements derived in this work are intended to model
the localized failure in planar beams and 2D solids. The embedded discontinuity in rotations
was built into elastoplastic Euler-Bernoulli beam finite element, and a procedure, based on a
precomputed analysis of a part of a structure, by using a refined numerical model, is proposed
to obtain the beam constitutive model parameters. Finally, we derive an elastoplastic quadri-
lateral two-dimensional finite element formulation with embedded strong discontinuity, whose
kinematics can model linear jumps in both normal and tangential displacements along the dis-
continuity line. Numerical simulations show, that the derived finite elements, along with the
accompanied numerical algorithms, are an efficient and a rather robust tool for limit load and
failure analysis of structures. Among other examples, we present a simulation of crack growth
in brittle material and a simulation of shear band failure in ductile material. All the computer
codes of the finite element formulations presented in this work have been generated through the
symbolic programming of the finite element computer code and the expression optimization in
AceGen computer program. The performance of these elements has been presented in numerous
numerical examples, all performed by the AceFem computer program.
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Résumé

Ce travail a pour objet I'analyse limite des structures par la méthode des éléments finis.
Lorsqu’'une structure atteint sa charge limite, certaines de ses composantes sont dans la phase
inélastique de leur comportement, alors que dans les parties les plus critiques, du fait de la
localisation des déformations inélastiques, se produit la rupture du matériau. Les effets de lo-
calisation sont, dans les matériaux fragiles liés a ’apparition et au développement de macro
fissures alors qu’ils sont, dans les matériaux ductiles, gouvernés par les bandes de cisaille-
ment localisées. L’étude de la charge limite est ainsi reliée a la modélisation du comportement
inélastique standard du matériau mais également a la modélisation des effets localisés corre-
spondant au comportement adoucissant des matériaux. Le comportement inélastique standard
du matériau est, dans ce travail, décrit par des modeles élastoplastiques, élastoviscoplastiques
ou élastiques non linéaires. Tous les modeles de comportement sont définis en termes d’efforts
généralisés. Un certain nombre d’approches mathématiques et d’algorithmes numériques sont
disponibles mais sont bien souvent inefficaces et manquent de précision. Ainsi, nous utilisons une
approche développée plus récemment s’appuyant sur une méthode d’éléments finis enrichis de
discontinuités. Nous avons développé de nouvelles formulations d’éléments standards prenant en
compte des cinématiques et des descriptions des champs de déplacements discontinus complexes.
Plusieurs formulations d’éléments finis ont été développées pour ’analyse de différents com-
posants structurels. Nous présentons, dans un premier temps, un élément fini dédié a I’analyse
limite des plaques en béton armé. La formulation d’un élément de plaque élastoplastique et
élastoviscoplastique écrite en efforts généralisés associée a une procédure commune d’intégration
sont présentées ensuite. Un élément de coque non linéaire, faisant intervenir une fonction seuil a
deux surfaces incluant a la fois un écrouissage isotrope et un écrouissage cinématique est ensuite
présenté. Les deux derniers éléments finis développés dans ce travail sont dédiés a la modélisation
de la rupture localisée dans les poutres planes et les solides bidimensionnels. L’élément de poutre
d’Euler-Bernouilli est enrichi par une discontinuité en rotation. Une stratégie s’appuyant sur
I’analyse préalable, par un modele raffiné, d’une partie de la structure est proposée afin d’obtenir
les parametres du modele constitutif de la poutre. Enfin, nous présentons la formulation d’un
élément quadrangulaire a discontinuité forte dont la cinématique permet de prendre en compte
des sauts de déplacements linéaires dans les deux directions normale et tangentielle le long de
la surface de discontinuité. Des résultats numériques montrent que les éléments développés
ainsi que les algorithmes associés constituent un outil efficace et robuste d’analyse de la charge
limite et de la rupture des structures. Parmi les exemples, nous présentons la simulation de la
propagation d’une fissure dans un matériau fragile ainsi que le développement d’une bande de ci-
saillement dans un matériau ductile. Les codes numériques associés aux formulations présentées
dans ce travail ont été générés par ’outil de programmation symbolique et d’optimisation de code
AceGen. Les performances des éléments sont présentés a travers un grand nombre d’exemples
numériques réalisés a partir du code AceFem.
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Chapter 1

Introduction

The objective of the first chapter is to motivate the reader and to outline the areas, which
are aimed to be improved in this work. A brief background on accomplishments in the
material nonlinear modeling and modeling of failure is provided. The goals of this thesis

are presented and finally an outline of the manuscript is given.

1.1 Motivation

From the early days people were faced with a challenge to provide a safe shelter. Once
people outgrew the natural shelters and started building man-made structures, the need
to acquire the knowledge about materials and structures appeared. For millennia it was
only possible to determine the material toughness and the behavior of structures by exper-
imental observations and even nowadays the material properties and estimates regarding
structural behavior are determined by experiments. Over the course of human history the
understanding of laws of nature increased drastically and the theoretical models started
to be used to describe the natural processes. With the uprise of computers in the second
half of the twentieth century numerical simulations started playing the leading role in
predicting the processes in nature. We are now able to obtain numerical solutions for
problems where analytical results can no longer be attained. In particular, we can now
simulate the behavior of complex structures, predict their limit load and even describe
their behavior until complete failure. Given the short time frame and low cost of getting
such computational solutions, when compared to obtaining experimental results, increase
its importance ever since.

Currently the most widely used tool for analysis of structures is the finite element
method. This is a numerical tool to solve differential equations characterizing a certain
boundary value problem. The complete three-dimensional analysis of structure, that

would have taken into account its exact geometry and all the phenomena related to
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material geometrically nonlinear behavior (e.g. yielding of steel, cracking of concrete,
slip between concrete and steel reinforcement, local failure of material, local and global
buckling...) is due to the limited amount of computer power, and due to the limitation of
numerical models, describing the above mentioned effects, currently impossible. Therefore
a certain degree of mathematical idealization is needed. By considering certain kinematic
assumptions we can model the 3D structure as 2D (plates, walls and shells) and 1D (bars,
beams) by using plate, 2D solid, shell, bar and bream finite elements. Furthermore we
can lower the computational costs by using simplified constitutive models.

In this work we derive several finite elements with inelastic material models that are
suitable for limit load and failure analysis of different structural components. In order
to obtain adequate solutions we derive elasto-plastic material models for analysis of steel
beams, plates and shells and a nonlinear elastic model for analysis of reinforced concrete
plates. These models are defined at the level of stress resultants, which makes them more
robust and computationally cheaper. The novelty of this work is related to representa-
tion of material models. For instance, concerning the formulation for nonlinear analysis
of reinforced concrete plates, Eurocode 2 recommendations for constitutive behavior of
concrete were adopted. When analyzing plastic and viscoplastic stress-resultant plates, a
unified computational procedure is presented that covers both formulations. Further, the
stress-resultant plasticity for shells was revisited in order to provide a new view on return
mapping algorithm for two-surface stress-resultant plasticity.

When one wants to determine the behavior of structures when the load produces
localized material failure then the elasto-plastic and nonlinear elastic material models
no longer suffice. The failure of structure or structure components usually begins due
to very localized effects, which the continuum constitutive models are unable to capture
adequately. As an example, one can think of a macro crack forming within a concrete
wall, where the thickness of the crack is much smaller than the overall dimension of
the wall itself. This makes the challenging task for the applied numerical method since
the discontinuity in the wall has to be described. In order to simulate such problems, we
incorporated singular fields, representing localized zones of failures, into the finite element
framework, resulting in a finite element formulation with embedded strong discontinuities.
Several contributions to this field are made in this work. The first one provides a new
beam finite element with embedded rotational discontinuity, suitable for elastoplastic and
failure analysis of planar frames. To determine beam hardening and softening parameters,
a sequential multi-scale (shell-beam) procedure is proposed. The next contribution is a
new formulation for an elastoplastic 2D solid finite element with embedded discontinuity.
A quadrilateral finite element is derived that is suitable for nonlinear collapse analysis of

2D solids and can describe both brittle and ductile failure of the material.



Dujc, J. 2010. Metoda koné¢nih elementov za ra¢un mejne nosilnosti in lokalizirane porusitve ploskovnih konstrukcij
Doktorska disertacija. Ljubljana, UL, FGG. 3

1.2 Background

The number of contributions on the limit load analysis, inelastic analysis and the failure
analysis in the literature is enormous. In the following a brief overview of the state of
the art is given. In Section 1.2.1 we present approaches for the limit load analysis and in

Section 1.2.2 we summarize the numerical developments on the modeling of failure.

1.2.1 Limit load analysis

Limit load analysis of structures has a significant practical value and there are numerous
articles and books written on this topic. The most studied problems are limit load analysis
of frames and plates. In the case of simple geometry of a reinforced concrete plate one
can determine the limit load by using the plastic lines theory which is explained in nu-
merous books (e.g. [Save and Massonet, 1972], [Nielsen, 1984], [Moy, 1996], [Park and
Gamble, 2000], [Radosavljevi¢ and Baji¢, 1990]). The basic principle in this method is
the assumed plastic (breaking) lines that divide the plate into individual rigid parts that
can only rotate around these lines. If we consider that the virtual work done by the fully
plastic (breaking) bending moments acting at the plastic lines is equal to the virtual work
done by the external load we can derive the limit load of the reinforced concrete plate.
Note that this method gives the upper value of the limit load. The limitations of this
approach become clear if the geometry of the plate is more complex. Note, that with
this approach we only obtain the estimate of the limit load and there are no informations
regarding the corresponding limit ductility.

For a more complex structural geometry, or when the limit load is not the only rele-
vant quantity (e.g. one wants to know more on the displacement field, load-displacement
history, irreversible deformation,...), one can use an inelastic (nonlinear) analysis based
on the finite element method.

One already available option is the use of commercial programs that allow the nonlinear
description of materials, e.g. of the reinforced concrete (e.g. [Hobbit et al., 2007]). When
using the commercial software, we divide for example the plate in the thickness direction
into layers of concrete and reinforcements, and use the standard elastoplastic material
model for steel (see e.g. [Simo and Hughes, 1998|, [Koji¢ and Bathe, 2005], [Lubliner,
1990], [Ibrahimbegovic, 2006], [Ibrahimbegovic, 2009]), to describe the behavior of rein-
forcement, and a rather sophisticated nonlinear material model to describe the behavior
of the concrete. Such a nonlinear analysis requires the use of finite elements for shells and
a knowledge of several parameters that describe the behavior of concrete. An alternative
to the above approaches was presented in [[brahimbegovic et al., 1992], [Ibrahimbegovic
and Frey, 1993b] and [Ibrahimbegovic and Frey, 1994]. This method is also based on
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material nonlinear analysis of reinforced concrete plates, yet it uses a constitutive law
that is based on stress resultants instead of stresses, which simplifies the analysis signif-
icantly. With this approach we can determine the limit load of the plate in the case of
monotonically increasing loading. If the loading is such that includes significant amount
of loading and unloading, one should use a different approach to compute the limit load.
A similar approach, that is capable of describing the cyclic and even dynamic loading
is considered in [Koechlin and Potapov, 2007]. Here, the constitutive relations are also
written in terms of stress resultants, in particular a yield function is used, which considers

the damage model for concrete and elastoplastic model for steel reinforcement.

The standard approach for the inelastic analysis of metal plates and shells is the use
of finite elements for shells that require through the thickness integration, see e.g. [Brank
et al., 1997]. Such elements are included in most of the commercial finite element based
programs (e.g. [Hobbit et al., 2007]). When using the finite elements with through the
thickness integration, we divide the shell in the thickness direction into several layers, de-
termine the stress state in each layer by using the standard elastoplastic material model
for steel and then by numerical integration along the thickness direction determine the
values of stress resultants for a particular cross-section. Such a nonlinear analysis is
computational quite expensive, since we need to determine and store the values of inter-
nal variables (plastic strain and hardening variables) for all the integration points in the
thickness direction. Another way, which is less common, introduces the elastoplastic con-
stitutive equations directly in the 2D stress resultant form; see e.g. [Simo and Kennedy,
1992], [Skallerud et al., 2001], [Crisfield and Peng, 1992] for the shell case. The latter
approach is on one hand computationally much faster than the former one, but on the
other hand it fails to describe the spreading of the plastification through the plate thick-
ness, see e.g. [Auricchio and Taylor, 1994]. This drawback can be removed (to a certain
extent) by a pseudo-time dependent value of the yield parameter associated with the plate
bending response. This was first suggested by Crisfield, see e.g. [Crisfield, 1981] and ref-
erences therein, and was later used e.g. by [Shi and Voyiadjis, 1992] for plates and [Zeng
et al., 2001] and [Voyiadjis and Woelke, 2006] for shells. Another way to approximately
describe the 3d effect of spreading of plasticity throughout the plate is to use the general-
ized plasticity model for plates, which is based on two functions (both defined in terms of
stress resultants), the yield function and the limit function, see e.g. [Auricchio and Taylor,
1994]. However, if one wants to evaluate only the limit load of the metal plate, the above
mentioned modifications are unnecessary, since both the stress resultant formulation and
the stress based formulation with the through-the-thickness numerical integration provide

the same result.
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1.2.2 Failure analysis

In the above section we have mentioned some of the approaches that are suitable to
determine the behavior of a structure up to the limit load. The question now arises how
can one include the effects that are related to material failure. The failure of material is
related to the appearance of a discontinuity in the displacement field (e.g. cracks in brittle
materials or shear bands in ductile materials) which is in contradiction with the smooth
nature of the finite element method.

The most trivial approach, that is also incorporated in most commercial finite element
programs, is element deletion. The basic idea behind this procedure is simple. Once
we detect that the strength of the material has been reached within a single element,
e.g. maximum principal stress at the integration point of the element was surpassed, we
consider this element to be totally damaged and that it no longer contributes to the
resulting system of equations. The discontinuity is in this case represented by the deleted
finite element. It is clear that this approach has a drawback of being dependent on the
finite element discretization.

Instead of deleting the element, once the strength of material is surpassed, one can at
the integration points of this element apply a softening stress - strain law in which the
stress tends to zero with the growing strain. These procedures are often denoted as soft-
ening models. Softening models are problematic since multiple strain states are possible
for a certain stress field leading to an ill-posed mathematical problem and similarly as for
the element deletion, the finite element solution is pathologically dependent on the mesh
size.

This drawback can be circumvented if the element size is included in the constitutive
relations in terms of the characteristic length, leading to the so called smeared crack
approach first proposed in [Rashid, 1968] and is often used to analyze the failure of
brittle materials. In this method the continuum model can capture the softening response
objectively, since the proper element softening dissipation is achieved by the definition of
the softening law being dependent on the element size.

The proper energy dissipation distributed over the volume of the element was achieved
in [Bazant and Oh, 1983] and [Rots et al., 1985] leading to a band smeared crack approach.

Alternative approaches where the characteristic length is also included in the consti-
tutive law are among others: non-local continuum ( [Bazant et al., 1984]), higher-gradient
models ( [Coleman and Hodgon, 1985]) and Cosserat continuum ( [de Borst and Sluys,
1991]).

In all the above mentioned procedures the actual discontinuity is not present in the

model and we only model its influence on the continuum. The first papers that considered
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the actual discontinuity as a geometric entity in the finite element formulation are [Ngo
and Scordelis, 1967] and later [Hillerborg, 1976] introducing the discrete crack approach.
Within this formulation the force - displacement relations are enforced along the finite
element edges, in particular at the element nodes. Once the nodal force at the node
ahead of the discontinuity tip exceeds the strength of the material the node splits into
two new nodes and the discontinuity can now propagate to the next node. The position
of the discontinuity is thus restricted to the finite element boundary which makes the
procedure mesh dependent. A better result is obtained if the crack path is predefined
with an appropriate mesh alignment or if the remeshing is used, see e.g. [Ingraffea and
Saouma, 1985]. In [de Borst et al., 2004] a comparison of smeared and discrete crack
approaches is given.

Similar to the discrete crack approach is the cohesive zone model developed in [Needle-
man, 1987]. In this approach the boundaries of the finite elements are modeled by the
cohesive finite elements that have a certain traction-separation law incorporated. The
formulation was further developed in [Tvergaard, 1990] to include both normal and tan-
gential separation and a further improvement in [Xu and Needleman, 1994] allowed to
deal with the crack branching. If the cohesive elements are included in the finite element
mesh at the beginning of the simulation, the solution is influenced by cohesive elements’
stiffness. This can be avoided if the elements are included only after reaching a failure
criterion, see e.g. [Camacho and Ortiz, 1996] and [Ortiz and Pandolfi, 1999]. Similarly as
for the discrete crack approach the cohesive zone model also suffers to be mesh objective
and several techniques to diminish this drawback can be used, see e.g. [Carter et al.,
2000], [Bittencourt et al., 1996], [Ortiz and Quigley, 1991], [Marusich and Ortiz, 1995]
and [Ingraffea and Saouma, 1985].

In [Ortiz et al., 1987], the first time the discontinuity in the strain field was introduced
into the bulk of a finite element to employ the strain localization. The displacement
field in this approach remained continuous and the method became known as the weak
discontinuity approach.

The strong discontinuity approach, in a sense, that the displacement field in the finite
element framework is discontinues itself, was for the first time accomplished in [Dvorkin
et al., 1990] and [Simo et al., 1993] and it was further developed e.g. in [Simo and Oliver,
1994], [Oliver and Simo, 1994], [Oliver, 1995], [Oliver, 1996a] and [Oliver, 1996b]. The
main advantage of the method is in the way it incorporates the discontinuity in the finite
element framework. Namely, once the discontinuity propagation criterion was reached in a
particular finite element, additional parameters are introduced in this finite element only.
These local unknowns, which one can interpret as the jumps in the displacement field,

can be condensed out at the element level, thus leaving the global system of equations
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unchanged. Since the strong discontinuity with all the related parameters is embedded
within individual finite elements, this method is often denoted as the embedded discon-
tinuity finite element method (ED-FEM). ED-FEM approach received a lot of attention
in the past two decades and numerous authors took part in developing and improving
it in various fields of finite elements. The embedded discontinuity approach was suc-
cessfully included in the beam finite element formulation in the works of [Ehrlich and
Armero, 2005], [Armero and Ehrlich, 2006b], [Armero and Ehrlich, 2004], [Wackerfuss,
2008] and [Dujc et al., 2009] among others. The theoretical formulation of the localized
failure in the Reisner-Mindlin plate theory was presented in [Armero and Ehrlich, 2006a]
and built into triangular and quadrilateral plate finite elements. The theoretical formula-
tion of combined hardening and softening plasticity model was presented in [Ibrahimbe-
govic and Brancherie, 2003] and applied into 2D solid finite elements. This formulation
along with the formulation that includes damage constitutive model for the bulk response
and the damage constitutive model for the discontinuity was presented in [Brancherie,
2003]. The modeling of failure in solids was also studied in [Brancherie and Ibrahimbe-
govic, 2008], [Manzoli and Shing, 2006, [Linder and Armero, 2007], [Dujc et al., 2010]
and [Linder, 2007], where also a detailed review on the history of theoretical and nu-
merical modeling of failure is presented. Recently, in [Ibrahimbegovic and Melnyk, 2007]
the approach of modeling of localized failure in heterogeneous materials was considered
where both strong and weak discontinuity approach was incorporated. For a review on
approaches to derivation of embedded discontinuity model we also refer to [Jirasek, 2000]
and [Jirasek and Zimmermann, 2001].

Similar to ED-FEM approach is the extended finite element method (X-FEM), whose
concepts are based on the partition of unity ( [Melenk and Babuska, 1996] and [Babuska
and Melenk, 1997]). Contrary to ED-FEM, the parameters describing the behavior of
discontinuity are in X-FEM treated globally. This means that the number of global
equilibrium equations is not fixed during the simulation but it grows with the formation
of the discontinuity path. A comparison of the ED-FEM and the X-FEM is for example
given in [Jirasek, 2000] and [Ibrahimbegovic and Melnyk, 2007].

1.3 Goals of the thesis

The particular goals of the thesis follow the main goal, which is to study and develop
numerical tools for analysis of limit load, limit ductility and complete failure of structures

and structural components. The particular goals can be summarized as follows:

e The first goal is to apply the Eurocode 2 [Eurocode 2, 2004] recommendations to de-
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scribe the constitutive behavior of reinforced concrete plates presented in [Ibrahim-
begovic et al., 1992], [Ibrahimbegovic and Frey, 1993b] and [Ibrahimbegovic and
Frey, 1994], and to include the resulting constitutive model into the AceGen [Ko-
rele, 2007b] code of the existing Reissner-Mindlin plate finite element presented
in [Bohinc et al., 2009].

e The second goal is to derive the small strain stress resultant elastoplastic plate fi-
nite element that includes both isotropic and kinematic hardening, further extend
the plasticity formulation into the visoplasticy formulation of Perzyna type and in-
clude the constitutive relations into the AceGen code [Korelc, 2007b] of the existing
Reissner-Mindlin plate finite element presented in [Bohinc et al., 2009].

e The third goal is to derive the inelastic geometrically exact shell formulation and
upgrade the existing shell finite element (see [Brank et al., 1995] and [Brank and
Ibrahimbegovic, 2001]) programed in AceGen [Korele, 2007b], to include the return
mapping algorithms needed for shell stress-resultant plasticity with isotropic and

kinematic hardening.

e Fourth goal is to derive a new elastoplastic Euler-Bernoulli beam finite element with
embedded discontinuity for push over analysis of steel frame structures. In this
context an approach to determine the material parameters needed for an analysis

of newly derived Euler-Bernoulli beam had to be derived.

e The last goal of the thesis is to derive the family of quadrilateral finite elements for
analysis of 2D solids, including both hardening and the localized softening effects,
where the opening of the discontinuity is considered as linear in normal and in
tangential direction. The element should be suitable for failure analysis of brittle

as well as ductile solids.

1.4 Outline of the thesis

In addition to Section 1 the thesis consists of seven chapters, where we consider different
topics related to the limit load analysis and the failure analysis of structures.

The limit load analysis of reinforced concrete plates is considered in Chapter 2. Kine-
matic quantities with dual strain variables related to plate boundary value problem are
presented, followed by a detailed description of nonlinear elastic constitutive relations for
reinforced concrete plates. With respect to the pattern of reinforcement we differ between

the case of isotropic reinforcement and the case of anisotropic reinforcement. Concep-
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tual algorithms for both cases are presented, followed by several numerical simulations.
Concluding remarks and a short summary end this chapter.

In Chapter 3 we derive small strain elastoplastic plate finite element formulation in
terms of stress resultants. Nonlinear isotropic and linear kinematic hardening are con-
sidered. We further extend the plasticity formulation into the visoplasticy formulation of
Perzyna type. Both elastoplastic and elastoviscoplastic stress resultant plate formulations
are derived by exploiting the hypotheses of instantaneous elastic response and the prin-
ciple of maximum plastic dissipation (plasticity) or the penalty-like form of the principle
of maximum plastic dissipation (viscoplasticity). The performance of the finite element is
shown by several numerical examples. We conclude the chapter with concluding remarks
and a short summary.

Elastoplastic analysis of thin metal shells is presented in Chapter 4. First we de-
scribe the kinematics and the variational formulation of the geometrically exact shell.
By the thermodynamics consideration and the use of modified version of the classical
[lyushin-Shapiro yield function we derive the evolution equations for generalized plastic
strain, internal variable related to isotropic hardening and the internal variables related
to kinematic hardening. Next we present the spatial finite element discretization and
computational algorithms related to shell stress resultant multi-surface plasticity. The
results of several numerical simulations, accompanied by the results from literature are
further presented. The chapter closes with concluding remarks and a short summary.

In Chapter 5 we present the finite element method with embedded discontinuity for
failure analysis in 1D solids. With the introduction of one additional kinematic parameter
into the standard 1D solid isoparametric finite element, we derive the enriched strain field
and by considering the principle of virtual work we obtain the mesh related equilibrium
equations along with the local element-wise equations that arise due to strain enrichment.
The response of the bulk material is linear elastic, while the response of the discontinu-
ity is considered to be rigid plastic, where all the necessary ingredients are obtained by
considering the principles of thermodynamics. Next we present the computational proce-
dure that determines the new values of nodal displacements and the new values of local
(element) variables. Two numerical simulations are presented. We conclude the chapter
with concluding remarks and a short summary. We note that this chapter is included in
the thesis only for illustrative purposes.

The principles that were presented in Chapter 5 for 1D solids are in Chapter 6 in-
corporated in elastoplastic Euler-Bernoulli beam finite element. First we consider the
kinematics of Euler-Bernoulli beam finite element with discontinuities in the rotation
field and in the axial displacement field and derive the operators needed to enrich the

generalized strain field. Again we use the principle of virtual work to obtain the global
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and the local equilibrium equations. Next we considered the elasto-plastic response of the
bulk material of the beam and a rigid plastic response of the discontinuity. The remaining
ingredients of the elastoplasticity with hardening and the rigid-plasticity with softening
are obtained from the consideration of thermodynamics of associative plasticity and the
principle of maximum plastic dissipation. Next we discuss computation of the beam hard-
ening and softening parameters by using the shell model. We present the details of the
computational procedure and show the performance of our approach by several numerical
simulations. Concluding remarks and a short summary close the chapter.

The failure analysis of 2D solids is presented in Chapter 7. Within the standard
isoparametric quadrilateral finite element we introduce a discontinuity line with four ad-
ditional parameters representing four modes of separation. We determine the interpola-
tion matrices related to the additional parameters and with the derivation of the enriched
displacement field we obtain the strain field and the strain field operators related to the
parameters of the discontinuity. By considering that the additional parameters can be
viewed as the incompatible degrees of freedom, we obtain the operators related to virtual
strain and with them by considering the principle of virtual work we derive the local and
the global equilibrium equations. Next we considered the elasto-plastic response of the
bulk material and a rigid plastic response of the discontinuity. All the remaining ingredi-
ents are obtained from the consideration of thermodynamics of associative plasticity and
the principle of maximum plastic dissipation. In Section 7.3 we present the procedure to
determine the new values of the nodal displacement, hardening plasticity variables related
to integration points of the element and the local softening plasticity variables related to
integration points of the discontinuity along with the procedure that determines the dis-
continuity propagation within the finite element mesh. Several numerical simulations are
presented. We conclude this chapter with concluding remarks and a short summary.

Concluding remarks of the thesis are given in Chapter 8.

Remark 1.1. In all chapters, the notation is specialized to the topic of the particular

chapter. Therefore the validity of notation ends with the chapter end.
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Chapter 2

Limit load analysis of reinforced
concrete plates

2.1 Introduction

In this chapter we present the approach for a nonlinear analysis of concrete plates by using
the finite element method. We use a constitutive law that is based on stress resultants
instead of stress, which makes the analysis computationally much cheaper. The idea is
taken from [Ibrahimbegovic et al., 1992], [Ibrahimbegovic and Frey, 1993b], [Ibrahimbe-
govic and Frey, 1994]; the difference is that we apply the Eurocode 2 [Eurocode 2, 2004]

recommendations to describe the constitutive behavior of reinforced concrete.

With this approach we can determine the limit load of the plate in the case of mono-
tonically increasing loading. If the loading is such that includes significant amount of
loading and unloading one should use a different approach to compute the limit load. We
consider that the local effects related to the change of stiffness of plate and the redistri-
bution of loading are small and negligible. We also assume that the displacements of the

plate are small enough, that we can neglect the membrane forces in the plate.

The chapter is organized as follows: in Section 2.2 we present the kinematics of the
Reissner-Mindlin plate model, define the stress resultants and describe the details of the
nonlinear elastic constitutive relations for reinforced concrete plates. With respect to the
pattern of reinforcement we distinguish between the case of isotropic reinforcement and
the case of anisotropic reinforcement and present the computational algorithms for both
cases, in Section 2.3. In Section 2.4 several numerical simulations are presented. Finally,

in Section 2.5 concluding remarks and a short summary are provided.
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2.2 Constitutive model for reinforced concrete plates

2.2.1 Basic idea

According to Reissner-Mindlin plate theory we model the plate as a surface in the zxo
plane that has at each point three degrees of freedom: displacement in the x3 direction
and two rotations of the plate normal around axis x; and axis xs (see Figure 2.1). We

can then express the curvature vector & and the vector of transverse shear deformations

v as

06y 06, 00, 00y T
o _ _ 9 2.1
K [ ax17 81'2’ 8.1'1 8$2] [Kllla R22, /{12} ) ( )
ow ow T
v = [—8961 0 5 - )" (2.2)

With the proposed constitutive law for reinforced concrete we relate the total values of
deformations (curvatures and shear strains) with the plate stress resultants
]T

m = [m11,m22>m12]T , 4 = [(]17(12 ) (2-3)

where m is the vector of bending moments and q is the vector of shear forces per unit
length. With the chosen coordinate system and the chosen cinematic and constitutive
relations we obtain positive values of bending moments, when we have tensial stress on
the lower face of the plate, t.i. the face with the normal n in the —x3 direction (Figure
2.2).

Figure 2.1: Positive directions of the transverse displacement and rotations of the plate

Slika 2.1: Pozitivne smeri pre¢nega pomika in zasukov plosce

We treat the bending and the shear part of the constitutive law separately. The shear
forces are computed according to standard linear elastic constitutive relations for isotropic
material
Ech [ L0 } , (2.4)

)
—Cgy, Cyg=-—
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Figure 2.2: Face with tensial stresses (darkened) caused by the positive bending moments

Slika 2.2: Nategnjena stran plosée (potemnjena), ko so momenti pozitivni

where E. is the Young’s modulus of the concrete, h is the thickness of the plate and v,
is the Poisson ratio of the concrete. Therefore, the derived model for reinforced concrete

plate is unable to describe the shear failure of the plate.

Regarding bending we consider two distinguished states: I the state before cracking
of the concrete and I the cracked state, when the cracks due to tensial failure of the
concrete are already present in the plate. For the intact concrete (state I) we consider the
linear elastic relations between the bending moments and the curvatures. If we neglect

the contribution of the reinforcement we get

1 v 0
Ech3 c
_ — 1 0 |, 2.
m=Cgk, Cp 20117 % N (2.5)

2

The state I starts when one of the moments in one of the prescribed orthogonal directions,
determined with the angles ¢ and ¢+ 7 (see Figure 2.4), reaches the value mqqer = fcthé,
where f. is the tensial strength of the concrete. In other words, we check for the crack
initiation in the two orthogonal directions, where one can interpret me .. as the bending
moment that initiates crack in the planar beam with the unit width. The two orthogonal
directions can be either in the directions of the principal curvatures,in the directions of
the principal bending moments or in the directions of the maximum resistance of the

plate. More on the choice of crack directions will be explained in Section 2.3.

Even in the subsequent phase of the loading, after the cracking has been initiated (in
state IT), we check for the progress of cracks along the two orthogonal directions, that

are not necessary equal to the directions at the first appearance of the crack.

In the cracked state we disregard the influence of Poisson’s ratio and assume inde-
pendent responses for the two orthogonal directions. Further details will be addressed in
Section 2.2.2 below.
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2.2.2 Moment curvature relationship

In what fallows we present the approach that gives us the relationship between the bending
moment m and the corresponding curvature  for the direction that is determined with
the angle ¢ (Figure 2.4). First we provide the values of T and % for three distinguished

states of the reinforced concrete cross-section (Figure 2.3):
e appearance of the first crack in the concrete (point A, M = Merack, K = Kerack)s
e start of yielding of the reinforcement (point B, m = my,, & = k),
e and the failure of the concrete in compression (point C', m = my, & = Ky).

Once we have points A, B and C determined we simply connect them and obtain the

peace-wise linear constitutive relation. The key parameter that determines the shape

|m|

%]

Figure 2.3: Moment curvature relationship for the principal direction

Slika 2.3: Diagram moment ukrivljenost za glavno smer

of the diagram in Figure 2.3 is the effective area of the reinforcement in the principal

direction determined with the angle ¢, which we compute according to

ap = Z a; cos’ (¢ — a;), (2.6)

where a; is the area of the reinforcement layer i with the orientation angle «; (Figure
2.4).

In order to obtain the points A, B and C' we adopt the Eurocode 2 recommendations
for the constitutive relations for concrete and steel. For the concrete in compression we

use the following relation between the stress o. and strain e,

— (1 — £=)n <eg <

fck Za Eco S €c S Ecul
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Figure 2.4: Layers of reinforcement and the effective area of the reinforcement in the
principal direction

Slika 2.4: Plasti armature in efektivna koli¢ina armature v glavni smeri

where €. = 0.002, £.,3 = 0.0035, n = 2 for concrete f., < 50 and f. is the compressive
strength of concrete. The tensile strength and the corresponding strain are according
to Eurocode 2 fo = fu(fer) and e4 = % We adopt the standard bilinear relationship

between the reinforcement strain €, and the reinforcement stress o,

Ee, zac, < Lv
= o S_% , (2.8)
Iy za €5 > 5

where f, is the tensial strength of steel and E; = 20000kN/cm? is the Young’s modulus

of steel.

Characteristic points for moment curvature diagrams

In order to obtain the characteristic points A, B and C' in Figure 2.3 we need the following
data: the tensile strength of steel f,, the Young’s modulus of steel Ej, the effective area
of the reinforcement ay[cm?/cm], the compressive strength of concrete f, the tensile
strength of concrete f. or its corresponding strain e, = ’;—cct, the Young’s modulus of
concrete E., the thickness of the plate h and the effective height of the plate d = h — a,
where a is the distance from the bottom face of the plate to the reinforcement. In Figure
2.5 .. denotes the strain at the face in compression, €. is the strain at the face in tension,
g, is the strain at the position of reinforcement, F, is the resultant force arising from the
compressive stress in concrete, Fy is the force in the reinforcement and x is the distance
between the neutral axis and the plate mid-plane.

Bending moment and the corresponding curvature at the crack initiation are

h? Ect Jet
g —_ rack — 2 _— = 2 . 2 .
Merack fct 6 y Rerack h E.Ch ( 9)
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Figure 2.5: Equilibrium in the cross-section of the plate

Slika 2.5: Ravnotezje v prerezu plosce

The strain in the reinforcement that corresponds to the start of yielding is equal to

Ty
Es

that the compressive force in the concrete is equal to the force in reinforcement

€5 = and the force in the reinforcement at that time is Fy, = fya4. By considering,

T

Fc = Fs y Fc(l') :/h O'CdiL'g, (210)
—3
we obtain the position of the neutral axis x that satisfies the equilibrium in (2.10). We
can then provide the edge (face) values of the strains in concrete e..(z, &) and €. (z, €5)
(Figure 2.5). The values of the bending moment and the curvature at the start of yielding
of the reinforcement are then
* h €t + €
my = ooxsdrs + (= —a)F, , Ky = %< (2.11)
_k 2 h
The strain in concrete at the face in compression that corresponds to the bending
moment at the start of failure of concrete in compression is .. = €.,3. The reinforcement
is already plastified, thus we obtain the force in the reinforcement as Fy = f,a4. Similarly
as above we now look for the position of the neutral axis by solving (2.10). The bending
moment at the start of failure of concrete in compression and the corresponding curvature

are

‘ h c cc
my = / UCI3d1E3 + (E — (I)Fs , Rf = % (212)

SIS

Note that we assumed that the amount of reinforcement is such that ensures that the
yielding of the reinforcement appears prior to the failure of the cross-section due to crush-
ing of concrete in compression.

In the case that reinforcement is negative (i.e. close to the top face) the corresponding
m(—%) relationship is derived in a similar way. In the case of double reinforced cross-

section the above procedure should be slightly (but trivially) modified.
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2.3 Isotropic and anisotropic reinforcement

In Section 2.2 we have presented the constitutive law for reinforced concrete plates, in
particular we have explained the moment curvature relationship that we use to determine
the response of the plate in state 1. The relationship (%) was derived for an arbitrary
angle ¢ (Figure 2.4). In what follows we will take a look at the options that are available for

a particular choice of angle ¢ with respect to the different pattens of plate reinforcement.

2.3.1 Isotropic reinforcement

An isotropic reinforcement corresponds to the effective reinforcement area a, (Equation

(2.6)) being the same in any direction ¢:

af;otwpic _ Z a; 0082((25 — ;) = const.  for V. (2.13)

For example an orthogonal reinforcement net with the same area a; in each direction
results in an isotropic reinforcement:

ag = aj cos* (¢ — a) + ay cos* (¢ — a + g) =a; for Ve¢. (2.14)

In the case of isotropic reinforcement we can pre-compute the relationship m(%) (Figure
2.3) and store it for subsequent use. Namely the relationship m (%) is independent on ¢.
The algorithm that we use to analyze the plates with isotropic reinforcement is the

following:

1. At each gauss integration point do the following computations: at the given values of
displacements u = [w, 61, 02]T compute the curvature in the global x5 coordinate
system

Kk = k() = [k11, Kz, 2612]" - (2.15)

2. Compute the values of principal curvatures

oy — K11 + K22 4 \/( K11 ; fi22)2 + (K12)2. (2.16)

3. From the pre-computed relationship m(&) determine the principal moments

my =m(k1), me =Tm(Kg). (2.17)

4. Compute the shear strains and shear forces in the zyx923 coordinate system

v =) =[], q=Iln¢]" =Csy. (2.18)
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K1, M1

X2

N6
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Figure 2.6: Directions of the principal curvatures and the principal moments

Slika 2.6: Smeri glavnih ukrivljenosti in momentov

5. Use the principle of virtual work dII as the basis for the finite element method

analysis
Oll(u,du) = Z/ (m10K1 + madke + 1071 + q2072)d) — Z/ powdS), (2.19)

where du = [dw, d6;, 592]T are the virtual displacement, dx; and dky are the virtual
principal curvatures, ; and dv, are virtual shear strains, p is the surface loading
and Q¢ is the domain in the x;xs plain that is occupied by the mid-plane of the
finite element with index e. Details of the finite element discretization are omitted

here and are presented in details in Section 3.3.1.

2.3.2 Anisotropic reinforcement

If the effective area of reinforcement depends of the angle ¢ we have the case of anisotropic

reinforcement:

as(p) # const. (2.20)

This is the case for example if we have reinforcement only in one direction or if we have
an orthogonal reinforcement with different areas of reinforcement in each direction. There
are two ways of analysis and we denote them as the (i) the fixed crack approach, when we
have predetermined direction of the crack formation and (ii) the rotating crack approach,

when the direction of the crack changes during the analysis.

Fixed crack
We assume that the cracks form in the direction of the maximum resistance of the plate.

With the chosen reinforcement we assume that the crack direction corresponds to ¢ = ¢,,
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where

Zzl myisin 2qy
tan 2¢, = == . (2.21)
Yo My cos 2wy

In general all the components of the curvature vector k, written in the nt orthogonal

coordinate system, which is determined with the angle ¢,, are nonzero

Fin 20, ke 0, K 7 0. (2.22)

For the n and t directions we compute the effective areas of reinforcement a,, and a; and
determine the relationships m,(%,) and 7, (%,;) according to the procedure described in
Section 2.2.2. For the component m,,; we assume the following relation

Gt E.

Myt = ﬁ(’iny Ht>Lﬁnta Gc

- == (2.23)

where the parameter 3(k,, ) could account for the gradual reduction of shear resistance
due to crack initiation. For simplicity we often adopt the constant value for § (in the
numerical simulations in Section 2.4 we used 3 = 1).

The algorithm for the fixed crack approach is the following:

1. At each gauss integration point do the following computations: at the given values of
displacements uw = [w, 61, 62]T compute the curvature in the global x5 coordinate

system

Kk = k() = [k11, Ko, 2612]" - (2.24)

2. Compute the values of curvatures in the nt coordinate system

ke =T K, Ky = [Kn, e, K] (2.25)
cos? ¢, sin? ¢, — sin 2¢,
T, = sin? ¢, cos? ¢, sin2¢, | . (2.26)

sin ¢, cos ¢, —sin @, cos @,  cos 20,

3. Compute the bending moments in the nt coordinate system:

Gt
My =My (Kn), My = My(Kye), Wmtzzﬂmmmaﬁﬁrmm- (2.27)

4. Compute the shear strains and shear forces in the x1x2x3 coordinate system

v =v(u) = [71,72]T q-—= [Q17Q2]T = Cg7. (2.28)
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5. Use the principle of virtual work dIl as the basis for the finite element method

analysis

Oll(u, du) = Z / (Mp0ky, +mudke + Mpdkn + 1071 + q207y2)dS) — Z / powds,
' ) (2.29)

where 0k, 0k¢, 0Ky are the virtual curvatures.

Rotating crack
We assume the crack initiation in the direction of the principal curvature, which can
change during the analysis.

The algorithm for the rotating crack approach is the following:

1. At each gauss integration point do the following computations: at the given values of
displacements uw = [w, 61, 62]T compute the curvature in the global x5 coordinate
system

k= K(u) = [K11, Ko, 2612) . (2.30)

2. Compute the values of principal curvatures

Kio = K11 —; K22 + \/</€11 ; /122)2 + (/{12)2‘ (231)
3. Compute the direction of principle curvatures
- 2K12 T o 1 for K11 — Koo < 0
Qb = 1/2 arctan(m) + kE ,]C = { 0 else . (232)

4. Compute the effective area of reinforcement for both directions

7r
a; = ag = Zai cos’(d — ay), ay = Apiz = Zai cos®(¢ + 5 a;).  (2.33)

5. Determine the relationships (%) and 2 (Ra).
6. Determine the values of principal moments
my =My (Kk1), Mo = Ma(Ks). (2.34)
7. Compute the shear strains and shear forces in the x;z923 coordinate system
=) =%l a=la,el" =Csy. (2.35)

8. Use the principle of virtual work dII as the basis for the finite element method

analysis

OTI(1, 60) = > / (m1dky +madka + 71 + 2672)dQ2 — Y / powdQ. (2.36)
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2.4 Numerical examples

The presented constitutive model and the corresponding algorithms were compiled with
the quadrilateral finite element for plates with quadratic interpolation of transverse dis-
placement w and linear interpolation of rotations #; and 65, which was presented in [Bohinc
and Ibrahimbegovic, 2005] and is described in detail in Section 3.3.1. The computer code
was generated by using symbolic manipulation code AceGen and the examples were com-
puted by using finite element program AceFem, both developed by Korelc, see [Korelc,
2002], [Korelc, 2007b] and [Korelc, 2007a).
In the cases with isotropic reinforcement the results obtained with the isotropic model
are completely the same as the ones obtained with the anisotropic model with rotating
crack. The only difference is in the computation time, which is shorter for the isotropic
model, since less numerical operations are needed.

It is assumed in the following examples that the positive or negative reinforcement is

the same at any point of the plate.

2.4.1 Rectangular simply supported plate with anisotropic re-
inforcement

We consider a rectangular simply supported plate under distributed load. The properties
of the plate are: the thickness h = 80 mm, the length [ = 300 ¢m and the width
b = 200 cm. The plate reinforcement is orthogonal with the area of the reinforcement
in the first direction a; = 251 mm?/m and in the second direction ay = 559 mm?*/m.
The position of reinforcement is at a distance ¢; = ¢o = 14 mm from the bottom face
of the plate. The material properties are: E, = 24 kN/mm?, fu = 26.5 N/mm?, fo =
2.5 N/mm?, Es = 205 kN/mm? in f, = 460 N/mm?. The finite element mesh used in our
simulations consist of 8 x 8 finite elements. Two numerical simulations were performed;
one with the fixed crack approach and the second with the rotating crack approach.
In Figure 2.7 we present the total load versus displacement at the center obtained in
numerical simulations along with experimental results adopted from [Ibrahimbegovic and
Frey, 1994]. We can see from Figure 2.7 that there is a reasonable agreement between the
rotating crack approach and the experimental data and that the prediction of the limit
load is fairly accurate whereas the fixed crack approach significantly over-estimates the
true resistance of the plate. The reason for that is that the directions of principal action
do not coincide with the directions of the plate reinforcement. The fixed crack approach
would give reasnoble results only in the case, where these two directions would coincide,
i.e. in the case of optimally designed plate. Since this approach in general leads to a large

over-estimate of the plate resistance it is not suitable for numerical simulations.
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Figure 2.7: Rectangular plate with anisotropic reinforcement under distributed load

Slika 2.7: Pravokotna anizotropno armirana plosc¢a pod vplivom ploskovne obtezbe

2.4.2 Simply supported square plate with anisotropic reinforce-
ment

In this example we consider a simply supported square plate with anisotropic reinforce-
ment under distributed loading. The plate’s thickness is h = 5.1 ¢m and the side of
the plate is @ = 183 e¢m. The plate reinforcement is orthogonal where the area of the
reinforcement in the first direction is a; = 2.81 ¢m?/m and in the second direction is
as = 2.35 cm?/m. The position of reinforcement is determined with d; = 3.9 c¢m for
the first direction and with dy = 4.39 e¢m for the second direction, where d; is the dis-
tance form the top face of the plate to the position of the reinforcement. The material
properties are: E. = 3242 kN/em?, fa, = 3.5 kN/em?, foq = 0.379 kN/cm?, v, = 0.18,
Es = 20691 kN/cm? in f, = 37.59 kN/cm?. The numerical simulations were performed
with the mesh of 8 x 8 finite elements. In the simulations we assumed that both lay-
ers of reinforcement are positioned at the same distance from the top face of the plate:
d = % = 4.15 em. In the corner nodes of the plate we did not support the ver-
tical displacement which was in agreement with the experimental boundary conditions,
see [Ibrahimbegovic et al., 1992]. Figure 2.8 presents the load versus displacement at the
center curves. We can see that there is a good agreement of results in the region of small
displacements (up to cca. 20 mm). When the displacements get bigger, the membrane
effects significantly increase the resistance of the plate, which is not accounted for in our

model.
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Figure 2.8: Simply supported square plate with anisotropic reinforcement

Slika 2.8: Kvadratna anizotropno armirana plos¢a pod vplivom ploskovne obtezbe

2.4.3 Circular clamped plate with isotropic reinforcement

We consider a circular plate with isotropic reinforcement. The thickness of the plate is
h =1 m and its radius is R = 10 m. The material properties are: E. = 2000 kN/cm?,
for = 3.5kN/cm?, foq = 0.56 kN/cm?, v, = 0.16, E, = 21000 kN/em? in f, = 46 kN/cm?.
The plate has an isotropic reinforcement with p = p/ = 1% reinforcement in each direction,
placed at a = o’ = 3 e¢m from the top and bottom face of the plate. In Figure 2.9 we
present the coarse (left) and the fine (right) finite element mesh that we used in the
numerical simulations. The plate is built in, i.e. the edge nodes have prescribed all the
degrees of freedom (w = 6, = 6, = 0). In Figure 2.10 we present the load versus
transverse displacement at the center curves. Along with the results of our simulations
we also present the results obtained by the 3-D solid finite elements (see [Ibrahimbegovic
et al., 1992]). We can see that there is hardly any difference in results obtained by the
course and the fine mesh and despite the simplicity of our approach, we have a good

agreement with the results obtained by the more sophisticated approach.

2.4.4 Plate with two free edges

In this example we consider a rectangular plate that is simply supported along the shorter
edges while the longer edges are free, see Figure 2.11. The geometric properties of the
plate are: the length of the shorter edges l; = 45.72 cm, the length of the longer edges
lo = 76.2 ¢m, the thickness h = 3.81 ¢m and the distance from the top face of the plate
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Figure 2.9: Coarse (left) and fine (right) mesh of the circular plate

Slika 2.9: Groba (levo) in fina (desno) mreza konénih elementov pri krozni ploséi

to the reinforcement d = 3.1 em. The material properties are: E. = 2900 kN/cm?, fu. =
3.2 kN/em?, fu = 0.2 kN/em?, ve = 0.18, E5 = 20000 kN/cm? and f, = 22 kN/cm?.
The plate is loaded with the line load P (Figure 2.11). The reinforcement is placed
only in the direction parallel to the longer edges where a; = 2,74 cm?/m. The numerical
simulation is performed with the finite element mesh of 10 x 10 elements. In Figure 2.12 we
compare the results of our approach with the results obtained by the commercial program
Abaqus [Hobbit et al., 2007], where the behavior of the reinforcement was described with
the elastoplastic material model for steel and the behavior of the concrete was described
with the damage material model. We can see that there is a reasonable agreement in the

results.

2.4.5 Square plate with point supports in the corners

We consider a square plate with point supports in the corners. The plate is loaded
with the point load at the center of the plate. The plate’s properties are: the thickness
h = 4.4 c¢m, the length of the side of the plate [ = 91.4 ¢m, the amount of isotropic
reinforcement p = 0.85% and the distance from the top face of the plate to the position
of reinforcement d = 3.3 ecm. The properties of steel and concrete are: fu = 3.8 kN/cm?,
E. = 3600 kN/em?, v, = 0.15, fu = 0.53 kN/em?, Es = 20000 kN/cm? and f, =

34.5 kN/cm?. The numerical simulation is performed with a mesh of 20 x 20 elements.
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Figure 2.10: Load versus center displacement diagrams for circular plate

Slika 2.10: Krivulje obtezba - pomik pri krozni plosci

P

a

P

a

A

Ly

Aa:b:2:6

Figure 2.11: Geometry and loading of the plate with two free edges

Slika 2.11:

)._l
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T
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Geometrija in obtezba plosce z dvema prostima robovoma
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Figure 2.12: Bending moment versus displacement at the center curves

Slika 2.12: Krivulje upogibnega momenta v odvisnosti od pre¢nega pomika na sredini

plosce
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Figure 2.13: Force versus displacement diagram for the square plate

Slika 2.13: Krivulje sila pomik pri kvadratni plosci

In Figure 2.13 we present the transverse displacement of the point that is at a distance 1L0
from the center point of the plate in the x; direction. This example also shows that the
presented approach gives results that are in reasnoble agreement with the experimentally

obtained results (see [Zahlten, 1993]).

2.5 Concluding remarks and chapter summary

In this chapter the analysis of reinforced concrete plates is considered where we distinguish
between the uncracked state I of the plate and the cracked state II of the plate, activated
by the tensile failure of the concrete. In state I we consider the standard linear elastic

constitutive relations for isotropic material
q=Csvy, m=Cgk.

In state /I we again consider a linear elastic response for the shear while for the bending
part we disregard the influence of Poisson’s ratio and assume independent responses for

the two orthogonal directions defined by ¢ and ¢ + 7 of the form
m = m(R).

The response in those two directions is determined with the effective area of reinforcement
in that direction
s
ap = Zai cos?(¢p — ), Apyz = Z a; cos® (¢ + 5~ a;),

% %
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and a peace-wise linear diagram determined with three distinguished states of the rein-

forced concrete cross-section:
e appearance of the first crack in the concrete (point A in Figure 2.3),
e start of yielding of the reinforcement (point B in Figure 2.3),
e the failure of the concrete in compression (point C' in Figure 2.3).

With respect to the different patterns of plate reinforcement we provide the algorithm for

the isotropic reinforcement with the constant effective area in any direction

otroni
affo TP — const.,

and for the case of anisotropic reinforcement

as(p) # const.,

a fixed crack and a rotating crack algorithm is provided.

The results of the presented approach for the analysis of limit load of reinforced con-
crete plates are in good agreement with the available experimental results (which are
available in the literature) for those plates, where the load is monotonically increased
until the failure of the plate. The essence of this approach is that it takes into account
the gradual degradation of reinforced concrete due to crushing of the concrete and the
yielding of the reinforcement. Although the approach is based on the nonlinear finite

element method it is robust and relatively simple.
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Chapter 3

Inelastic analysis of metal plates

3.1 Introduction

In this chapter we derive small strain elastoplastic plate finite element formulation in
terms of stress resultants. Nonlinear isotropic and linear kinematic hardening are con-
sidered. We further extend the plasticity formulation into the visoplasticy formulation of
Perzyna type, e.g. [Koji¢ and Bathe, 2005], [Kleiber and Kowalczyk, 1996]. Both elasto-
plastic and elastoviscoplastic stress resultant plate formulations are derived by exploiting
the hypotheses of instantaneous elastic response and the principle of maximum plastic
dissipation (plasticity) or the penalty-like form of the principle of maximum plastic dissi-
pation (viscoplasticity); see e.g. [Ibrahimbegovic et al., 1998] for 3d setting of those topics.
We show that with such an approach a unified computational framework for elastoplastic

and elastoviscoplastic stress resultant plate analysis can be obtained.

The chapter is organized as follows: In section 3.2 we systematically derive basic equa-
tions of elastoplastic and elastoviscoplastic plate models. In section 3.3 we present spatial
finite element discretization and numerical procedure for integration of elastoplastic and
elastoviscoplastic evolution equations. The finite element that is used is the simplest of
the family of the plate elements presented in [Bohinc et al., 2009] and [Ibrahimbegovic,
1993], which share the property that the interpolation of transverse displacement is one
order higher than the interpolation of rotations. Numerical examples are presented in

Section 3.4 and concluding remarks and chapter summary are given in Section 3.5.

3.2 Inelastic plate models

We model a plate as a 2d body occupying a domain 2 in the x;25 plane. The weak form of

the equilibrium equations is for the inelastic geometrically linear Reissner-Mindlin plate
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model given as

Q>>

G (maﬂa o @

/Hag ma,ng—i-/% (@, 57) 7.dQ, (3.1)
Q
0,

- / @de - Gea:t,b (maaqa;@7§> aﬁ Y € {]‘ 2}
Q

where w is transverse displacement (i.e. displacement in the direction of z3 coordinate),
6, is rotation of a plate normal (i.e. unit vector in the direction of z3 coordinate) around

T, axis, Ko are bending strains, 7, are shear strains

1 /0B, , 0Bs B G [0 -1 0
L) e (3)-[2 3)()
ow

Yo = axa 6a7 (33)

Mmas are bending moments, g, are transverse forces, p is transverse plate loading (i.e.
loading in the direction of 3 coordinate), Gezp is virtual work of external moments 7,
and external forces G, acting on the plate boundary, and (o) is virtual quantity that
corresponds to (o). We consider displacement w, rotations 6., stress resultants m,g,
go and load as functions of position x = [a:l,xg]T € Q and pseudo-time ¢t € [0,7], i.e
w=w(x,t), 0, = by (z,1), Mag = Mag (€,1), 4o = ¢a (T, 1), p = p(x,1), Mo =T (x,1),

d, = 4, (z,t). Equation (3.1) can be written in matrix form as

¢ (m.q:.6) = / R mdo) + / 57 qdo - / TpdQ — Gowy =0, (3.4)
Q Q Q
where the following mappings have been defined

0, — 0=1[01,0]",

00, 06, 96,  06,]"
8.1‘1’ 81’27 al’l 8x2

_ 2 T _
Rag I‘é—[/ﬁl,@z, 512] = |-

ow ow ’
T
a = ) = 02, —0 ) 3.5
Yo Y= [ 72) {8551 + 0 s 1} (3.5)
T T
Mag H— MM = [m11,m22,m12] ) Qo — q = [Q1>Q2]
For further use we also define the following strain and stress resultant vectors
T
€ = [FJT,’YT] = [k11, K22, 2K12771772]T7 (3.6)

T
o = [mquT} :[mn,mm,mu,%a%]ip

Having defined the weak form of equilibrium equations and the kinematic relations, we
proceed with stress resultant inelastic constitutive relations for small strain plate bending

problems.
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3.2.1 Plate elastoplasticity

We consider the following internal variables to describe the irreversible nature of the
plastic process during the plate bending: the plastic strain P, the scalar parameter &,
which controls the isotropic hardening mechanism, and the strain-like parameters s¢;,
i,j € {1,2,3}, which control the kinematic hardening mechanism. The state variables
are functions of position & and pseudo-time ¢, i.e. e? = P (x,t), { = £ (x,t) and s; =
i (x,1).

A usual additive split of reversible (elastic) and irreversible (plastic) strains is assumed
e =g+ &P, (37)

where, according to (3.6), €¢ = [ne’T,'ye’T}T and e = [H,p’T,'yp’T]T. The strain energy

function is assumed to be of the following (quadratic) form

1 1/2
067 = 3 O 4 2+ (i ) A D3 (38)
where the mapping s;; — 3 = [%11,%22,2%12,2%13,2%23]T has been defined, and the

following matrices have been introduced (we assume the isotropic elastic response of a

plate)
b 1 v O
c=|C 0| c—plui1 o, =Y. @39
0o C 1—v 01
00 5
Matrix D in (3.8) is such that 57 D3 = ¢, ij # 33, i.e.
1 00
D:“)'Z ;}1, Igz{éﬂ, Is=[010]. (3.10)
273 001

In (3.8) we assumed a general (nonlinear) form of isotropic hardening and a linear form
of kinematic hardening with hardening modulus Hy;,. The constants in (3.9) are kb =
%, k® = %, where E is elastic modulus, v is Poisson’s ratio, h is plate thickness,
and c is shear correction factor, usually set to 5/6.

We denote the stress-like internal variables, which correspond to the strain-like internal
variables £ and s;, as ¢ and «j, respectively. These dual variables are used to define
yield function. In this work we use a stress resultant approximation of the von Mises yield
function, which can be for the Reissner-Mindlin plate model written in a non-dimensional

form as

(o, q,a)=(c+a) Ao+ a)— (1—i) =0, (3.11)

Oy
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where o is defined in (3.6), a (the negative of the back stress resultants) is defined by
mapping o;; — a = [aq1, G2, (2, 3, Oé23]T, o, is uniaxial yield stress, matrix A is for

isotropic plastic response equal to

A= m% e P:§ -1 2 0/, (3.12)
@2 0 0 6

and mg and gy are yield parameters associated with bending and transverse shear, respec-
oyh?
1

and to the fully plastic transverse shear force qg = % The yield function (3.11) is spe-

tively. They are usually set to the fully plastic uniaxial plate bending moment mgy =

cial case of generalized (since it includes hardening) Ilyushin-Shapiro stress resultant yield
function for shells; see e.g. [Crisfield and Peng, 1992], [Simo and Kennedy, 1992 and ref-
erences therein for discussion on stress resultant yield functions for shells. A similar form,
but without description of kinematic hardening mechanism and with the choice of linear
isotropic hardening, was used in [Ibrahimbegovic and Frey, 1993a], [Shi and Voyiadjis,
1992].

Remark 3.1. The yield function (3.11) does not allow to simulate the spreading of plas-
ticity through the plate thickness. One possibility to take through-the-thickness distribution
of plasticity into account, while still using a stress resultant form of the yield function,
1s to multiply the value of mg by a parameter «, such that amg follows an experimen-
tal uniazxial moment-plastic curvature relation. Some authors, see e.qg. [Shi and Voyiadjis,
1992], [Zeng et al., 2001], used the proposal of [Crisfield, 1981] who suggested the following

form of «
a(t)=1- %exp (-%@p (t)) | (3.13)

where
) Eh ('l 02 cops2 apop o rp2 3
R(0) = o | (R )"+ ity + ()" /4] dr (3.14)
Y

plays the role of equivalent plastic curvature. In (3.14) (6) = 85;). Note that for kP =0

one has a = 2/3, and for ki — oo one gets a — 1.

Remark 3.2. The general quadratic form of the yield condition (3.11) is also suitable to
express stress resultant approximation of the anisotropic criterion of Hill. In such a case
one needs to define the corresponding form of matriz A, see e.g. [Zeng et al., 2001] for
details.

Having defined plastic strains, strain energy function and yield function, we proceed

with derivation of the remaining ingredients of the stress resultant elastoplasticity for
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plates. For the isothermal case we can write the following rate of material dissipation

T T
D:aTé—% (se,g,k):a%'—(g:’e) (s'_ép)_g_?_@_f{) %>0, (3.15)

which is assumed to be non-negative. Note that equation (3.15) can be derived from the
second law of thermodynamics, see e.g. [Khan and Huang, 1995], [Simo and Kennedy,
1992]. By assuming that the elastic process is non-dissipative (i.e. the state variables do

not change during that process and D = 0) one has

o= oy
- Oec

= CEe". (3.16)

By further consideration of (3.15) one can define the dual variables, i.e. the hardening
variable ¢ and the variables that control kinematic hardening «, as
oy _ d=(§) op 2

.2

where s = [5011, 3699, 31, 7013, 53] . By using (3.16) and (3.17) in (3.15) we obtain the

reduced material dissipation (i.e. the dissipation of the plastic process) as
DP =oTéP +qf + a3 > 0. (3.18)

The principle of maximum plastic dissipation states that among all the dual variables
(0,q,a) that satisfy the yield criteria, one should choose those that maximize plas-
tic dissipation. The problem can be written in the following form: Find minimum of

£p (0-7 q7 a? ’j/)’ Where
LP(o,q,a,%) = —DP(0,q,a) + Y0 (0, ¢, ), (3.19)

and 4 > 0 plays the role of Lagrange multiplier. From the above minimization problem

and (3.11) we obtain explicit forms of evolution equations for the internal variables

p
oL — _ép+ﬁ/%:0:>ép:j/2A(0'+a),
oo oo ————
9L _ ¢ 492 s 2 ()62 T
o §+78q_0:§_70y <1 Uy) B ng\/(a-ya) A+ ). (320
8 g
P
oL _ _24_;}/%:0:}5{:")/2A(0'+a).
oo oo N————’

v

Note that 7z = €°.
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Remark 3.3. Equation (3.20)y is generalization of the equivalent plastic work variable
WP = aleP. Namely, by inserting 3¢ = € and (3.20), into (3.18), and using (3.11), one
gets DP = 42 (1 — f—y), which implies, see (3.20), that £ = Uinp.

The loading/unloading conditions follow from the demands that % is non-negative, ¢

is non-positive, and the plastic dissipation DP equals zero for elastic process when ¢ < 0
§20,  ¢<0, Ao=0. (3.21)

In addition to (3.21) we have the condition ¢ = 0 if 4 > 0 (the consistency condition).
It guarantees the admissibility of the subsequent state in the case of change of state

variables. The consistency condition

: : oo\ . 9. ap\" .
. = = —_— '22
¥>0; ¢=0 (30’) J+—aqq+(aa &, (3.22)
pseudo-time derivatives of (3.16) and (3.17), & = C (¢ — é), ¢ = —Z" (€)§, & = —2 Hyin 3,

and equations (3.20) lead to the following expression for ¥

1

TCe. 3.23
(l/T Cv+Z'(§) 32+ %HkmuTu) vote ( )

v =

If (3.23) and (3.20) are used in & = C (€ — &), one can write & = C’€, where

Cer < ey (3.24)
= cu’'C s .
C - VTCV+E//(§)ﬁ2+%HkaTV if v > 0

is elastoplastic tangent modulus of the elastoplastic plate model.
By computation of the internal variables (i.e. by integration of (3.20)) and by using
(3.16) one recovers the stress resultants o (x,t) = [mT, qT}T appearing in the weak form

of the equilibrium equations (3.4).

3.2.2 Plate elastoviscoplasticity

A stress resultant viscoplastic constitutive equations for plates of Perzyna type are ob-
tained by a modification of the elastoplasticity model presented in the previous section.
The basic difference between the viscoplasticity and plasticity is that in the former model
the stress states {0, q, a}, such that ¢ (o, q,a) > 0, are permissible, while in the latter
are not. The state variables remain the same, except for the viscoplastic strain €?, which
replaces €. The constrained minimization problem (3.19) for plasticity is here replaced

by the penalty form of the principle of maximum plastic dissipation (see e.g. [Simo and
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Hughes, 1998] section 2.7 and [Ibrahimbegovic et al., 1998] for details), which can be

stated as: Find minimum of £ (o, ¢, ), where
vp vp 1

n € (0,00) is penalty parameter (also called viscosity coefficient or fluidity parameter),
DP is viscoplastic dissipation of the same form as (3.18) and g is penalized functional. A

usual choice for ¢ is

12
307 =0
D
9(9) { 0 ifé<0 (3.26)
With this choice for g the minimization of (3.25) leads to
oLwr . 1 0 oLvr -1 09 oLvr 1 0¢p
— _gvp — _— = = — — _— = = — — _— =

where (¢) = g/ (¢) = j—g. Equations (3.27) provide the corresponding evolution equations
of the state variables for the viscoplastic plate model.

If one defines the viscoplastic multiplier ¥ as 4 = %, (¢) then the evolution equations
for viscoplastic model can be written as those for elastoplastic model, see (3.20). Their
integration, which leads to stress resultants o (x,t) = [mT, qT}T, can be performed in

very similar manner as for plasticity, as shown below.

3.3 Finite element formulation

3.3.1 Space discretization

In the finite element solution of the plate bending problem a domain under consideration
Q) is discretized by a mesh of finite elements so that Q" = UZill 2°, where nel is number
of elements in the mesh. In this work we use one of the quadrilateral plate elements
originally introduced in [Ibrahimbegovic, 1993|. Its geometry is defined by the bilinear
mapping &€ — z" (¢ € [-1,1] x [-1,1]; =" € Q°) with

4
2" (€) loe= > No (@), o=[mia 22l , €= [, (3.28)
a=1

where x, are coordinates of the finite element node a and

1 2 1 11 2¢2 al 1 2 3 4
Na(5,5)21(1+§a§)(1+§a£), g -1 1 1 -1 . (3.29)
€ -1 -1 1 1
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The subscript A is used to denote the discretely approximated quantities. Interpolation

of the rotations is based on bilinear polynomials (3.29)

(%)=t Enle=3N@o0, o=puns G

while interpolation of the transverse displacement is performed in more elaborated way

as

w" (€,1) loe=)_ Na(§)wa () + ) Ne(é) l%{"ﬁx (0, (t) =0k (1)) (3.31)

The second term in (3.31) is such that the shear distribution along each element edge

is constant. In (3.31) Iy = ((:clK — a:u)2 + (o — 1:2J)2)1/2, nyx = [cos aJK,sinaJK]T

(see Figure 3.1) and

9 E 5 6 7 8
Np()=501-8)1+&¢),  E=68" 55 4 7
Interpolation of bending strains follows from (3.5)2 and (3.30)
52
Figure 3.1: Notation of the used finite element
Slika 3.1: Notacija pri uporabljenem konénem elementu
4 0 —Num
K" (&1) o= B,(£)0.(t), Bu=| Now, 0 : (3.33)

a=1 Na,:pl _Na,ﬂm
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%]gf gi has been used. We further choose a bilinear distribution

over the element for the shear strains

<1§ ) =~"(&1)

where the nodal shear strains 7, are obtained from (3.3), (3.30) and (3.31) as

where notation N, ,, =

=) Ni(€)v (), =l (3.34)

. . L I 1 2 3 4
p— Lo PJWE + - NkWy — lm —MNry+ _nIK> wr+ ’ 7 4 1 2 3 .
tnik %nfjn}pKGK — %ann?JBJ + 35 (nIJnIK nIKnIJ) 0, K 2 3 4 1
(3.35)

The notation for strains and transverse displacement can be further simplified as

4

N AGIACE

€D | = X MAOw0, (), (3.36)

where B, follows from (3.33), G, from (3.34) and (3.35) and M, from (3.31). The virtual

quantities " (&), " (€) and @" (€) are interpolated in the same manner as corresponding

Rh(&at) | Q‘f:zéa(s)ua(t)’ ’Yh(Eat)

quantities in (3.36). One can also introduce more compact notation: € = [nh’T, 'yh’T}T =
~T T ’VT ~T
B,u,, & =B, ., B, = [BG,GZ]

When the above interpolations are introduced in the weak form of equilibrium equa-
tions (3.4) one gets for an element (e) the following discretized equation (we assume that

only load p = p(&,t) is active)

hE

G (w" (€.),0" (€1):0,8,) = > @l (0,8.) 719 (" (6,1).6" (£,1)),  (337)

a=1
where u, = |w,,0, | ,

T

= [ B, (€) o (" (&,1) €7 (£,1) £ (£,1), 52 (€,1)) AU~
Jae MT (€) (&, 1) dQ®

p = [ph,O,O]T, el (&,t) = & (Oh & t), y" (£,t)), etc. Numerical integration of (3.38)

(2 x 2 Gauss integration points are used for the present element) leads to

, (3.38)

MT €c)p(&ayt)

i ( ~T €)oo (Eh (€ait),€? (€G7t)a€(£th)’%(£Gat)) - ) det J (&),
(3.39)
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where £, are § coordinates evaluated at the Gauss point, W is Gauss point weight,
h

and J is Jacobian matrix of the mapping € — «". It can be seen that the values of
state variables need to be obtained only at the integration points for a particular value of
pseudo-time. The component of the element consistent tangent stiffness matrix are
ol =T do (Eg,t) Ol (Eq,t)
KY =" -N"W,B G & det J (£) - 3.40
ab aub ; GBq (56‘) 8€h aub (éG) ( )

— N———
67 (€ t)=CP(Eqt) &
By(&e)

The element consistent stiffness matrix and the element residual vector follow from (3.39)
and (3.40) as

a

K© — [Ka?} ’ @ — [,r,(e),T}T7 a,b=1,2,3,4 . (3.41)

The assembly procedure follows the usual approach explained in the finite element text-
books, e.g. [Ibrahimbegovic, 2006]. The resulting nonlinear equations for nodal displace-
ments/rotations of the chosen finite element mesh are solved by incremental/iterative

Newton-Raphson solution procedure.

3.3.2 Computational issues for plasticity

As a result of space discretization, addressed in the previous section, the evolution equa-
tions (3.20) become ordinary differential equations in time that need to be integrated
numerically at each integration point. Backward Euler integration scheme is used for
that end. The solution is searched for at discrete pseudo-time points 0 < t; < ...t, <
thi1... < T. At a typical pseudo-time increment At = t,,; — t, and typical inte-
gration point located at " (£;) € Q° the problem can be stated as: By knowing the
values of the internal variables at the beginning of the pseudo-time increment, i.e. €, &,
»,, find values of the internal variables at the end of the pseudo-time increment, i.e.
€ 11,&+1, #pt1, which should satisfy the yield criterion. In the spirit of the operator
split method [Ibrahimbegovic, 2006] one assumes that the best iterative guess for strains
at the end of the pseudo-time increment, efjil, is given data. Here (i) is iteration counter
of the (global) Newton-Raphson solution procedure.

Prior to the integration of evolution equations, the following test is performed: assume

that the pseudo-time step from ¢, to t,.; remains elastic and evaluate the trial (test)

values of strain-like and stress-like internal variables

trial __ (1) p,trial trial __  —/ trial trial __ 2 trial
Opi1 = C €1 — Ent1 ’ Qi1 — 5= n+1 ) (0 A _ngin%n—s—l .
—— ~— ——

eﬂ gn Hn
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If the yield function evaluated with those trial variables ¢I",, = ¢ (o7, ¢irid!, afrial) <

0, then, see (3.21), 7,41 = YAt = 0. The final values at the end of the pseudo-time

) ) . . —p _ _ptrial F __ ¢trial
increment (marked with the bar) equal the trial values, i.e. €, = el 1™, €, = {74

and 72,41 = »!74!. The pseudo-time step is indeed elastic.
In the case that the yield function for those trial variables is violated, then 7,1 > 0

and ¢,,.1 = 0. Backward Euler integration of evolution equations is performed, i.e.

6124-1 - 85)1 + Yn+1Vn+1, €n+1 = gn + ’Vn—i-lﬁn—i-la Ap+1 = Hnp + Yn+1Vn+1- (343)

Equations (3.43) and ¢,1 = 0 can be written as the following set of nonlinear equations

(with respect to €}, = 5511, g1 and Yn41)

; 2
€nt1— En — 124 (C <5£2r1 - €ﬁ+1) - 3Hkin5£+1) =0,

2 = (nat
£n+1 —&n — Tn+1— <1 + (&l-‘r)> =0, (3.44)
Oy Oy
i 2 ! 4 2 = (60r1) )
C (el —ehiy) — = Hyineh > A (C ey —€hyy) — SHiineh ) - (1 + oty ) =0,
< ( + +1> 3 + ( " “) 3 + oy

which can be solved iteratively by Newton procedure to get the final values &, &, .,
and 7,,, 1.

For more effective solution of (3.43) one can write relations (3.16) and (3.17) as, see
(3.20)

. al )
Ont1 = C <E£LZ-)H o s;z,ile ) = o-fzrj-all - 7n+1CgA (Un+1 + an-i—lz )
Vni1

- 2 T

dn+1 = —:’(fn—i-l)a §n+1 = fn + ’Yn+10_—\/(0'n+1 + anH) A (Gn+1 + an+1) s (345)
Yy
ﬁ;l

2 trial

QAny1 = _ngin%nJrl =0ht1 — Tntl ngmQA (Ont1 + an+1>} )
Vn+1

which leads to

4 -t ,
(Un+1 + anH) = |:I5 + Yn+1 (20A + ngmA)] (O'Zj_all —+ affj_all) , (346)
Wn+;z')’n+l)

n+1 = Qn+1 (7n+1)-

A closed form expression for the inverse of the matrix in (3.46) can be obtained by using
spectral decomposition of C and A; the procedure is very similar to the one at the plane

stress situation, see [Ibrahimbegovic and Frey, 1993al, [Simo and Hughes, 1998], [Simo
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and Kennedy, 1992], [Kleiber and Kowalczyk, 1996], and will not be repeated here, see e.g.
[Brank, 1994] for details. Explicit inversion of W, enables expressing (0,41 + @ 41) in
terms of single unknown 7, y1. Since v,411¢,+1 = 0, see (3.21), one gets a single nonlinear

equation in terms of ;41

¢n+1((an+1 + an-i-l) (/Yn-&-l) y dn+1 (’7n+1)) = ¢n+1 (’7n+1) = 0. (347)

The solution of (3.47) is obtained by Newton iterative procedure

k k k k k k
_¢;§+)1A’Y7(1421 = ¢7(1421a 77(1++11) = ’Yr(z+)1 + A%(wzh (3.48)
where (k) is iteration counter and ¢/, ; = fl‘ﬁ:—ii. The final (converged) solution of (3.47)

is marked by the bar, i.e. 7, ;. The final values at the end of the pseudo-time increment
are also marked with the bar; for example &, = 2,1, and &,.1 can be computed from
(3.46) and (3.43) by using 7,,, ;.

Remark 3.4. Numerical experiments show that for the present case the function q&,ﬁfjl
may be very steep; i.e. very large differences in function value can be obtained for small
differences in function argument. However, no difficulties in computation of the numerical
examples presented below were observed if the convergence criterion was based on the value

of gbq(ﬁl; we used gbfﬁ)rl < 10712 for convergence criterion.

Remark 3.5. When yield function with o (t), see (3.13), was used in the numerical com-
putations, the equivalent plastic curvature (3.14) of the pseudo-time increment [t,, t, 1]
was evaluated with &2 and o,. The &) for the neat time step was calculated with nu-

merical integration of equation (3.14)

1
[(ARY 1) + (ARSy 1) + AR g1 ARy ni1 +H(ARYy 1) /4] 2
(3.49)

=P =P =P = = =
where ARy, 1, ARy vy, ARya,, 1 are the first three components of A€, 1 =%, 1Vnt1-

To complete the elastoplastic implementation issues the consistent tangent matrix
do,1/ daffil has to be derived for 7,11 > 0. It is obtained by differentiation of 87(3_1 =
Clo,,+e 41, €gs. (3.43), and consistency condition d¢,1 = 0. After some manipu-
lation one can have

-1
3

— H, v +1UT H, de(i)
2f i1 Hyin + 6C41 SR

n+1»

(3.50)

doni1=|C ' +2y,  Hy1 A+
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where

4 _
H. 1 =I5+ ;1 HeinA, Fo =V Hop1Wng1, Gogr = ——
" 37" " " mem " 05 = 27, 11Z" (§nt1)
(3.51)
The inverse of H ;}rl can be obtained in closed form. The matrix in (3.50) can be obtained

in closed form as well by using Sherman-Morrison formula, see e.g. [Press et al., 1992].

3.3.3 Computational issues for viscoplasticity

The above discussed viscoplastic plate model allows one to define a unified framework
for both stress resultant elastoplasticity and stress resultant viscoplasticity for plates.
Namely, the integration procedure for the plate viscoplasticity is essentially the same as
for the plate plasticity, except that for ¢l/,; > 0 one looks for v, = % (pny1) > 0. Its

final value is obtained by iterative solution of nonlinear equation

U _
NG + Ont1 (Yng1) =0 — 41 (3.52)

The consistent tangent matrix is obtained in the same manner as for plasticity except
that one has to replace in its derivation the consistency condition d¢, 1 = 0 by do,11 —
25 dYny1 = 0. The form of the consistent tangent matrix is the same as (3.50) except that

Cn1 is replaced by €1 + 25

3.4 Numerical examples

The finite element code for inelastic plate analysis was generated by using symbolic code
manipulation program AceGen developed by Korele [Korele, 2007b] and implemented into
the finite element analysis program AceFEM, see [Korelc, 2007a]. We note that the plate
element used in this work is locking-free as shown in [Ibrahimbegovic, 1993] (see results
for PQ2 element).

3.4.1 Limit load analysis of a rectangular plate

A rectangular plate of elastic-perfectly plastic material under uniformly distributed load
is analyzed for two sets of boundary conditions: simple supported (of hard type) and
clamped (of hard type). The plate characteristics are: thickness h = 0.5 c¢m, length
[ = 150 cm, width b = 100 ¢m. Material parameters are: Young’s modulus £ =
21000 kN/cm?, Poisson’s ration v = 0.3 and yield stress o, = 40 kN/cm?. Numerical
analysis was performed with a coarse mesh of 8 x 8 and with a fine mesh of 60 x 40 ele-
ments, see Figure 3.6. We compare our results with those obtained by ABAQUS’ [Hobbit
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et al., 2007] quadrilateral shell element (S4R element) with through-the-thickness stress

integration (with 5 integration points) and von Mises yield criterion. Load-displacement

peti
20 | e
R
7
/ -
30 ////
(\!‘—1 ///
S
£
Z
=
o)
g 20
3 —— STRESS RESULTANT FINE
- 3TRESSRESULTANT COARSE
—————— ABAQUS " FiNE
w /L= ABAQUS — COARSE
5 10 15 20 25 30

Midpoint deflection[cm]

Figure 3.2: Load - displacement diagram for simply supported rectangular plate

Slika 3.2: Diagram obtezba pomik pri prostolezec¢i pravokotni plosci

curves are presented in Figures 3.2 and 3.3. There is a difference in results of both analyses
since the stress resultant formulation does not account for gradual through-the-thickness
plastification. However, equal limit load is obtained in both cases. It is interesting to see
that the mesh density plays more important role in the accuracy of the limit load com-
putation than the chosen way of definition of elastoplastic constitutive model. Namely,
the difference between the coarse and fine mesh in predicting the limit load is around 20
% for the clamped plate, see Figure 3.3. By replacing my with amg, we can estimate
gradual spreading of plastic zones through the thickness. In Figures 3.4 and 3.5 we
present load-displacement curves obtained by using o parameter and coarse mesh. We
used a constant value of a across one time increment and therefore the yield criterion is
no longer smooth in pseudo-time. To reduce the influence of this effect we used small
time increments. In case of simply supported plate (Figure 3.4) the first yield is well
predicted, yet the curve in subsequent states is below the ABAQUS’ curve. Results for
clamped plate are much better since one can hardly distinguish between ABAQUS and

stress resultant formulation when using time increment At = 0.0025.

3.4.2 Limit load analysis of a circular plate

We analyze a uniformly loaded circular plate of the same elastic-perfectly plastic material

as in the previous example. Again we consider simply supported and clamped plates.



Dujc, J. 2010. Metoda koné¢nih elementov za ra¢un mejne nosilnosti in lokalizirane porusitve ploskovnih konstrukcij

Doktorska disertacija. Ljubljana, UL, FGG. 43
100
PRl
T
80 [ 1“"“‘ =
& oy
E 60 17
=~ iy
P 1
= y
-
8 a0t
— —— STRESS RESULTANE FINE
--- STRESS RESULTANT- COARSH
—————— ABAQUS - FINE
rrrrrrrrrrr ABA8US — COARSE
20 t
5 15 20 25 30

10
Midpoint deflection[cm]

Figure 3.3: Load - displacement diagram for clamped rectangular plate

Slika 3.3: Diagram obtezba pomik pri vpeti pravokotni plosci
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Figure 3.4: Load - displacement diagram for simply supported rectangular plate; a pa-
rameter case

Slika 3.4: Diagram obtezba pomik pri prostolezeci pravokotni ploséi v primeru uporabe
parametra «
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Figure 3.5: Load - displacement diagram for clamped rectangular plate; a parameter case

Slika 3.5: Diagram obtezba pomik pri vpeti pravokotni plos¢i v primeru uporabe
parametra o

The radius of the plate is » = 50 ¢m and the thickness is h = 0.5 em. The meshes are
shown in Figure 3.6. In Figures 3.7 and 3.8 we plot load-displacement curves. Again we
see that the coarse mesh overestimates limit load in the case of clamped plate. Overall

correspondence of two formulations is reasonable. In Tables 3.1 and 3.2 we compare our

Limit load Yield criterion Reference
q= 1.629’;—;% present present (fine mesh)
q= 1.625?—5% - [Eurocode 3, 2007]
q= 1.500’;—2% Tresca (analytical solution) [Lubliner, 1990], [Sawczuk, 1989]
q= 1.629’7}—;% Von Mises (analytical solution) [Sawczuk, 1989
q= 2.000ﬁ—§ay Von Mises (analytical upper bound) [Sawczuk, 1989]
q= 1.500’;—2% Von Mises (analytical lower bound) [Sawczuk, 1989

Table 3.1: Limit load solutions for circular simply supported plate

Tabela 3.1: Mejne obtezbe pri prostolezeci krozni krozni plosci

results for limit load with analytical solutions found in textbooks on plasticity [Lubliner,
1990], [Sawczuk, 1989] and Eurocode [Eurocode 3, 2007]. Our result for simply supported
plate is in complete agreement with solution based on von Mises yield criterion, see Table
3.1. In the case of clamped plate our result is slightly greater than the von Mises yield

based solution, see Table 3.2.
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Figure 3.6: Meshes used for: (a) rectangular plate - fine, (b) rectangular plate - coarse,
(¢) circular plate - fine and (d) circular plate - coarse

Slika 3.6: Uporabljene mreze: (a) pravokotna plosca - fina, (b) pravokotna plosca -
groba, (c) krozna plos¢a - fina in (d) krozna plosca - groba
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Figure 3.7: Simply supported circular plate - limit load analysis

Slika 3.7: Prostolezeca krozna plosca - analiza mejne obtezbe



Dujc, J. 2010. Finite element analysis of limit load and localized failure of structures

46 Doctoral thesis. Cachan, ENS Cachan, LMT.
140 T
120 B =R
)
& 100 I
é A
Z &
kS
o 60
| —— STRESS RESULTANT FINE
--- STRESS RESULTANTF COARSE
—————— ABAQUS - FINE
o0r (| X ABA8US—COAR5E
20
5 10 15 20 25
Midpoint deflection[cm]
Figure 3.8: Clamped circular plate - limit load analysis
Slika 3.8: Vpeta krozna plosca - analiza mejne obtezbe
Limit load Yield criterion Reference

g =3.240%0,

g =3.125%0,

g = 281520,
2

q = 3.138%0,

present

Tresca (analytical solution)

Von Mises (analytical solution)

present (fine mesh)
[Eurocode 3, 2007]
[Lubliner, 1990], [Sawczuk, 1989
[Sawczuk, 1989

Table 3.2: Limit load solutions for

circular clamped plate

Tabela 3.2: Mejne obtezbe pri vpeti krozni krozni plosci
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3.4.3 [Elastoplastic analysis of a skew plate

We consider a skew plate of elastic-plastic material with hardening under uniformly dis-
tributed load. The plate thickness is h = 0.5 ¢m, the longer side is a = 150 cm, the
shorter one is b = 135 ¢m and the in-between angle is ¢ = 45°. All material properties
are the same as in the above examples, except for isotropic hardening modulus, which is
now H;, = 0.1E = 2100kN/cm?. The plate is supported along the shorter edges with
five equally spaced point supports restraining displacements and allowing both rotations.

Mesh is shown in Figure 3.9. Load versus centre displacement diagrams are presented

@ (b)

Figure 3.9: Skew plate - (a) fine mesh, (b) coarse mesh

Slika 3.9: Romboidna plosca - (a) fina mreza, (b) groba mreza
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Figure 3.10: Skew plate - elastoplastic analysis

Slika 3.10: Romboidna plosca - elastoplasti¢na analiza

in Figure 3.10. Both curves have similar shapes, yet the curve obtained with the coarse
mesh is again above the curve obtained with the fine mesh. We see that the yielding of
the plate significantly reduces its stiffness, yet the limit load is never reached because of

the isotropic hardening. When using stress resultant plasticity model one can easily track
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the spreading of plastic zones. In Figure 3.11 we see that the yielding starts in the corners

Load = 11.776kN/m? Load = 13.248kN/m? Load = 14.72kN/m?

oad = 17.618kN/m?

Figure 3.11: Spreading of plastic zones

Slika 3.11: Sirjenje plastificiranega obmoéja

of the shorter diagonal, then it reaches the centre of the plate and spreads in the direction

of longer diagonal corners.

3.4.4 Cyclic analysis of a circular plate

We consider a clamped circular plate under cyclic loading conditions. The plate is loaded
with uniformly distributed load with the amplitude that corresponds to twice of the load
at the first yield pjee = 2 (1.5(2)%0,). We examine three hardening cases: (i) isotropic
hardening (H;,, = 2100 kN/cm?, Hy = 0 kN/em?), (ii) kinematic hardening (H;,, =
0 kN/cm?, Hp, = 2100 kN/em?), (iii) combined isotropic and kinematic hardening
(Hiso = Hyin = 1050 kN/cm?). The remaining material and geometry parameters are
the same as those adopted for the limit load analysis, except for plate thickness which is
now h = 4 cm. In Figure 3.12 the load-displacement curves for the first two cycles are
presented for stress resultant formulation and stress resultant formulation with parameter
a. Isotropic hardening enlarges the yield surface which can be seen in Figure 3.12 where
the curve appears as a closed loop after the first cycle. After the initial cycle the plate can
sustain greater stress resultants and still remain elastic. The shift of the initial curve to
the right represents the plastic deformation. Purely kinematic hardening curve is wider
and is virtually unchanged from one cycle to another. In this case the size of the yield
surface is unchanged whereas the effect of kinematic hardening changes the position of it.
We can look at the combined hardening curve as a combination of the purely isotropic
and purely kinematic hardening curves. Isotropic hardening effects prevail and after the

first cycle the plate remains in elastic state.
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Figure 3.12: Clamped circular plate - cyclic load

Slika 3.12: Vpeta krozna plosca - ciklicna obremenitev
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For further elastoplastic numerical examples we direct the reader to [Dujc and Brank,
2006].

3.4.5 Elastoviscoplastic analysis of a circular plate

In this example we consider a clamped circular plate of elastoviscoplastic material. All
material and geometry parameters are the same as in the case of limit load analysis. Three
different values of viscosity parameter are chosen, n = 0, n = 1, n = 10, for two sets of
loading conditions. In the first set we gradually apply a point load in the center of the plate
until it reaches its final value F' = 22 kN at time ¢t = 1. The second set is displacement

driven with a prescribed final value of midpoint deflection w = 11 em. Loading curves

0.8

0.6

0.4

Forcedisplacement multipliek

0.25 0.5 0.75 _1 1.25 15 175 2
Time

Figure 3.13: Loading curve for viscoplastic analyses

Slika 3.13: Obtezne krivulje za viskoplasti¢ne analize

for both loading sets are presented in Figure 3.13. We show the time-deflection curve
of the plate under first loading condition in Figure 3.14. The viscosity coefficient 1 has
a significant effect on a nature of inelastic response. The value n = 0 corresponds to
plasticity whereas for values n > 0 the inelastic deformations are time dependent. One
can note that the strain in elastoviscoplastic material held at constant stress will gradually
reach the level of strain in a time independent material. Time response of the plate for
the strain driven loading is presented in Figure 3.15. We see a hardening like response in
viscoplastic materials (7 > 0) but resistance is slowly dropping to the value corresponding

to the time independent material.

3.5 Concluding remarks and chapter summary

The stress resultant plasticity for plates has been revisited and reformulated in this chap-

ter. The basic ingredients of the constitutive law are the usual additive split of elastic
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Figure 3.14: Time response for force-prescribed viscoplastic circular plate

Slika 3.14: Casovni odziv krozne plosée pri predpisani obtezbi
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Figure 3.15: Time response for displacement-prescribed viscoplastic circular plate

Slika 3.15: Casovni odziv krozne plosée pri predpisanih pomikih
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and plastic (viscoplastic) strains

g =€+ el?,

the strain energy function including isotropic and kinematic hardening

1 1/2
b6 %) = 5o Ce 1 2(0) + 5 (3Hn ) 4D
stress resultant yield function
2
¢(o,q,a) = (o —I—Oé)TA(O'—l—a) — (1 — Ji) =0,
y

and the principle of maximum plastic dissipation for the plasticity case
LP (0', q, &, fY) = —Dr (0-7 q, a) + ’7¢ (0-7 q, a) )

which is in the viscoplastic case replaced by

L (6,q,a) = =D (o,q,a) + %g (¢ (0,9, )),

where 12 it g
_J 39" ito=0
is the penalized functional. The update of plastic internal variables is carried out by

solving only one equation

¢n+1((0'n+1 + Ofn+1) (’Yn+1) y Gn+1 (%H)) = Oniy1 (%H) =0— Vnt1s

while in the viscoplastic case this equation is replaced by

n _
—E’Yn-s-l + Ont1 (7n+1) =0— Vn+1-

By setting 7 = 0 in the viscoplastic equation we obtain the plastic case, thus both inelastic
formulations can be treated within one computational framework. Numerical results of the
presented formulation have been compared with the stress formulation (ABAQUS [Hobbit
et al., 2007]) as well as with the stress resultant formulation with o parameter that takes
into account gradual spreading of through-the-thickness plastification. It has been shown
that, regarding the accuracy of the limit load computation, the mesh density plays more
important role than the type of elastoplastic formulation. An extension of this work to

geometrically nonlinear shells will be addressed in Chapter 4.
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Chapter 4

Inelastic analysis of metal shells

4.1 Introduction

In this chapter we present an approach for an elastoplastic analysis of metal shells by
using the finite element method. In our approach we use a constitutive law that is based
on stress resultants, thus reducing the number of required numerical integration points
in the thickness direction to only one, which makes the analysis computationally much
faster with respect to the approach dealing with stress, see e.g. [Brank et al., 1997]. A
similar approach was already presented in [Simo and Kennedy, 1992], with the use of a

different shell finite element and a different hardening law.

In Section 4.2 we first describe the kinematics and the variational formulation of the
geometrically exact shell (note that this part is included to ensure the complete descrip-
tion of the derived finite element, while the emphasis of this chapter is on the constitutive
relations presented and the return mapping algorithms) followed by the constitutive equa-
tions for stress-resultant elastoplasticity for shells. In Section 4.3 we present the spatial
finite element discretization and computational algorithms related to shell stress resul-
tant multi-surface plasticity. The results of several numerical simulations are presented
in Section 4.4. We close the chapter with concluding remarks and a short summary in
Section 4.5.

4.2 Inelastic geometrically exact shell formulation

In this section we present inelastic nonlinear shell model that is formulated entirely in

stress resultants and can accommodate large displacements and large rotations.
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4.2.1 Geometry, kinematics and strains

We model a shell as a surface that has an inextensible unit vector (called shell director)
attached at its every point. The surface, which will be called midsurface, since it represents
the middle-surface of the shell, is embedded in the 3d space. The position vector of a
material point in the initial (undeformed, reference) stress-free shell configuration is then
defined by

X (€4,6%,6) =, (£1,6%) +£T (¢4,€7), (€.¢%) e A ceF (4.1)
Here, ¢! and €2 are convective curvilinear coordinates that parametrize the midsurface; A
is the domain of that parametrization; T', || T'|| = 1, is the shell director that coincides with
the normal vector to the midsurface; and £ is through-the-thickness convective coordinate
defined in the domain F = [—h/2,h/2], where h represents initial shell thickness, here
assumed to be constant. In what follows, we always determine the components of the
above vectors with respect to the fixed orthonormal basis e; = €?, i = 1,2,3, in the 3d
space, i.e. X = X'e;, ¢, = phe;, T = T'e;. We further define the shell director as
T = Ages, where Ag is a given (initial) rotation tensor, Ay’ = A, det Ag = 1. If one

introduces at a point of midsurface an orthonormal basis €; = €' as
es=T, e Lles, |e=1 ‘e =¢e;xe, (4.2)

the rotation tensor Ay at that point can be represented as Ay = [€1, €z, T]. It is further
assumed that the position vector to the material point in the deformed configuration is

given by
z (£,6%,6) = [0 (€1.€7) +u (€. &)] +¢t(¢.67), =1 (4.3)
e £2)

In (4.3) w is a displacement vector of a midsurface point, and ¢ is new position of shell

director at the deformed configuration. We will define t as the following sequence of
two rotations t = AgAe;. The components of newly defined vectors in (4.3) are also
determined with respect to the fixed orthonormal basis e;, i.e. = = z'e;, ¢ = (e,
u = u'e;, and t = t'e;,. The rotation tensor A is viewed in this work as a function of
a constrained rotation vector ¥, ie. A = A (9), see e.g. [Brank and Ibrahimbegovic,
2001] and [Brank et al., 1997] for details. Since the rotation around the shell director
(i.e. drilling rotation) plays no role in the present theory, the constrained rotation vector
has only two components with respect to the basis €;, i.e. ¥ = 9%, a = 1,2. By using
the Rodrigues formula for the representation of A (1), one ends up with the following
expression for ¢t = ¢ (19), see [Brank and Ibrahimbegovic, 2001]

sin

v

t= Ay (COSQ9€3 + U X 63) : v =9|. (4.4)
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The vectors of the convected basis G; at the initial configuration are related to the position
vector X and to the convected coordinates £%, & as

09X 0, T 0X

aga_agaJréaga’ G?’:a_ng‘ (4.5)

Ga

Similarly, the vectors of the convected basis g; at the deformed configuration are

oxr  Op ot ox

9o = 35’5“ = 850‘ +£a£a7 gs = a_f =1 (46)

The corresponding dual base vectors G* and g° are defined through the relationships
G, -G’ = and g, - ¢’ = 0/, where §/ is a Kronecker symbol. Note that G* = Gis.
The identity tensor of the shell reference configuration (or the shell metric tensor) is
G=G G = GijGi ® G, where Gi;; = G; - G;. The differential volume element
is given as dV = VGdederde?, where VG = Gs - (G x G3). The base vectors at the
reference midsurface and at the deformed midsurface are obtained by setting & = 0 in (4.5)

and (4.6), respectively, i.e. A; = G;|e—o, and a; = g, |c—¢. For the reference configuration

we have 5
Yo
A, = X0 A =T 4.7
A (4.7
The corresponding dual base vectors of A’ and a’ are defined as A; - A7 = §/ and

a;,-a’ = 5g , respectively. Note that A® = Aj. The identity (or metric) tensor of the
shell reference midsurface is A = A, @ A® = ApA® ® AP = Aunp (AO‘)7 (Aﬁ)(s e, ®es =
5gea ® eg, where A3 = A, - Az and AP = A“. AP The differential surface element
is given as dA = /AdE'de?, where VA = ||A; x Ay||. We can further define a tensor,
called shifter, which transforms the base vectors of the midsurface to the base vectors of
the shell body. The shifter from the shell reference configuration, denoted as Z, shifts A;
and A’ (defined at a midsurface point) to G; and G, respectively, i.e. G; = ZA; and
G'=Z TA' In what follows, we assume that a shell is suficently thin that Z ~ I.
Having defined the base vectors, we can proceed with the expression for the deforma-

tion gradient

_8_:v_6:13 0X
T 0X  o¢t | o¢i

In (4.8) we used notation £ = ¢. By knowing F', we can obtain the components of the

] h =g, G". (4.8)

Green-Lagrange strain tensor with respect to the convected basis A"

E = (FTF—G):%[(Gi®gi)(gj®Gj)—Gi-Gj(Gi®Gj)} (4.9)

N =N =

(9,°9,-Gi-G))G'9G =E;G'9 G ~ E;A'® A

A
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By evaluation of the dot products in (4.9) one can get the strains Ej;;, which are varying

quadratically with respect to the £ coordinate
Eij = eij + £riy + (€) iy (4.10)

Note, that €33 = K33 = 103 = 130 = N33 = 0. In this work we will truncate the strains E,g3
after the linear term, and the transverse shear strains F,3 = F3, after the constant term,

ie.
Eozﬁ — Eap + 5'%0157
EaS — €a3-

(4.11)

The Green-Lagrange tensor that we will work with will have the following components in
basis A’

E~FEjA®A =c,3A° 0 A% +¢rpA° @ AP 423 (AT +T ® AY).  (4.12)
Expressions for €,3, kap and 2,3 in (4.11) are the classical expressions for the shell

membrane, the shell bending and the shell transverse shear strains, respectively. Their

explicit forms follow from using g, and G; in (4.9)

1

€ap = 5 <(p,a P Poa QOO,ﬁ) ) 25043 =Y =P t— Po,a ° T? (4'13)
0
1
fag = 5(Pa-totes ta—®oa Tog—¢os Ta)=¢ats—PoaTs

For further use we will also express the components of E with respect to the orthonormal

mid-surface basis €;, defined above in (4.2)
ErEjA QA =8,56, €5+ Ragla @€5+Eus (€a T +T®€,).  (4.14)

The transformations between the strains (4.12) and the strains (4.14) take the following

rules

By =cap (€4 A%) (€5- A”), Kys=kas(€, A% (€5-A"), 7, =7 (e, A%).
(4.15)
The stress resultants, which are energy-conjugated to the Green-Lagrange strains ¢z,
Kap and 7,, are the second Piola-Kirchhoff stress resultants n®’, ¢ and m®, respectively.
The stress resultants n®, m®? and ¢ are the classical (effective) shell membrane forces,
the (symmetric) shell bending moments and the shell transverse shear forces. They are
the components of the following second Piola-Kirchhoff stress resultant tensors resolved
with respect to the A; basis: the membrane force tensor IN, the transverse shear force

tensor @@ and the bending moment tensor M

N =n"A, ® Ay, Q=0 (A, T+T®A,), M =m"A, ® Az. (4.16)
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Those stress resultant tensors can be also expressed with respect to the midsurface or-

thonormal basis €; as
N =n*Ye, ® e, Q=0 E,2T+Txe,), M =m*Pe,®es.  (4.17)

The transformation of the stress resultants, defined with respect to A; basis, to stress

resultants, defined with respect to the midsurface orthonormal basis €; is given as

=1 (@, Ag) (@5 Ag), W =m (@, Au) (@5 Ag), T =0 (& Ad).
(4.18)

4.2.2 Variational formulation

To simplify the formulation, we will use in what follows the strains and the stress resultants
resolved with respect to the local orthonormal basis €;. Those strains will be collected

into the following vectors
T o~ s SO ~ o~
€= [GT, nT,'yT} , €= [511,822,2812]T, K = [/111, K22, 2/‘612]T7 Y= [’Y1KY2]T> (4-19)

and the stress resultants will be collected as

T T7qT}T7

o=[n",m I

n = [ﬁn,ﬁm,ﬁlz]T, m = [m11,m22,m12]T7 q =701,

(4.20)
We will further define the virtual work equation (the weak form of the shell equilibrium
equations), which will represent the starting point for the finite element discretization.
However, before defining the virtual work principle, we need to express the virtual strains.
Those are the strains that arise due to variation of displacement vector w for virtual
displacement vector du, and due to variation of rotation vector 9 for virtual rotation
vector 09. By introducing the following displacements u — u + wdu and the following
rotation vector ¥ — ¥ + wd¥ into the expressions for strains that are collected in € in

(4.19), one can derive vector of virtual strains as

d
be = e (u+ whu, O + wid) | o= [0€7,6k7,6+7]" (4.21)
where
e = [(5/8\11, (Sggg, 26/8\12]T s oKk = [(57{/\11, 5//%22, 2(5//%12]T s (5’7 = [(5?}/\1, 5/’}72}71 . (422)

Explicit expressions for virtual strains in (4.22) are (see (4.15))

08,5 = Oeas (8 - A%) (a; : Aﬂ) | ORs = Okias (8 A%) (a; - Aﬁ) 07, = 0y (85 AY),
(4.23)
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where (see (4.13))

0eap = = (0un- -0+ @, 0ug), Ve =0uy-t+ e, -0t (4.24)

| — N -

5liag = 5 ((5’11,’(1 “tg+ Por 5t7g + 5u,5 totug- 5t7a) = 511,70[ “tg+ Pa (5t,5.

and 0t = Lt (9 4+ wdd) |0 -

The virtual work equation can now be written as

G (u,9;6u,d9; (o)) = / se’ (u,9; 0u, 09) o (u,9,(0)) dA — Gep (du,59) = 0, (4.25)
A

where the expression under the integral sign represents the virtual work of internal forces
and G, represents the virtual work of external forces. An empty slot (o) represents
internal variables of chosen inelastic constitutive model. The stress resultants o are func-
tions of those variables. Since we consider here a shell model with inelastic constitutive
relations, we assume dependency of the displacements u, the rotation vector 19, the strains
e and the stress resultants o on pseudo-time parameter t € [0, .

The solution of the weak form of equilibrium equation (4.25) provides displacements
of the shell midsurface and rotation of the shell director. It is obtained in the following
manner. The weak form of equilibrium equations (4.25), is first discretized in space
by using the finite element method. Then, the solution of the discretized weak form is
searched for at discrete pseudo-time points 0 < t; < ..., < t,41... < T. The value of
(O) at the pseudo-time instant t,,1 will be denoted as (Q)
reveals that the solution of discretized form of (4.25) can be obtained by the operator split

ni1- Lhe space discretization
method. Namely, the solution search for displacements and rotation vector at discrete
(nodal) points at, say, pseudo-time instant t,;, can be performed separately (but not
independently) from the solution of inelastic constitutive equations to get stress resultants
0,11 at the same pseudo-time instant.

Let us now shortly describe the solution search for displacements and rotation vec-
tor by assuming that the best guess for o,.; is known data. We use the superscript
(@)h to denote the function (®) has been approximated in space by using finite element

interpolation functions. After spatial discretization the equation (4.25) turns to

G" (ul 1, " (9ng); 0u, 68" (941, 69)) = (4.26)
= 5" (ul 1, Opyr; 0u, 69) 0 iy (wl 1, V01, (0)) dA — G

ext
Ah

(5uh, 619) = 0.

Eq. (4.26) provides a set of higly nonlinear equations with u!., and 9,4, as the un-
knowns. Linearization of (4.26) needs to be performed in order to get a solution by

Newton-Raphson iterative method . One can derive linearized form of G* by introducing
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the following displacements u” ; — u” ; + wAwu!' | and the following rotation vector

Opy1 — U1 +wA, . into G* and by using

d
AGH = %Gh (uzJrl + u)Auﬁﬂ, ’19n+1 + WA’ﬂnH) |w:0 . (4-27)

It follows from (4.27) that

AGh = / ST (Al AD 156", 59) s (wlhir, i, (0)) dA + (4.28)
Ah
do
wT (. h s h ntl A T (. h Ak
/A de (un+1,19n+175u ,519) i AT, <un+1,t9n+1,AunH,A19n+1) dA.

Eq. (4.28) shows that the linearization of the discrete weak form is split into two parts;
the first one is called geometric and the second one material. The do,;1/de”_ | is called

the consistent tangent modulus.

4.2.3 Stress-resultant constitutive equations for elastoplasticity

We will consider in this section the stress resultant elastoplasticity for shells. It will
be based on Ilyushin-Shapiro multi-surface yield function, which is a stress resultant
approximation of the classical von Mises yield function. The considered yield function
takes into account both isotropic and kinematic hardening. The internal variables, de-
scribing the irreversible nature of the plastic process, are chosen as: the plastic strain
el = [ep’T,np’T,'yp’T]T, the scalar parameter &/, which controls the isotropic harden-
ing mechanism, and the strain-like parameters s = [s¢7, s, 37, 577, 0%, 567 5%, 24"
which control the kinematic hardening mechanism. Those variables, strains € and stress
resultants o are functions of pseudo-time ¢, i.e. e = g (t), & = €L (t), » = »(t),
e=¢(t) and o = 0o (1).

A usual additive split of reversible (elastic) and irreversible (plastic) strains is assumed

e =¢e"+¢€’, (4.29)

e,T’ e, T e,T}

where €¢ = [e KOy " The strain energy function is assumed to be of the following

(quadratic) form

1 1
(%€, 3) = =e®TCe® + Z (¢7) + ="' D 4.30
2 2
By assuming isotropic elastic response, C' is given as
_ B3
C = diag|C", C’, C’l, C"=hnC, C’ = EC’ (4.31)
1 v O
c- Y 1,1 0| cop|l?
(1—1?) 0 0 1= 01
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The constants in (4.31) are: E is elastic modulus, v is Poisson’s ratio, h is shell thick-
E

ness, k* = ¢Gh, G = ) is shear modulus and ¢ is shear correction factor, usu-
ally set to 5/6 for an isotropic material. Matrix D in (4.30) is D = 2Hy;,Is, where
Iy = diag[1,1,1,1,1,1,1,1]. In (4.30) we have assumed a general (nonlinear) form of
isotropic hardening and a linear form of kinematic hardening with hardening modulus
Hy;,. We denote the stress-like internal variables, which correspond to the strain-like
internal variables £f and sz, as ¢ and «, respectively. These dual variables are used to
define Ilyushin-Shapiro two-surface yield function ¢ = ¢(¢1, ¢2) < 0. A sketch of a two-
surface yield function is presented in Figure 4.1. The elastic domain is defined with the
intersection of ¢; < 0N @9 < 0, where ¢ < 0, while the plastic domain is defined with

(01 < 0Ny = 0)U(¢1 = 0Ny < 0)U(¢p1 = 0N = 0), where ¢ = 0. The non-dimensional

$=0

Figure 4.1: A sketch of a two-surface yield function

Slika 4.1: Skica funkcije te¢enja dolocene z dvema ploskvama

forms ob ¢, and ¢, can be written as

du(0,q.0)=(0+a) A, (0 +a)- <1 — —) p=1,2. (4.32)

Here, o is defined in (4.20), a (the negative of the back stress resultants) is defined as

_ n,T m,T T T nT __ n n n 1T m, T __ m m m1T T
o = [a ,a™h al } , where o™ = [a]}, o, a7y, « = [af}, a5, 3], 't =

I bl

[a]s, ads]" and o, is uniaxial yield stress. The matrix A, for an isotropic plastic response



Dujc, J. 2010. Metoda koné¢nih elementov za ra¢un mejne nosilnosti in lokalizirane porusitve ploskovnih konstrukcij

Doktorska disertacija. Ljubljana, UL, FGG. 61
equals to
1 sign(p)
n%P( ) 21/§n0m0
_ sign(p
0 0 11,
qp
2 -1 0
1 _—
P = 3 -1 2 0], sz’gn(u):{tiﬁ’u_;
0 0 6 H=

Here, ng, mgy and qq are the yield parameters associated with membrane extension, bending

and transverse shear, respectively. They are usually set to the fully plastic uniaxial
ayh?

1
. . . h . .
plastic uniaxial transverse shear force gy = % For further discussion on stress resultant

membrane force nyg = o,h, fully plastic uniaxial bending moment my = and fully
yield functions for shells one could address [Crisfield and Peng, 1992], [Simo and Kennedy,
1992] and [Shi and Voyiadjis, 1992].

Having defined internal variables, strain energy function and yield function, we proceed
with derivation of the remaining ingredients of the stress resultant elastoplasticity for

shells. For the isothermal case we can write the following rate of material dissipation

. d ) ovN" . . o - AN
D= T+ 7 e ¢I _ T 2P\ _ 2V er | I 2 4.34
=0 é dtw(s,f,%)—as (866) (e —€P) 8516 (8% >0, (4.34)
which is assumed to be non-negative. In (4.34) (6) = —85;). Note that equation (4.34)

can be derived from the second law of thermodynamics, see e.g. [Khan and Huang, 1995]
or [Simo and Kennedy, 1992]. By assuming that the elastic process is non-dissipative (i.e.

the state variables do not change during that process and D = 0) one has

_ W o
= e = Ce*. (4.35)

o

By further consideration of (4.34) one can define the dual variables, i.e. the hardening

variable ¢ and the variables that control kinematic hardening «, as

aw d= (51) —/ I . 3¢
If we consider the quadratic form of
—_ 1 ]2
== §Kh§ , (4.37)

we obtain the case of linear isotropic hardening

q=—-Kp', (4.38)
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where K, is the isotropic hardening modulus. This type of hardening law was used to
obtain the results of numerical simulations in Section 4.4. By using (4.35) and (4.36)
in (4.34) we obtain the reduced material dissipation (i.e. the dissipation of the plastic
process) as

PP =T 4 ¢¢T + a3 > 0. (4.39)
The principle of maximum plastic dissipation states that among all the dual variables
(0,q,a) that satisfy the yield criteria, one should choose those that maximize plas-
tic dissipation. The problem can be written in the following form: Find minimum of

Lr (0-7 q, &, ;}/17 ;}/2), where
p
L7 (0.1, %) = =D (0., )+ Y 36y (0,0 (4.40)
pn=1

Yu = 0 play the role of Lagrange multipliers and p is number of active yield surfaces.
From the above minimization problem and (4.32) we obtain explicit forms of evolution

equations for the internal variables

oLr L. -
% = —€p+Z"YMa—;:O:ép:Zﬁu2Au(a+a)>
p=1 p=1 vy
W ey io—a=y 52 (- 0) e
dg L og - L ay)’ '
p=l =l e —
15}
oLr L .0 .

Note that 5 = €”. The loading/unloading conditions follow from the demands that 7, is
non-negative, that ¢, is non-positive, and that the plastic dissipation D? equals zero for

elastic process when ¢, <0
Y 2 0, ou <0, Fubu = 0. (4.42)

In addition to (4.42) we have the condition ¢, = 0 if 4, > 0 (the consistency condition).
It guarantees the admissibility of the subsequent state in the case of change of state

variables.

4.3 Finite element formulation

4.3.1 Space-domain discretization

Let the initial shell midsurface A be discretized by n.; nonoverlaping elements with n,,
nodes such that A ~ |J.¢ A, = A" Over the element domain A, the initial shell
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configuration (the midsurface and the shell director) are interpolated as

Nen Nen

@6 (67 =D Na(€1) pour T (€4,6%) =D Na(¢,€°) T, (4.43)
a=1 a=1

where (o), are the corresponding nodal values. In this work we choose n., = 4 and
the bi-linear shape functions N, (&', &%), defined over the square domain A, = [—1,1] x
[—1,1]. Note, that T, is chosen to coincide with the normal vector to a given shell
midsurface at that nodal point. However, due to the bi-linear interpolation (4.43) T" is

only approximately perpendicular to the base vectors Ah Ol /0€*. The interpolation

of the shell deformed configuration ¢, t is performed in a similar fashion as ¢, T

Nen Nen

") =D Na (€ ua, =gl tul, (€€ ZN (¢1.€%) ta (9a).
a=1
(4.44)
The virtual quantities d¢p and 0t are interpolated in the same manner as ¢ and ¢
S (€1,6%) = N, (¢,8) b, ot"(£1.€) Z N, (€,¢%) (4.45)
a=1

Derivations of ¢, t, ¢ and 6t with respect to £* coordinates are obtained trivially. To
avoid the transverse shear locking, the assumed natural strain (ANS) concept is chosen.
The transverse shear strains are evaluated, using (4.13) and the interpolations (4.43) and
(4.44), only at element edge mid-points A, B, C and D, where ¢} = 3 (¢o; + @ox) and
I1=ABC,D,J=1,23,4and K =2,3,4,1. The transverse shear strain field over the
4-node shell element is given by the interpolation suggested by [Bathe and Dvorkin, 1985]

1 1
Y13 = 5(1—5)’Yﬁg+§(1+§2)7103,
1 1
V23 = 5(1_51)72%+§(1+§1)72B3' (4.46)

The transformation to 713 and Aa3 is given according to (4.15).

4.3.2 Computational issues for plasticity

The solution of the weak form of equilibrium equations (4.26), discretized in space is
searched for at discrete pseudo-time points 0 < t; < ...t, < t,41... < T. The value of

(o) at the pseudo-time instant ¢, is denoted as (o) In what follows a pseudo-time

n+1-
increment At = t,.1 — t, will be considered. As a result of space discretization, the
evolution equations (4.41) become ordinary differential equations in pseudo-time that are
related to each finite element integration point. This enables introduction of operator split

method, see e.g. [Ibrahimbegovic, 2006]. This method consists of two sequential solution
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procedures; one solution procedure (called global) searches for the values of nodal dis-
placemens/rotations at pseudo-time instant ¢, (at frozen values of internal variables),
while the other solution procedure searches for the values of internal variables at integra-
tion points at ¢, (while keeping frozen nodal displacements/rotations data). The later
will be considered in this section.

For numerical integration of evolution equations (4.41) the backward Euler integra-
tion scheme will be used. At a pseudo-time increment At = ¢, — t,,, the pseudo-time
integration problem at an integration point located at =" (£,) € " can be stated as: By
knowing the values of the internal variables at t,,, i.e. €2, ¢! 5, find by integrating (4.41)
such values of the internal variables at t,.1, i.e. €h,,,&l .|, 5,1, which will satisfy the
yield criterion. The best guess for the strains at the end of the pseudo-time increment,
sffll, is given data. Here (i) is an iteration counter of the global Newton-Raphson solution
procedure that searches for nodal displacements/rotations at time ¢, .

Prior the integration of evolution equations the following test is performed: (i) Assume
that the pseudo-time step from ¢, to t,.; remains elastic and evaluate the trial (test)

values of strain-like and stress-like internal variables

trial (7) p,trial trial __  —/ 1, trial trial __ 2 trial
Opni1 = C €pi1 — Enga s o1 = —Z | &l y O = _ngin%nJrl? (4.47)
—— ——"
eh &l »n

(ii) If both yield functions, evaluated with the trial values, ¢7, | = ¢, (oiridl, ¢irid!, adrial) <

0, then, see (4.42), v,nt+1 = J,At = 0. The final values at the end ofthe pseudo-time
increment (marked with the bar) equal the trial values, i.e. 8%, = >/, Ei L = g
and 32,41 = 74, The pseudo-time step is indeed elastic. (iii) In the case that one or
both yield functions for the trial values are violated, then 7,11 > 0 and ¢, 41 = 0 for
at least one p = 1,2. The backward Euler integration of evolution equations needs to be
performed, i.e.

p p

p
P _ I ¢l —
Ent+1 = 6’1;1, + Z’Y,u,n-i—luu,n-i-ly fn-i-l = fn + Z 7u,n+lﬁn+17 Hpy1l = Hp + Z Yu,n+1Vpun+1,
u=1 pn=1 p=1
(4.48)

to get final values of internal variables at the end of the pseudo-time step. Since equations
(4.48) contain five unknowns, e}, ;, &l 41> #0415 V1nt1 and 72 41, one needs to solve those

equations together with ¢; ,41 = 0 and ¢9,,41 = 0.

Remark 4.1. When dealing with two-surface plasticity we have in general three different
sets of equations, where ¢1 41 = 0 and @241 = 0 s only one of them. The remaining two

occur when only one yield surface is active and then instead of solving the above equations
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we solve @141 = 0 and Y241 = 0 0r Y1 pp1 = 0 and ¢ 11 = 0. The procedures that
produce the right set of equations and their solutions will be further addressed in Section

4.3.2, while for brevity we will here only consider the case when both functions are active.

The rest of this section will be related to the solution of eqs. (4.48) constrained by
®1n+1 = 0 and ¢ 11 = 0. There are two ways of handeling this problem, where both of
them have their benefits and drawbacks. One option is to reduce the number of unknowns
by: (i) expressing stress resultants with eqs. (4.48), and (ii) use those stress resultants
in ¢1,+1 = 0 and ¢2,41 = 0, while the second option is to solve all the equations
simultaneously.

We first consider the reduction of the unknowns. Let us consider the case when both

yield surfaces are active. By using (4.48), one can express stress resultants at ¢, as

2
. (%) pitrial \ __ __trial
Ont1 = C<€n+1 —&nt1 =O0n1 — § :’Yu,n+1CVp,n+17
g :1
n+1—en AEZ
At én+1
2
—/ I
n+1 = —& fn + E ’Yu,n-i-lﬁn—&-l s (449)
p=1
_ 2H ___trial H
Apt1 = _§ kinXn+1 _an+1 _5 kin Vn—ﬁ-lyu,n—i—l-

Since v 41 = 2A,, (0p41 + ayq1), one can conclude from (4.49) that

(a-n—i-l + an—l—l) -

9 -1
4
IB + Zryu,n—&—l (QCA“ + ngmA,u>] ( Zﬂfil + iLTJZrall) ) (450)

pn=1
2
n+1 = (Qn+1 (fTIL + Z'Y,u,n+16n+1> , (451)
p=1
where the matrix product CA,, is
1 n sign(uw) n
C(I)D b 2\[“0;%0 P 0
_ sign(u 1
CA, = 2fnomOC P m%C P 0
0 0 2C°I,
0

For the linear isotropic hardening case one can from (4.38), (4.41) and (4.51) easily obtain

that
2(Kh£fl + Uy)

2 2 '
o, —2 Zyzl Yt 15n

Byt = (4.52)
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It has been proven that the inverse in (4.50) can be obtained explicitly. Since the shear
part of (0,1 + ay,41) is clearly uncoupled from the membrane and bending parts, one

can use (4.50) to get the following expression for the shear stress resultants

1
Lt (s +9241) 306"+ 2Hiin))

trial q,tm’al)

(Qn+1 + agH-l) = ( <Qn+1 + oy

The fact that P and C have the same characteristic subspaces is further used, i.e.

1 1 0
_ 1
P=QApQ", C=QAsQ", Q=—|-11 0 |, (4.53)
A V2
where Q7 = Q! and
Lo 0 = 0 0
2 3 v B
Ap=|0 5 0|, Ag= 0 0
E
00 3 0 0 55y
T

By defining 6,41 = [n”,m"]", é,11 = [a”’T,am’T]T and by using (4.53) one can get

the following expression from (4.50)

diaglQ", Q"] (6141 + Gtni1)

h A_ sign(wh A __ -1
2 T?"A(C)ﬁp o N
i oA AcA
P Cci\P m2iyCciyAP
- I6 +Z’7}hn+1 2y OLA 2 Osign(#) A X (454)
p=1 ag. | m°F 2V3nomo - F
3+ 1kin sign(p) 1A
R 2\/§n0m0 mg P J
6
diaglQ", Q"] (5714 + &y1Y)
where the matrix © in (4.54) is of the following form
[@ 0 0 g 0 0]
0 b 0O0AhAO
00200 i
=~ ~ 4.
j 00 doO0 0]’ (4.55)
0Ok 00 eo
001 00 f]
with
a = _('Yl,n+1+72,n3<;1%)((5_E1h)_2Hkin(V_l)) +1, b= (’71,n+1+72,n+;g)((fff;'2Hkin(1+V)) +1,
¢ = ('71,n+1+72,n+;(23((fff)"l‘4Hkin(l+V)) +1, d— _('71,n+1+72,112+nl%((€ﬁ31;8Hkin(V_l)) +1,
¢ — Ounityngn)(BR°8Hyn (14v)) 11, f: (V1,n41472,n41) (ER3+16 Hyip, (141)) +1,

4mZ(1+v) 4mg(1+v)
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4.56
~ _  —(nmi1=92.m41) BEA—2H}in (v—1)) 7L _ (ny1=92.n41) BER+2Hpin (14v)) ( )
9 6+v/3mono(v—1) ? 2v/3mono(1+v) ?
T = (nt1=72m11) BER+AH (140)) }: —(Ynt1=72,n41) (ER? —8 Hyin (v—1))
2v/3mong (1+v) ’ 24+/3mono(v—1) ’
- (YLnt1=Y2,n+1) (ERP 48 i (141)) = (nt1=92,n41) (BR3+16 Hyin (141))
o 8v/3mong(1+v) » T 8v/3mong(1+v) :
The form (4.55) allows inversion of © leading to
- i .
ad—gj (3 0 =i 9,; 0
0w 0 0 =&
f L _
o'l-| ° vooga ) = (4.57)
—L 0 0 == 0 0
—ad+gj . ad—gj >
O m=m 0V = !
l c
| 0 0 == 0 0 F= |
and
(&n+1 + dn+1) = diag[Q, Q]@fldiag[QTa QT] (&ﬂall + dZﬁl) .
One can now finally write eq. (4.50) as
(Un+1 + an+1) -
diag[Q? Q]@_ldiag[QT7 QT] 0
_ 0 1 I, | X (4.58)
<1+('7»,11+1+'7721+1)%(ks“!‘%Hkin))
W:Jrl

trial trial
(a-nJrl + an+1) )

with @ defined in (4.53) and © ' explicitly defined in (4.57). It can be clearly seen that
the stress resultants (7,41 + ov,41) in (4.58) are only functions of vy 41 and 2 ,41.

Now, the yield functions can be rewritten by using (4.58) and (4.51) as

¢u(’71,n+1; 72,71-"-1) = (Un+1 + an-‘rl)T AM (Un+1 + an-i—l) (459)
2
In+1 (§£ + Zi:l ’Yu,n+1ﬁn+1>
—|1- =0, u=12
Oy
and further as
ria rial\ T ria ria
Gu(Vint1 Vomt1) = (UZHI + O‘fz+1l) W£+1Auwn+1 (Ufz+1l + a;+1l) (4.60)
Qn+1 (@Iz + Ziﬂ ’Yu,nHﬁnH)
—|1- =0, =12

Oy
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One finally gets only two equations for 7 ,,4+1 and 72 5,41,

T B e B )
that are highly nonlinear. Once (4.61) are solved for converged solutions 7, ., and
Yoms1, the strains (4.48) and stress-resultants (4.47) at the end of the time increment can
be computed.

In the second case we simultaneously solve (4.48) along with ¢ ,+1 = 0 and ¢g,41 =0
for five unknowns e? 1 f{L 10 #nt1: Vint1 and Y2 1. By considering the first and the last
equation in (4.48) we can eliminate s, since s,1 = €b ;. In this situation, when all
the internal variables are considered as the unknowns, we can obtain the values of stress

and stress like variables

on1 = C <€1(1i—)4-1 - efz—i-l) ) (4-62)
dnt+1 = dnt1 (f}fzﬂ) ) (4.63)
2
Apy1 = _ngin%n—i-la (464)
and with them express the yield functions
uni1 = (Opi1 + Ofn+1)T A, (Opp1 + 0pgr) — (1 - q;H) , p=12 (4.65)
y

The final system of equations that needs to be solved is then

2
—€n T Eh+ Zu2=1 V41V pn+1
I I
&1 T & T Zuzl Vint+15n+1 —0. (4.66)
¢1,n+1
¢2,n+1

I
R” (EZH? Ent1V1nt1s 72,n+1) =

Note that in this case all the expressions are rather simple. The drawback is that we need
to solve a system of 11 equations (8 for plastic strains, 1 for isotropic hardening and 2

yield functions), which means we need to invert a matrix of size 11 x 11.

Solution algorithm

In the previous section we have presented the equations that one must solve in order
to obtain the updated values of internal variables, i.e. (4.61) or (4.66). Both ways of
handling the evolution of plastic variables and the yield functions produce completely the
same results and for simlicity we will only consider the first case, i.e. (4.61).

As already mentioned in the previus section we have chosen the equations (4.61) by

assuming that both yield surfaces p = 1,2 are active

12 (YLnt1: Y2,n4+1) G2 (V1nt1, V2nt1) o
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The two other possibilities occur when only one yield surface is active. Let us first consider

the option when only = 1 is active. In this case we replace equations (4.67) with

O1(Vn415 Y2041) } —0. (4.68)

RII) (71,n+1772,n+1) = l
Y2,n+1

The last option is when only u = 2 is active and the equations that need to be solved are
then

RS (Vin11,Y2m41) = {@( Tnl ) } =0. (4.69)

Y1n+1s V2,n+1

Figure 4.2 depicts three different situations for the trial values of stress. For the trial

Figure 4.2: A sketch of a two-surface yield function and the closest point projection

Slika 4.2: Skica projekcije testnih vrednosti napetosti na funkcijo tecenja doloceno z
dvema ploskvama,

trial,1
n+1
solution of equations (4.68) gives us the closest point projection and the correct update

of the internal variables. Similarly we know for UZﬁZ’Q that we need to solve equations

(4.69) since ¢, < 0 and ¢&iat, > 0. But in the case of ol when both trial values

value o we have ¢!, > 0 and ¢4, < 0. Here we know in advance that the

of yield functions are violated, we can not be sure in advance which set of equations is
the right one.
In the last case, when we are not sure which equations to use, we have two alternative

strategies:

e Procedure 1. In this method we look for solutions for all posible sets of equations
and the admissibility of the solutions is checked by testing weather the Kuhn-Tucker

conditions hold.



Dujc, J. 2010. Finite element analysis of limit load and localized failure of structures
70 Doctoral thesis. Cachan, ENS Cachan, LMT.

e Procedure 2. In this method we can change the set of equations during the
iterative process by enforcing the admissibility constrain v, ,+1 > 0 for all active

surfaces.

A brief descriptions of the algorithms associated with Procedures 1 and 2 are given below.
Procedure 1: In this procedure we determine the solutions of three different sets of

equations

ﬁa,n—l-l = [71,n+1,a772,n+1,a:|T ) Rg (7&,71—4—1) =0 fOI' a = 17 27 127 (47())

where (3) denotes the converged values of variables. Each solution is obtained with the

following iterative procedure.
1. First we define the iteration counter k
kE = 0,
and set the initial values of plastic multipliers to zero
Vamsr = [0,0]".
2. Then we start an iterative loop in which we first determine the current values of R?
Rg’(k) =R (PYSZJA) 5

and chech for convergence
?
||R>®)|| < tol..

3. If the convergence test is satisfied we are happy with the solution

=~ — 5
’Ya,n—l-l - 7a,n+17

and we exit the iteration loop. Otherwise we move on to 4.

4. Here we compute the current value of matrix K R — %_1725

P P k
G S C
and compute the update for plastic multipliers

Ayl = () Ry
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5. Then we set the iteration counter to
k=Fk+1,

update the values of the plastic multipliers

k k—1 k—1
7((1,7)L+1 = 7g,n+% + AVEL,n+%7

and go to 2.

The admissibility of each solution is checked with the Kuhn-Tucker’s loading/unloading

conditions:

71771—‘,-1,@ 2 0 & 72,714—1,(1 2 0 & ¢1 (7a,n+1) S 0 & ¢2 (7(1,71—&-1) S QJ a = ]" 27 12. (471)

?

We denote the solution that satisfies all the conditions with @

Ynt+1 = Yans1- (4.72)

Note that this procedure is robust and it always provides the solution but it is quite
computationally expensive since three independent iteration procedures are performed.

Procedure 2: The below algorithm is a variation of a general multi-surface closest point
projection iteration procedure, that is presented in [Simo and Kennedy, 1992] and [Simo
and Hughes, 1998]. The difference is that in our work we deal with at most two active
yield surfaces, whereas the original algorithm allows for an arbitrary number of active

yield surfaces. The solution is obtained with the following iteration procedure.

1. First we define the iteration counter

set

to determine the starting set of equations and set the initial values of plastic mul-

tipliers to zero

A0 = 0,0,

2. Then we start an iterative loop in which we first determine the current values of R
) k — k
RP( ) - Rg (772-2—1) )

and chech for convergence
?
I|IRP®)|| < tol..
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3. If the convergence test is satisfied we are happy with the solution

= —_ k)
’Yn—l—l - 7n+1>

and we exit the iteration loop. Otherwise we move on to 4.

ORP

4. Here we compute the current value of matrix K = D

K70 = K7 (441,),
and compute the update for plastic multipliers
A’7’n+1 = (KRP ) 'R
5. Then we set the iteration counter to
kE=Fk+1,

and if a = 1 or a = 2 update the values of the plastic multipliers

k k—1 k—1
’72421 = '77(1+1 = A%(wrl )7

and go to 2. If a = 12 go to 6.

6. Here we compute the test values of plastic multipliers

k),test k—1)
’thzl = 'Yq(@+1 ) + A7£L+1 )

and check if those values are admissible
Wtz 0, Al =0
If both tests are satisfied we update the values of the plastic multipliers
Yo = Yo + A,
and go to 2. If one of the tests fails, the values of plastic multipliers remain un-

changed
k k—1
'7£L—£1 7£L+1 ),

we change the parameter a according to
If fygiz“ <0 then a=2,
If yéﬁzﬂ <0 then a=1,
and go to 2.

This procedure is computationally much cheaper and is also rather robust. Theoretically,
if the yield surface is convex, then the above algorithm is unconditionally convergent.
Practically, it may occur that the above procedure does not produce the desired solution
and in that case a step size adjustment is needed, see e.g. [Simo and Hughes, 1998] and

references therein.
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Consistent tanget modulus

In order to ensure the quadratic rate of convergence of the global iterative procedure we
have to consistently linearize the global system of equations. This requires to compute the
implicit dependencies among the state variables and the strain vector in order to obtain
the consistent tangent modulus deo,+1/de, 1. For that purpuse we assume the following

functional dependencies

o(en1) =C (5n+1 - €ﬁ+1 ('_Yn+1 (€n+1>)) : (4.73)

The challenging part is to obtain the derivatives of plastic strain with respect to the total
strain. By applying the chain rule we have
dey _ dey iy Vo
de€ny1 d¥ i1 d€nta 7

and the only unknown derivative here is ZZ"LI. The implicit dependencies are obtained

(4.74)

from the consistency condition gﬁu,n+1 = 0. We assume that the yield surfaces (the plastic

equations) are the functions of the total strain and the plastic multipliers

Gun+1 = Oy (€n+1,7n+1 (€n+1)) = R (€n+1>7n+1 (€n+1)) . (4.75)

By the chain rule derivation of the above equation we obtain

dR? de, 1 N dRP d7, 1 den1

Rpu,n—l—l —
de,y1 dt A5, denyq  dit
——"
KRP
dR? » dy de,,
_ (d + KR d’Yn—l-l) Ed +1 _ 07 (476)
\d€nt1 Ent1 /)
~ 7o
and the derivative that we are looking for is then
d~. . dRP
Pnt1 _ —(K*® )*1i (4.77)

d€n+1 d5n+1 7
where all the derivatives on the right hand side of (4.77) can be obtained by considering

functional dependencies.

4.4 Numerical examples

In this section we present some numerical examples, computed by the above derived 4-node
element. The computer implementation of the element is in complete accordance with the
above derivation. The local Cartesian frames are introduced at the element integration
points. The computer code was generated by using symbolic code manipulation program
AceGen developed by Korele [Korele, 2007b], [Korele, 1997]. The element codes were
introduced into the finite element analysis program AceFEM, see [Korelc, 20074a].
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4.4.1 Pinched cylinder with isotropic hardening

We consider a short cylinder bounded by two rigid diaphragms at its ends. The cylinder
is loaded with two concentrated forces at the middle section. Due to symmetry, only

one octant of the cylinder is modeled. The geometry, loading, boundary conditions and

Figure 4.3: Geometry, loading and boundary conditions for pinched cylinder

Slika 4.3: Geometrija, obtezba in robni pogoji pri cilindru

the finite element mesh of the octant are presented in Figure 4.3, where a = 300 cm,
bcy denotes the edge with the rigid diaphragm while beo, bes and bey denote the edges
with the symmetry boundary conditions. The thickness of the cylinder wall is 3 cm
and the material properties are: Young’s modulus £ = 3000 kN/cm?, Poisson’s ration
v = 0.3 and yield stress o, = 24.3 kN/cm?. The plastic behavior is characterized by
linear isotropic hardening response with hardening modulus K = 300 kN/cm?. The load
versus displacement curves of our simulation along with the curves obtained in [Simo and
Kennedy, 1992] and [Brank et al., 1997] are presented in Figure 4.4. One can see that all
the formulations have similar responses at the low levels of loading while the differences
grow with the increase of loading. Note that in this example Procedure 2 presented in
Section 4.3.2 did not always produce the solution for internal variables. We believe this
was caused by the relatively large steps in loading that occur due to local buckling of
the cylinder. The robust Procedure 1 had no problems finding the solution. Figure 4.5

depicts the initial and the final deformed configuration of the cylinder.
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Figure 4.4: Load versus displacement curves for pinched cylinder

Slika 4.4: Diagram obtezba - pomik pri cilindru

Figure 4.5: Initial and deformed configuration for pinched cylinder

Slika 4.5: Zacetna in deformirana lega cilindra
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4.4.2 Half of a sphere

We consider half of a sphere loaded with two inward and two outward forces. Due to

symmetry, only one quadrant is modeled. The geometry, loading, boundary conditions

Figure 4.6: Geometry, loading and boundary conditions of half of a sphere

Slika 4.6: Geometrija, obtezba in robni pogoji pri polovici sfere

and the finite element mesh of the quadrant are presented in Figure 4.6, bc; and bey denote
the edges with the symmetry boundary conditions and the edge bcs is free. The radius
of the sphere is 10 cm and the thickness is 0.5 cm. The material properties are: Young’s
modulus £ = 10 kN/cm?, Poisson’s ration v = 0.2, yield stress o, = 0.2 kN/cm? and

2. The load versus displacement curves of

the linear hardening modulus K} = 3 kN/cm
our simulation along with the curves obtained in [Simo and Kennedy, 1992] and [Basar
and Itskov, 1999] are presented in Figure 4.7. We note that [Basar and Itskov, 1999] used
stress-based plasticity for shells. In this example both procedures described in Section
4.3.2 did not exhibit any problems. Figure 4.8 depicts the initial configuration, the config-
uration under the maximum load and the final unloaded configuration, where irreversible

nature of plastic deformation is evident.

4.4.3 Limit load analysis of a rectangular plate

A clamped (of hard type) rectangular plate of elastic-perfectly plastic material under

uniformly distributed load in the Z direction is considered in this example. We consider
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Figure 4.7: Load versus displacement curves for half of a sphere

Slika 4.7: Diagram obtezba - pomik pri polovici sfere

Figure 4.8: Initial, deformed fully loaded and deformed unloaded configuration for half of
a sphere

Slika 4.8: Zacetna, deformirana obremenjena in deformirana neobremenjena
konfiguracija polovice sfere
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two cases, a thin plate with thickness 0.5 cm and a thick plate with thickness 5 cm. The
other geometry and material parameters are the same for both cases: length a = 150 cm,
width b = 100 cm, Young’s modulus E = 21000 kN/cm?, Poisson’s ration v = 0.3 and
yield stress o, = 40 kN/cm?. The geometry and the finite element mesh of the plate

Figure 4.9: Geometry for rectangular plate

Slika 4.9: Geometrija pri pravokotni plosci

are presented in Figure 4.9. We compare the results of the geometrically nonlinear shell
formulation with those obtained by the geometrically linear plate formulation presented

in Chapter 3. Load-displacement curves for the thin plate are presented in Figure 4.10.

02— ———F—— 7717 T

Load [kN/cn?]

od
o
a

Shell
--—-  Plat

0.00 =

Displacemenfcm]

Figure 4.10: Load versus displacement curves for the thin plate

Slika 4.10: Krivulje obtezba pomik pri tanki plosci

There is a big difference in results of both formulations, since the plate is so thin, that
the assumptions of the geometrically linear plate formulation are not valid. The influence
of geometrical nonlinearity is negligable only when load is small. With the increase of
load, the displacements also grow and the axial forces start to play a big role, thus giving

a much stiffer response. We can see that limit load of the plate formulation is around
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0.097 kN /cm?, while the shell formulation at load level 2 kN/cm? is still in elastic regime.

In Figure 4.11 we plot the load versus displacement curves for the thick plate. We can see
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Figure 4.11: Load versus displacement curves of the thick plate

Slika 4.11: Krivulje obtezba pomik pri debeli plosci

that in this case we have a much better agreement in results. The limit load computed
with the plate formulation is 0.95 kN /cm?, while in the shell formulation axial stiffening

occures, thus giving a greater resistance of the plate.

4.5 Concluding remarks and chapter summary

An inelastic geometrically exact shell finite element formulated entirely in terms of stress
resultants has been presented in this chapter. The basic ingredients of the constitutive

law are the usual additive split of elastic and plastic strains
e =g+ ¢€v,
the strain energy function including isotropic and kinematic hardening

b (5,6, %) = 3eTCe + 2 (¢) + 55 D,

stress resultant yield function defined with two yield surfaces (see Figure 4.1)
a\?
¢H(a,q,a)—(0'—|—a)TA#(cr—l—a)—(1—0—> p=1,2
y
the plastic dissipation

PP = oTel + q¢T + als > 0,
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and the principle of maximum plastic dissipation
2
Ep <U7 q, &, ;Yb 72> =-DP (0-7 q, a) + Z ;y,u(b,u (0-7 q, a) )
pn=1

which here considers the multi-surface nature of the yield function. In Section 4.3.2
we first present two options of computing the updates of plastic variables. In the first

approach we only solve the equations related to yield function

A1 (V10415 V2ne1) } 0
2 (71,n+17 ’72,n+1) ’

R (71,n+1772,n+1) = [
and with the newly computed values of plastic multipliers determine the updates of inter-
nal variables. In the second approach we determine the values of plastic variables directly,

since evolution equations are included in the system of nonlinear equations

—&p41 tEh+ Zi:1 Tun+1V pn+1
& H 6+ Zizl Tunt1Bnir | _ o
¢1,n+1
¢2,n+1

I
R” (€ﬁ+1 ) §n+171,n+1 ) 72,n+1) =

When dealing with multi-surface plasticity we are in general not a priori sure which of
the yield surfaces is active and in the case of two surfaces, we differ between three sets of

equations

R’ — P1,n+1 —0, R" = P1,n+1 —0, RY = Yn+1 —0,
2 [ G241 ! Y2,n+1 P2,n+1

which cover all the possible outcomes, i.e. R}, both yield surfaces are active, R} only the
first yield surface is active and R} only the second yield surface is active. Two procedures
for obtaining the proper solution have been presented. In Section 4.4 several numerical
examples have been presented, which show a very satisfying performance of the presented

approach compared to results from literature.



Dujc, J. 2010. Metoda koné¢nih elementov za ra¢un mejne nosilnosti in lokalizirane porusitve ploskovnih konstrukcij
Doktorska disertacija. Ljubljana, UL, FGG. 81

Chapter 5

Illustration of embedded
discontinuity concept for failure
analysis

5.1 Introduction

In this chapter we illustrate the embedded discontinuity concept for failure analysis of
solids. The failure of a 1D solid contains all the significant features that are present in
the failure of a more complex 2D and 3D solids yet it is simple enough to clearly illustrate

the principle of the embedded discontinuity finite element method.

| |
X |
Aui 1Au
= = F(Au)

>Y
[

Figure 5.1: Tension test of an idealized bar

Slika 5.1: Natezni test idealizirane palice

We consider a tension test of an idealized bar presented in Figure 5.1. The response

of the bar is linear elastic up to the point when the ultimate material stress is reached.
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Then the resistance of the bar reduces linearly with the increasing imposed displacement,
see bottom right part of Figure 5.1. The bottom left part of Figure 5.1 depicts one of
the key features of the failure of the component, i.e. the resistance of the bar is reduced
due to the localized failure that occurs in the small neighborhood of the bar’s weakest
point (we choose the midpoint of the bar). In the sketch we presented the failure by the
necking effect that is common in the tension tests of metal bars. Note that except for the
midpoint where irreversible (plastic) strains appeared the rest of the bar is elastic, thus
the softening response of the bar is governed only by the behavior of the bar’s midpoint.
In the top right part of Figure 5.1 we present the distribution of displacements along the
length of the bar for the bar that is in softening regime prior to complete failure. One
can interpret the jump in displacements @ as the localized plastic strain at the position
of the discontinuity.

The chapter is organized as follows: in Section 5.2 we present the kinematics, equi-
librium equations and constitutive relations in a 1D solid finite element with embedded
discontinuity. In Section 5.3 we present the computational procedure for failure analysis
with the embedded discontinuity finite element method. Two numerical simulations are
presented in Section 5.4. Finally in Section 5.5 concluding remarks and a short summary

close the chapter.

5.2 1D finite element with embedded discontinuity

In this section we will present the formulation that is capable of modeling the failure of

the idealized bar presented in the previous section.

Kinematics
As a starting point we consider a standard isoparametric 1D solid finite element of length

L¢ whose geometry is defined by

2

(€)= No(©)za, 2" €Q° = [m1, 1), (5.1)

a=1

where superscript h is used to denote the discretely approximated quantities, £ € [—1, 1]
is the element’s local coordinate, z, is the global coordinate of the node a, ¢ is the
element’s domain and

(14 &8), (5.2)

N | —

N(l (5) =
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The element’s displacement field is interpolated as

2

() = ZNa(@da, (5.3)

a=1

where d, is the displacement of the node a and subscript FEM is used to denote the dis-

placement interpolation according to standard finite element method. Figure 5.2 depicts

Le

-« -
- >

Xlédl X2;>d2
—>X —¢ |
—1 £=0 £=1

0 Ny

|
|
|
|
|
|
|
|
|
|
|
|
|
|
~
|
|
|

1 N,

h
u
d d2 FEM

Figure 5.2: Standard isoparametric 1d solid finite element

Slika 5.2: Standardni izoparametric¢ni konc¢ni element za palico

the finite element’s geometry along with the graphic interpretation of shape functions
and the displacement field. Clearly this finite element is not able to model the jump in
displacement. In order to capture the discontinuity in the displacements we consider the
same finite element as described above but now enriched with one additional kinematic

parameter «, see Figure 5.3. The enriched displacement field can be then written as

———
N————  enrichment

h
UpEM

u(€) =Y Na(&)da + Mo (), (5.4)
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X1,04 Xg, Xo,do
—X ¢ i
&=-1 ¢=0 &=1

—
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Figure 5.3: Isoparametric 1d solid finite element with embedded discontinuity

Slika 5.3: Izoparametri¢ni koncéni element za palico z vgrajeno diskontinuiteto

where

Val€) = iy (24(©) = N©), o () = { § o =

and x4 is the position of the discontinuity within the element (we choose the element’s

. (55)

midpoint). The total strain field can be then computed as the space derivative of this

displacement interpolation leading to

du?
€=——= 2 B.(8)d, + Ga(8)a, (5.6)
N————’ €a
where . .
Bl(f) = _Ea 82(5) = Ea Ga = _BZ<€) +5xd(€) . (57)
Y T
Ga G

In above expression we have used the following rule when deriving the Heaviside function

dH,, oo for 2(€) = 24
de 0ry(§) = { 0 otherwise (5.8)
We further divide the strain field into a regular part € and singular part €
2 —
=c+e=Y B,(9d, + Goa+Gua. 5.9
e=ete ; €) @+ Geg (5.9)

g
€
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Figure 5.4: Strain distribution
Slika 5.4: Potek deformacij
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In Figure 5.4 we present the contribution of the nodal displacements €; and the contri-
bution of the discontinuity €, to the total strain field €. Note that with the introduction
of the discontinuity the element unloads, i.e. the regular part of the total strain is smaller
in the whole domain of the element. All the irreversible deformations are concentrated
at the position of the discontinuity, thus giving the infinite value of total deformation at

that point.

Equilibrium

Virtual strains are interpolated according to
2
¢=> Bu(§)dy + Gady, (5.10)
a=1

where d, are the virtual nodal displacements and & is the virtual discontinuity parame-
ter. The discontinuity parameter « can be viewed as additional (incompatible) degree of
freedom and in that sense we use the following modification when computing the virtual

strain

G, = Ga—i/ G dx

Le
G-~ [ Gudz+C 1/5d (5.11)
- a T 7. o a T 7. ol .
Le Qe Le Qe
1
= [ 4,dr+ b, =G
L Jor ~~
=—fe=—By=Ga Ga

In (5.11) we used the following rule to integrate the Dirac-delta function

de

b
/ 80, f(x)dz < f(z4), (5.12)

where f(z) is an arbitrary scalar function. Note that in the general case operators G,
and G, are not necessary equal and that modification (5.11) ensures the convergence in
the spirit of the patch test (see e.g. [Ibrahimbegovic and Wilson, 1991]).

The weak form of the equilibrium equations or the principle of virtual work for an

element e, can be written as:
ST — 117 = 0. (5.13)

By using (5.10) for the definition of the virtual strain, we can write the virtual work of
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internal forces as:

STImh(e)  —  Ale) / éodx

2
= ) A@ / dyByodz + A / aGaodz, (5.14)

a=1

J/

P
standard FEM additional

where A is the element’s cross-section area and ¢ is the stress. From the term ”standard

FEM” in (5.14) we obtain the vector of internal nodal forces

e

, , : T ,
Fre = [ @] g — g / Buod, (5.15)

which is completely the same as in the standard finite element method formulation. From
the virtual work of external forces J11°*%(¢) we can get the vector of element external nodal

forces fert(©

, representing the external load applied to the element’s nodes. The finite
element assembly of vectors 7€) and £¢*) for all elements of the chosen mesh with

Ny finite elements, leads to a set of global (i.e. mesh related) equations
Aé\gll (fint,(e) _ fe:tt,(e)> _ 0’ (516)

where A is the assembly operator. Note that we have only used one part of the right side
of equation (5.14) in (5.13) to get the set of global equations (5.16).

The other term in (5.14), denoted as ”additional” (since it results from additional
enriched kinematics due to embedded discontinuity), will also contribute to the weak
form of the equilibrium. However, we will treat this contribution locally element by
element. Then, in view of (5.13), the following equation is obtained for each element of

the chosen mesh

pe) = A / Goode = A© ( / Gooda +
e € Qe

_A@ ( / Gode + / 5wdadx) (5.17)
= AL (/ @aadx—|—0|xd) =0.

By defining the traction at the discontinuity as

5a0d1‘)

t % ol (5.18)

we write Eqn. (5.17) in its final form

he = A© ( / Goodr + t) = 0. (5.19)
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One can interpret the above equation as weak form of the equilibrium equation between

the stress in the bulk and the stress defined at discontinuity.

Constitutive relations
We chose to model the bulk material ¢\ 24 of the bar as linear elastic. The regular part
of plastic strain is then equal to zero and the regular elastic strain is equal to the regular

part of total strain
#=0, &==¢ (5.20)

We assume that the free energy of the bulk material is equal to the strain energy function

— — 1
V() =W () = 515362 (5.21)
and express the stress as -
ov
= = E¢° 5.22
o age € Y ( )

where F is the Young’s modulus of the bar material. The response of the discontinuity x4
is considered to be rigid-plastic with linear softening. The basic ingredients of the chosen
constitutive relation are built on classical plasticity (e.g. [Ibrahimbegovic et al., 1998])

and can be summarized as:

e The tensile traction ¢ at the discontinuity x4 is related to jump in displacements «
(see Figure 5.5)
t=t(a). (5.23)

\J

Figure 5.5: Cohesive law at the discontinuity

Slika 5.5: Kohezijski zakon na nezveznosti

e Cohesive law (5.23) can be rewritten in terms of localization criterion

¢(t75) =1- (UU - 6) < O? (524>
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where o, is the ultimate tensile strength, g(€) is the traction-like variable related to
strain-like softening variable €. Note that localization criterion 5.24 does not allow

the appearance of the discontinuity in compression.

e The softening potential is assumed to be
== 1 =2
=() = S KL (5.25)

where K is the linear softening modulus.

The remaining ingredients of the rigid-plastic response, describing softening at the dis-
continuity x4, can be obtained from the consideration of thermodynamics of associative
plasticity and the principle of maximum plastic dissipation (see e.g. [Ibrahimbegovic,
2009], [Lubliner, 1990], [Simo and Hughes, 1998]). We first define the strain energy func-

tion due to softening potential as U = =. The dissipation can be then written as:

= der. = = o=
0<D Y ta—T(E) =ta — “=¢. (5.26)
23
By defining B B
— ov = =
§=—-——==——==-K, (5.27)
o o
the result in (5.26) can be rewritten as
D=D =ta+7, (5.28)

where ﬁp denotes the plastic dissipation. The principle of maximum plastic dissipation
states that among all the variables (¢, ) that satisfy the localization criteria z (t, 5) <0,
one should choose those that maximize plastic dissipation. This can be written as a
constrained optimization problem:

=p =

minmax |L'(£,7.7) = =D (£,7) +79(7)] (5.29)

tq 5

=2l

where § > 0 is the Lagrange multiplier. By using (5.28) and (5.24), we get from (5.29)

above the following evolution equations:

—p =
oL . =00 .=
- = AT =0=d=7 (5.30)
—_p =
oL = -0 = -
— = —5+7—f:0:>§:7, (5.31)
0q 0q

along with the Kuhn-Tucker loading/unloading conditions and the consistency condition

_0, Fp—0. (5.32)

-1l
=2l
<l

> 0, <0,

=2l
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5.3 Computational procedure for failure analysis

In this section we present a procedure for solving the set of global (mesh related) equations
and the set of local (element related) equations generated by using the finite element with
embedded discontinuity presented in Section 5.2.

The solution ought to be computed at discrete pseudo-time values 0, 71, 7o, . . ., Th_1, Tn,
Tntl, - - -, 1 by means of the incremental-iterative scheme. We will consider the solution in
a typical pseudo-time incremental step from 7, to 7,,.1. We assume that all the variables

related to an element e are given at 7,, i.e.

=(e)
given: d\® = [dl,dg]gf)T, ale) g (5.33)

n

We will then iterate in the pseudo-time step in order to compute the converged values of

the variables at 7,,,1, i.e.
e e)T e =(e)
find: d£w)r1 = [dbd?]?(lll? 042411: Ent1- (5.34)
The computation of solution (5.34) is split into two phases:

(a) In the global (mesh related) phase we compute the current iterative values of nodal

displacements at 7,1, while keeping the other variables fixed

global phase: d')(") = d'{™" 4 AdlIIY, (5.35)

where (7) is the iteration counter. The computation of iterative update Adgfl’l(i_l)

will be explained further below.

g =@
(b) In the local (element) phase we compute the values of the variables afh)q, §,41 While

keeping dff}r’l(i) fixed.

In the rest of this section we will first describe in detail the phase (b). This will be
followed by the description of the phase (a).

fG: 0, Wg=2
o >& o

Figure 5.6: One point numerical integration scheme

Slika 5.6: Enotockovna numeri¢na integracijska shema
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We first provide the trial value of stress in the integration point of the element (we

use a 1 point Gauss integration scheme, see Figure 5.6)
oy = ole(dl ol o)), (5.36)

where £ = 0 is the coordinate of the integration point. Since we use the rigid plasticity
law at the discontinuity, we are unable to determine the trial value of traction at the
discontinuity by using the constitutive law. Instead we use the local equilibrium equation
(5.19), i.e.

. — . 1 z2 .
trial _ trial _ trial
tn+1 = — GaO'nJrl dr = E On+1 dx
Qe r1
num.integ. 11 Gitrial _ _Gitrial
= D) (22 — 1) we 0,01 =054 (5.37)
——

—Le =2

where wg is the Gauss quadrature point weight. Note that in the 1D setting, when
using only one integration point, the traction at the discontinuity is equal to the stress

in the integration point. Next we provide the trial value of the failure function at the

discontinuity
=trial trial —trial ?
=17 — (Ou = qpy1) <0, (5.38)
where
—tria . =(e)
T = min[-K.E, 0. (5.39)

When computing the traction like softening variable in (5.39) we have to consider that the
traction can never be less than zero therefore we set the upper value of this variable to the
ultimate tensial strength of the material. If the trial failure criterion (5.38) is satisfied,
the values of softening plasticity local variables remain unchanged

=trial e =(e) =(e)
<0 = ol =al, £, =6, . (5.40)

In the case of violation of the criterion (5.38) the values of softening plasticity variables
are updated by using the evolution equations (5.30) and (5.31) and the backward Euler

integration scheme

e e = =(e) =) (e
Oéflll = Oégz) + rYn-‘,—lJ €n+1 = gn + ’YglJ)rlJ (541)

where 7, ,, = ﬁn +1(Tng1 — 7,) is the plastic multiplier. The value of the plastic multiplier

Vi1 1s determined from

z: ot (ﬁn-i-l) o (UU - En—I—l (ﬁn-&-l)) = z (771—&-1) =0, (5‘42)
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where we considered that the traction and the traction like softening variable are computed

as

2

= asﬂzfs(zzaada,nﬂma@gl m)), 3
a=1

- . =(e)

Qn—i-l = mln[_Ks£n+170-u]~ (544)

For the linear softening case one can determine by considering (5.36) to (5.39) and (5.41)
to (5.44) the value of plastic multiplier explicitly as (see e.g. [Ibrahimbegovic, 2009] Section
8.3.4 for more details)

=trial

—trial
= - K, forgq,,, <o,
Vi1 = — o, Ky = Ingt < Ou (5.45)
— K, 0 forq,,., =o,

whereas for a nonlinear softening case an iteration procedure has to be used.

Once the local variables are computed, we turn to the global phase (a) of the iterative
loop in order to provide, if so needed, new iterative values of nodal displacements. First,
the set of global equilibrium equations (5.16) is checked with newly computed 0§, from

the local phase

HAiVéﬁ [Fide = o) ‘ < tol., (5.46)
where we compute the internal nodal forces as
int,(e) _ () L G
fa,n+1 = EwGBaO'n.t,_l- (547)

If the convergence criterion (5.46) is satisfied, we move on to the next pseudo-time incre-
mental step. If the convergence criterion fails, we perform a new iterative sweep within
the present pseudo-time incremental step. New iterative values of nodal generalized dis-
placements of the finite element mesh are computed by accounting for each element con-

tribution. A single element contribution can be written as

e a (2) e),(e ext,(e int,(e),(z
) (20)- () e
K K™ ntl Aan—i-’l 0 (= h’n—ijl )
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where the parts of the element stiffness matrix can be written as

int,(e () e),(?
RCICI 2 S {KH Kl?}()() (5.49)
i od"® - Kn Ky |, 7
Le
Ky = A<e>7wGBaEBb, a,b=1,2, (5.50)
; (4) (4)
) 8‘fmt,(e) Kfa
K70 = < e e T (5.51)
dal®) - K3
Le _
Kl* = A<6>7wGBaEGa, (5.52)
. (e)\ @ 4
hd,(i) oh _ hd 7-hd] (@)
K.\ = (%) = (KT K5 (5.53)
n—+
A
KM = A<e>7wGGaEBb, (5.54)
A O e
ha, (1) oh e L - ~
KnJrl( - (m) o - A( ) (?ngaEGa + Ks) (555)

Note that by using equation (5.43) to compute the traction at the discontinuity we explic-
itly satisfy the local equilibrium equation hsi)r’l(i) = (. In order to obtain all the components

of the matrix in (5.48) we assumed the following term for the local equilibrium equation

e),(z e Le - e e e
h’f’Ll’l() = A( ) (?wGGa01§+l<dfmll7a£ﬂ)rl) +tn+1(a£14)rl)) ) (5‘56)
e (5.42) — =(e) (5.44) . e
tui(anly) = 0w = Guii( Gupy ) = 0w —min[-Kal), o). (5.57)
~—
(5.41) (e)
- Oén+1

The static condensation of (5.48) allows us to form the standard form of the element

stiffness matrix f,(gl(z that contributes to the assembly

—(e),(3) i ext,(e int,(e),(7
Aé\[:ell <Kn+1 Adfmll) = Ae]:\gll (fnjl( ) - fnil( )()> ) (558)
where .
—(e),(4) e),(i (i hay(i)\ ~ hd, (i
Kn+1 = wa)d( ) — K£+1() <Kn+1( )> Kn+g)' (5'59)

Solution of (5.58) gives the values of iterative update Adgfl’l(i), which leads us back to
(5.35).

5.4 Numerical examples

In this section we illustrate the performance of the above derived finite element. The code
was generated by using symbolic manipulation code AceGen and the examples were com-

puted by using finite element program AceFem, see [Korelc, 2007b] and [Korele, 2007a).
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5.4.1 Tension test of a bar

3 A1E1O-U1KS quRX

| ]

Figure 5.7: Tension test of one bar

Slika 5.7: Natezni preizkus ene palice

In the first example we consider a built-in bar subjected to tension, see Figure 5.7.
The bar is made of material with Young’s modulus E = 1, the ultimate tensile strength
0y = 0.3 and the softening modulus Ky = —0.2. The length of the bar is L = 1 and we
consider a unit cross-section area of the bar A = 1. We model the bar with one finite
element, which is supported at the left side and pulled, by imposing the displacement, at

the right side. In Figure 5.8 we present the reaction force versus imposed displacement

0.3
0.25
0.20;

¥ 0.15
0.10}
0.05!

0.00ié .
0.0

Figure 5.8: Reaction force versus imposed displacement curve

Slika 5.8: Krivulja reakcija - vsiljen pomik

diagrams where the dots denote the converged deformed configurations for the twelve
load steps. The first and the second load step are elastic, in steps three through ten the
element softens and in the last two steps the element failed completely thus giving zero

resistance, see Figure 5.8. In Table 5.1 we present the convergence results where ||Ad|| =

Vxoadad g the modified Euclid’s norm of the increment of the nodal displacements
.Equations
and || f]| = ’/m is the modified Euklid’s norm of the residual vector, as given
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Step | Iter. | [|Ad]] IfIl  Step | Iter. | [[Ad]] 1ril
1 1 1.5-101 | 1.5-10? 7 2 1.9-10% | 1.9-10%
2 1.1-10%7 | 1.1-101 3 5.5-1017 | 5.5- 101
2 1 1.5-101 | 1.5-10? 8 1 1.5-101 | 1.5-10?
2 2.1-1017 | 2.1-101 2 1.9-10% | 1.9-10%
3 1 1.5-101 | 1.5-10? 3 1.6-10% | 1.5- 10713
2 1.9-10* | 1.9-10% 9 1 1.5-10" | 1.5-10°
3 8. -1017 | 8.-10 2 1.9-10* | 1.9-10"
4 1 | 15-10" | 1.5-10 3 17.7-10'7]7.7-10"
2 1.9-10* | 1.9-10" 10 1 1.5-10" | 1.5-10°
3 2.1-10%7 | 2.1-10 2 1.9-10* | 1.9-10"
5) 1 1.5-101 | 1.5-10? 3 0. 0.
2 1.9-10% | 1.9-10% 11 1 1.5-10" | 1.5-10°
3 3.2-107 | 3.2- 104 2 1.5-10% | 1.5-10%
6 1 1.5-101 | 1.5-10? 3 0. 0.
2 1.9-10% | 1.9-10% 12 1 1.5-101 | 1.5-10?
3 146-10"7 | 4.6-10M 2 | 1.5.10" | 1.5-10"
7 1 1.5-101 | 1.5-10? 3 0. 0.

Table 5.1: The convegrence results

Tabela 5.1: Rezultati konvergence

by the AceFem program [Korele, 2007a]. Note that at most three iterations were needed

in order to obtain the converged state.

5.4.2 Tension test of four parallel bars

| AaEvo-UviS]. i
| A, E,O'uz, Ksz |
: A’E10-U31K53 : m
R AaE10-U41KS4 |
L

- e
- ' o

Figure 5.9: Tension test of four parallel bars

Slika 5.9: Natezni preizkus stirih vzporednih palic

In the second example we consider a simple structure composed of four parallel bars,
see Figure 5.9. We consider that all the bars have the same Young’s modulus £ = 1

and the same cross-section area A = 1 but different material parameters that define the
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softening response, i.e. g,y = 0.6, Kg = —0.21, 04,0 = 0.8, Ky = —0.21, 0,3 = 1,
Kg = —0.22, 0y = 1.15 and K, = —0.20. The length of the bars is L = 1. Each
bar is moddeled with one finite element, which is supported at the left side and pulled
at the right side, by imposing the displacement. Note that we considered that both
of the nodes are common to all the elements, i.e. the actual vertical distance between

the elements is zero. In the left hand side of Figure 5.10 we present the reaction versus

3.0f
2.5¢
2.0p
1.5¢
1.0r
0.5¢
0.0t

R«

Figure 5.10: Reaction versus imposed displacement of structure (left) and structural
components (right)

Slika 5.10: Krivulje reakcija - vsiljen pomik za celotno konstrukcijo (levo) in za njene
posamezne dele (desno)

imposed displacement curve for the structure and in the right hand side of the same figure
we plot the reaction versus imposed displacement curves for each bar separately. Even
though some of the components are in the softening regime the structure still exhibits
the hardening like response. The ultimate load of the structure is reached at the moment
when the last bar, i.e. Bar 4, reaches its maximum resistance and afterwards the resistance

of the structure reduces with the increase of the displacement.

5.5 Concluding remarks and chapter summary

In this chapter we have presented the embedded discontinuity concept on a 1D solid
finite element. With the introduction of one additional parameter into the standard

isoparametric 1d solid finite element we obtained the enriched displacement field

u"(€) =Y Na(§)da+ Ma(&)a,

———
“————  enrichment

h
UpEM
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and the space derivative of this field gives us the enriched strain field

N——

€a

du” 2
€=—-= Y Bu(&)da+Gal§)ar.
a=1

€d

We considered that the virtual strains are interpolated according to
2
é= Bu(&)dy + Gady,
a=1
where the following modification ensures the convergence in the spirit of the patch test

- 1
GQZGQ—E/eGadZ'.

We introduced the virtual strains into the principle of virtual work and obtained the

virtual work of internal forces as

e

2
5Hint,(e) — Z A(e) / dAaBaO'dgj —+ A(e) / (Sééao'dx .
1 Qe _

e Vv
additional

~
standard FEM

From the term ”additional” we obtained one additional equation per finite element

R = A ( / G odr + t) ,

which ensures that the traction at the discontinuity is in equilibrium with the stress field
in the element. We built the rigid plastic cohesive law (see Figure 5.5) by considering the

localization criterion

ot =t — (0, —79) <0,

and the softening potential
== 1 =2
The remaining ingredients of the rigid-plastic response were obtained by defining the

plastic dissipation
—=p

D' =ta+,
and by considering the principle of maximum plastic dissipation

minmax |L'(t,3.7) = =D (t.3) +76(1.7)
ta 5
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The computational procedure presented in Section 5.3 is split into the local and global
phase. In the local phase we determine the updates for the variables related to rigid

plasticity by solving the following equation

¢ =tn1 ﬁnﬂ) - (Uu - EnJrl (7n+1)) = g (7n+1) =0,

where we explicitly use the additional equilibrium equation to compute the traction at

the discontinuity
thi1 = —/ GoOpirde = US_H.
In the global phase, where the single element contribution to the system of global equations

[ KM phe } Aa'®® - 0 (= h(e)y(i)) ’

n+1 n+1 n+1

18

we determine the updates for the current iterative values of nodal displacements

e),(i e),(i—1 e),(i—1
A2 = a4 ady

The static condensation allowed us to form the standard form of the element stiffness
matrix

—>(e),(?)

. . A\ —1 .
K — K(e)v(z) _ Kfa’(l) Khaf(l)> Khdf(z)

n+1 n+1 n+1 ( n+1 n+1 »

thus the global solution procedure is completely the same as in the standard finite element
formulation. In the first numerical simulation in Section 5.4 we presented the convergence
result for a test with one finite element, while in the second simulation we show the results

for a structure composed of four parallel bars.
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Chapter 6

Failure analysis of metal beams and
frames

6.1 Introduction

A typical example of a failure (collapse) analysis is the the push-over analysis in earth-
quake engineering. This is a non-linear static analysis of a building structure, subjected to
an equivalent static loading that is pushing a structure over its limit capacity (e.g. [Fajfar
et al., 2006]).

It has been observed from failure modes, produced by seismic activities and exper-
imental tests, that practical frame structures, composed of columns and beams, fail by
exhibiting localized failures in a limited number of critical zones. Those critical zones
are usually described as plastic (inelastic) hinges. A usual approach to compute the limit
load of a structural frame, or to compute its complete failure, is to model plastic hinges
with nonlinear inelastic spring finite elements. Inelastic springs are introduced at prede-
fined critical locations in a mesh of conventional elastic beam finite elements (e.g. [Wilson,
2002]), or, alternatively (e.g. [Powell, 1986]), elastic beam elements with lumped nonlinear
spring at both ends are used. In this chapter we present another option, i.e. a nonlinear
analysis using the embedded discontinuity finite element method.

In the first part of this chapter, we carry on with the developments related to numerical
treatment of localized failure in beams in order to study failure of elastoplastic metal
frames. To this end, we derive a planar straight stress-resultant beam finite element with
the following features: (i) Euler-Bernoulli kinematics, (ii) an elastoplastic stress-resultant
constitutive model with isotropic hardening, (iii) a localized softening plastic hinge related
to the strong discontinuity in generalized displacements, and (iv) an approximation of the
geometrically nonlinear effects by using the von Karman strains for the virtual axial
deformations.

The derived finite element can be effectively used for the limit load analysis, the push-
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over analysis and the complete failure analysis of planar metal frames. Localized softening,
introduced by embedded discontinuity approach, solves the problem of mesh-dependency.
Moreover, the spreading of plasticity over the entire frame and the appearance of the
softening plastic hinges in the frame is consistently accounted for in the course of the
nonlinear analysis. With respect to the existing embedded discontinuity beam finite
elements, see [Ehrlich and Armero, 2005, [Armero and Ehrlich, 2006b], [Armero and
Ehrlich, 2004], and [Wackerfuss, 2008], we use more complex material models: stress-
resultant elastoplasticity with hardening to describe beam material behavior and stress-

resultant rigid-plastic softening to describe material behavior at the discontinuity.

The second part of this chapter pertains to a procedure that provides characteristic
values of material parameters, used by chosen inelastic models. Those values are the yield
and the failure (ultimate resistance) moments of the beam cross-section, the hardening
modulus for the stress-resultant beam plasticity, and the softening modulus for the soften-
ing plastic hinge. Ideally, one should for any geometry of beam cross-section, any material
type and any type of beam stress state seek the appropriate experimental results and fit
to them the beam model material parameters with respect to significant quantities (e.g.
forces, displacements, energy, dissipation), see e.g. [Kucerova et al., 2009]. In the absence
of experimental results for metal beams to make any definitive conclusions, we turn to

another approach that belongs under multi-scale label.

The material parameters are obtained by numerical simulations on representative part
of a beam by using a refined model, which is superior to the beam model in a sense that
it is able to describe in more detail the beam response. We focus on rather typical metal
frames with thin-walled cross-sections. For this kind of frames, the refined model can
be chosen as the nonlinear shell model (e.g. [Brank et al., 1997], [Brank, 2005]). The
shell model is superior to the beam model in providing a proper local description of the
strain/stress fields and the overall spread of plasticity. It is also capable of describing
local buckling of the flanges and the web, which is, in bending dominated conditions, very
often the reason for the localized beam failure. Considering the above, the shell model

can be seen as the meso-scale model and the beam model as the macro-scale model.

The outline of the chapter is as follows. In Section 6.2, we derive an elastoplastic Euler-
Bernoulli beam finite element with embedded discontinuity. In Section 6.3, we discuss
computation of the beam plasticity parameters and the softening plastic hinge parameters
by using the shell model. In Section 6.4, we present details of the computational procedure.

Numerical examples are presented in Section 6.5 and concluding remarks in Section 6.6.
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6.2 Beam element with embedded discontinuity

We consider in this section a planar Euler-Bernoulli beam finite element. The element
can represent an elastoplastic bending, including the localized softening effects, which
are associated with the strong discontinuity in rotation. The geometrical nonlinearity
is approximately taken into account by virtual axial strains of von Karman type, which

allows this element to capture the global buckling modes.

6.2.1 Kinematics

We consider a straight planar frame member, which middle axis occupies domain €2 € R.
Spatial discretization of Q leads to Ny (Q = [0, L] = UY L)) finite elements. A typical

Ug,Wi,W1' @ U2, Wo,Wo'
[ | o
X
>
< X
|_(e)
~— =

Figure 6.1: Beam finite element with embedded discontinuity

Slika 6.1: Koncni element za nosilce z vgrajeno nezveznostjo

2-node finite element is presented in Figure 6.1. The following notation is used: w; are
nodal axial displacements, w; are nodal transverse displacements, w/ are nodal values of
the beam axis rotation (derivative of transverse displacement with respect to the beam
axial coordinate x € [0, L(¥)]), and i = 1,2 is node number. In addition to the standard
degrees of freedom at the two nodes, we assume strong discontinuity in axial displacement
a, and beam axis rotation ay at z4 € L. We also assume that the domain of the
discontinuity influence corresponds to a single element. The axial displacement is thus
defined as:

u'(z,24) = N"(2)u + M"“(z,14) 0, (6.1)

where N“(z) = [I — /L), z/L®)], uw = [uy,us]”, and M*(x,x,4) is a function with
zero values at the nodes and a unit jump at x4, i.e. M*(0,z4) = M*(L® z4) = 0 and

M*(z},xq) = M*“(x;,x4) + 1. Similarly, we can write the transverse displacement as

wh(z,24) = NY(z)w + NV (z)w' + M (z, 24)a, (6.2)
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where
w x x x x
N*(2) = [2(755)" = 8(05)* 1, =2 75)* + 8] w = lwn w63

w' e s xXr xXr xr s
NY (@) = IO+ 15)° = 275 + (1) (715 = (55 @' = [, wl]”, (6.4)

and M?(z,x,) is a function with zero values at the nodes and a unit jump of its first
derivative at x4, i.e. M?(0,24) = MO(L\9 x4) =0 and M? (v}, 24) = M7 (z,74) + 1.

The beam axial strain can then be written as:

! h
e(x,xq) = a—l; = P“(az)u + G"(z, xq) o, + 65,00, (6.5)

where B"(z) = [-1/L©) 1/L¥)], G¥(x,x4) = OM"/0z, and J,, is the Dirac-delta, which
appears due to discontinuous nature of axial displacement at x4. We further divide the
axial strain into a regular part € and a singular part Z. The later can be interpreted as a

localized plastic axial strain. The beam curvature is computed as:

K(z,1q) = 682—:7:; = B"(z)w + Bw/(@w’ + Gz, xd)aq—i—@, (6.6)

where
B'r) = [l ~ o) 7ol — 2], (6.7)
BY(1) = [~752~ o)~ 751~ o)l (65)

and GY(z,74) = 0°M?/0z%. The curvature  is divided into a regular part & and a
singular part %. The later can be interpreted as a localized plastic curvature. The beam

strains can be rewritten in a matrix notation as

€ = €+E§, (6.9)
o, (6.10)

~ ~ 1T _
where € = [z—:,/@]T,E: [E,E]T,E: [E,/@] , €= [E,E]T and

_ B* 0 0 _ T T 1T
B = { 0o B* B }, d=[u ,w ,w"], (6.11)
G = DIAG[G",G], a =, . (6.12)

Kinematic description of the element is concluded by derivation of G operator. It

may be derived indirectly (i.e. without defining M* and M) through requirement that
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Figure 6.2: Strain-free mode of the element

Slika 6.2: Element v brezdeformacijskem stanju

an element has to be able to describe strain-free mode at some non-zero values of &,
and dag, see [Armero and Ehrlich, 2006b]. According to Fig. 6.2, the generalized nodal

. s A~ ~ A~ ~ A~ ~r1T .
displacements dpinge = [U1, Ug, W1, Wo, W}, wh]" of such strain-free mode are composed as

010 0 001"

000 LY—z, 01 (6.13)

dhinge = drigid + Dhingeéa Dhinge =
where Elrigid = [1]1,711, W,y + WLt u?i]T are generalized nodal displacements due
to rigid-body motion of a complete beam, and D40 are generalized nodal displace-
ments due to rigid-body motion of one part of the beam due to imposed strong disconti-

nuity & = |Gy, dg]T. If we now set strains (6.9) to zero for cAihmge, we have
0 - B&hinge + Géz - BCAlm'gid —|—<G + BDhinge)d- (614)
=0

Since the above equation should hold for any &, we get the G operator as

G = —BD;pge, (6.15)
which leads to
" 1
G (.fl?,xd) —m, (616)
1+3(1 - Z4)(1 - 25)
Gz, 2q) = — g((j) L (6.17)

The above definition of G' matrix concludes kinematic description of the geometrically

linear element.

Remark 6.1. By using (6.1) and (6.2) to describe strain-free mode of Fig. 6.2, one

can also derive interpolation functions M* and M°. By setting in (6.1) u; = 4 = 0,
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Uy = Uy = Gy, U =0 for x < x4, and u® = 0 for x > x4 , one can conclude that M" =
H(z — x4) — N*-[0,1]. Here, H(x — x4) is unit-step function, which is 0 for x < x4
and 1 for x > x4. Derivation OM"/0x gives G in (6.16). By using similar procedure
for bending in (6.2), one can obtain M? = (H(z — ) (x — x4)— N" - [0, L) — z,4] —
NY . [0,1]. Derivation *M"/dx? gives G° in (6.17).

In order to account for the geometrically nonlinear effects, and related global buckling,
we will use the von Karman axial strain when computing the virtual axial strain. The
real axial strain, used for computing the internal forces, will still be assumed as linear, as

VK _ dul

given in eq. (6.5). The von Karman axial strain is defined as " = & + %(%)2. The

corresponding virtual axial strain is thus:

VK _ ddul n owh ddwh
ox or Oz

If we choose to interpolate du”, w" and dw" in (6.18) as du” = N*(z)du+ M*(x,z4)0c,,

wh = N¥(z)w+ N (z)w' and duw" = N¥(z)0w+ N (x)dw', where du = [uy, duy]”
I I

de

(6.18)

is vector of virtual nodal axial displacements, dJw = [dw;, dws]" and dw’ = [dw], dw)
are vectors of virtual nodal transverse displacements and rotations, and d«,, is virtual

discontinuity in axial displacement at x4, the chosen interpolations lead to

0cVE = B (z) du + B™" (z) dw + B™ (z) 6w’ + G*(x, x4)00x, + 04,000, (6.19)
~ N——

6;‘7K 0
where
ANY , dAN™' ANY ANY'
Bu,w — Bu,w — — . . / ) 2
() =C — (z) =C — C (dm w+ w) (6.20)

The linear matrix operator B from (6.11) should be thus replaced with the nonlinear

matrix operator BY® when computing virtual strains J€ = [¢z, 5E]T, ie.

5z — 6§VK B* B%v Bu,w'
[ o } - [ e b }5d+G5a. (6.21)
B“;K
In (6.21) above, we denote with dd = [du”, dw”, dw'T|T the generalized virtual nodal

displacements and with da = [Sov,, dag]” virtual jumps at .

Remark 6.2. The tangent stiffness matriz of the beam finite element with von Karman
virtual azial strain has symmetric geometric part and non-symmetric material part. The
matriz can be symmetrized by using B instead of BVX when computing its material part.
Such an approach would lead (for elastic beams) to the element presented in [Wilson,

2002], section 11. In this work we use non-symmetric tangent stiffness matriz.
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Remark 6.3. (b) If one uses von Karman definition of azial strains for both real and

virtual strains, see [Reddy, 2004/, section 4.2, the element exhibits severe locking.

6.2.2 Equilibrium equations

The weak form of the equilibrium equations (the principle of virtual work) for an element

e of a chosen finite element mesh with N, finite elements, can be written as:
ST — §T1eet(©) = (), (6.22)

By denoting the virtual strains as de = [(5€VK ,5K]T, where virtual curvatures ok =
0K + 0k are of the same form as real curvatures x in (6.6), we can write a single element

contribution to the virtual work of internal forces as:
L(e)
STt — / (be)" odx
0

L e
= / od” (BVK)T odx —I—/ sa’ (G o + 6,,0)dz, (6.23)
0 0

S/

' Vv
standard additional

The matrices BY* and G are defined in (6.21) and (6.15), and
o =[N, M]" (6.24)

is the vector of beam internal forces that contains axial force N and bending moment M.

From the term ”"standard” in (6.23) we obtain the vector of element internal nodal forces

(e)
fFinhle) — / (BVK)TUdm. (6.25)
0

From the virtual work of external forces 611¢"4(¢) we can get the vector of element external
nodal forces £ representing the external load applied to the element. The finite
element assembly of vectors (¢ and £¢*°), for all elements of the chosen mesh, leads

to a set of global (i.e. mesh related) equations
Aé\f:ell <fmt,(e) - femt,(e)> — 0’ (626)

where A is the assembling operator.

We have only used one part of the right side of equation (6.23) in (6.22) when getting
the set of global equations (6.26). The other term in (6.23), denoted as ”additional” (since
it results from additional enriched kinematics due to embedded discontinuity), will also

contribute to the weak form of the equilibrium. However, we will treat this contribution



Dujc, J. 2010. Finite element analysis of limit load and localized failure of structures
106 Doctoral thesis. Cachan, ENS Cachan, LMT.

locally element by element. Then, in view of (6.22), the following two equations are

obtained for each element of the chosen mesh

T I(e)
RO = 0] = / (GTo +6,,0)dr
0
L L
= G'odr +ol,, = G'odr +t=0, VYec[l,Ny]. (6.27)
0 ~~~ 0

=t
We have defined in (6.27) vector t = o|,, = [tn, x|’ with components ¢y and ¢, that

represent axial traction and moment (bending) traction at the discontinuity. By using
(6.17) and (6.24), one can obtain the component form of (6.27)

(e
plo = G“Ndz +ty = 0,
0
L(e)
hg\i,) = / GeMdﬂﬁ +ty =0, Ve € [1, Nel] . (628)
0

The problem of solving a set of global equations (6.26) together with a set of local
(element) equations (6.27) will be further addressed in Section 4.

6.2.3 Constitutive relations

We assume that the axial response of the beam material remains always elastic, thus
discarding the failure by necking, for example. For the bending behavior of the beam
material we choose the following constitutive models: (i) stress-resultant elastoplastic
constitutive model with linear isotropic hardening, (ii) stress-resultant rigid-plasticity
model with linear softening at the softening plastic hinge. The basic ingredients of the
chosen constitutive relations are built on classical plasticity (e.g. [Ibrahimbegovic et al.,

1998]) and can be summarized as:

e The regular strains € (6.10) can be additively decomposed into elastic part € and
plastic part €”

e=e¢e+¢, €=[Fr]), &=} F|". (6.29)
e The axial strain of the beam (6.5) remains always elastic, thus

e=E=¢, =0 <= =0, oa,=0. (6.30)

e The free energy for the beam material (before localized softening is activated) is

assumed to be the sum of the strain energy function W and the hardening potential

[1]]

T(e,) = W (&) + 5(F) = %—eTcze + %Kh?, (6.31)
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where C' = DIAG [EA, EI], E is elastic modulus, A and I are area and moment of
inertia of cross-section, & > 0 is strain-like bending hardening variable, and K} > 0

is linear bending hardening modulus.

e The yield criterion for the beam material is defined in terms of the bending moment.
The admissible values of the bending moment and the stress-like bending hardening

variable g(§) are governed by the function

where M, > 0 denotes the positive yield moment of the cross-section. Influence of
the axial force N on the cross-section yielding is taken into account by defining M,

and g as functions of N, as shown subsequently.

e The bending traction t,; at the discontinuity x4 is related to the rotation jump as

shown in Fig. 6.3

-

_Mu

Figure 6.3: Rigid-plastic cohesive law at discontinuity

Slika 6.3: Kohezijski zakon (toga plasti¢nost) v nezveznosti

e Cohesive law (6.33) can be written in terms of localization (failure) criterion that
activates softening at discontinuity at x4 and is defined in terms of the bending

traction tj; and the stress-like softening bending variable g(€) (the later is defined

in terms of the bending strain-like softening variable E >0)

O(tar, @) = [ta] — (M, —7) <0, (6.34)



Dujc, J. 2010. Finite element analysis of limit load and localized failure of structures
108 Doctoral thesis. Cachan, ENS Cachan, LMT.

where M, > M, > 0 denotes the positive ultimate (failure) moment of the cross-
section. Influence of axial force N on the cross-section failure is taken into account

by defining M, and g as functions of N, as shown below.

e The softening potential is assumed to be
where K < 0 is the linear (bending) softening modulus.

The remaining ingredients of the elastoplasticity with hardening can be obtained from
the consideration of thermodynamics of associative plasticity and the principle of max-
imum plastic dissipation (see e.g. [Ibrahimbegovic, 2009], [Lubliner, 1990], [Simo and
Hughes, 1998]). In the present beam model the elastoplasticity with hardening happens
for a = 0, which leads to € = € and € = 0, see (6.10). By using (6.29) and (6.31) the

mechanical dissipation can be written as

&+ oTe — ot (6.36)

where (6) = 0 (0) /Ot and t € [0, T is pseudo-time. By assuming that the elastic process
is non-dissipative (i.e. D = 0), and that the plastic state variables do not change, we
obtain from (6.36)

T
- O

o — Ce" = N = EAz, M = EI (R — 7). (6.37)

We can define the hardening variable g by further considering (6.36) and (6.31)

ov 0= =
il — K€, (6.38)

By replacing (6.37) and (6.38) in (6.36), the plastic dissipation can be obtained as

D' = o7 4 gt 029 020 (620

"D = ME 4 gE (6.39)
The principle of maximum plastic dissipation states that among all the variables (M, §)
that satisfy the yield criteria ¢ (M,q) <0, one should choose those that maximize plastic
dissipation (at frozen rates % and ). This can be written as a constrained optimization

problem:
max [L"(M,g,7) = D" (M,q) +76(M,q)] , (6.40)

7

mi
M7

A=
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where 7 > 0 plays the role of Lagrange multiplier. By using (6.39) and (6.32), the last

result can provide the evolution equations for internal variables

oL" - 09

o= R Ty =0 = =sign(M)7, (6.41)
afp = ;8_ s =
8—62—54"78_2_0 — {=7, (6.42)

along with the Kuhn-Tucker loading/unloading conditions and the consistency condition
720, $<0, F6=0, F6=0. (6.43)

To obtain the remaining ingredients of the rigid-plastic response describing softening
at the discontinuity x4, let us isolate the softemng plastlc hinge. We first define the strain
energy function due to softening potential as ¥ = =. The dissipation at z4 can be then

written as:

0< DY tariy — B(E) = tariiy — Lt (6.44)

_ ov 0=
GZ——::——::—Kf |K’€7 (6.45)
0§ o8

the result in (6.44) can be rewritten as

D=D =tydp+ . (6.46)

The principle of maximum plastic dissipation at the rigid-plastic discontinuity can then
be defined as:

(tar, T, %) - D (ta, ) + 7¢(tM7_) ) (6.47)

, =p
minmax |L

tar,q 7
where ? > 0 is the Lagrange multiplier. By using (6.46) and (6.34), we get from (6.47)

above the following evolution equations:

py 2} —

oL ) = 0¢ B L -

i, = ~G0t7g - =0=>dy=sign(tm)y (6.48)
—p .

oL _ %, _<_b 0= =% (6.49)
dq dq

By observing that sign(tys) = sign(ag) (see (6.33) and Fig. 6.3), it follows from (6.48)
that

sign(ag)dy = E = |ag| = &. (6.50)
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The Kuhn-Tucker loading/unloading conditions and the consistency condition also apply:

<0, Fo=0, Fo=0. (6.51)

<l

>0,

=2l

With the above results, we are in position to write the total dissipation of the beam
finite element when the element is in the softening regime. Namely, by accounting for
the proper definition of strain energy terms for the beam finite element according to

U = fOL(e) Wz + E, the total dissipation in the softening regime can be written as
—tot L© T = =
DL(e) = / (O'TE — \II(EG7£>> dx + (tMOfg — \II(£)>
0

(e . . -
— /O ole+ oG —oT € +Gé | de+ <thg + 65) (6.52)

e

€

(e . . L) -
_ /ﬁ <M§+@a¢n+ / G'Mdr +ty | dg+ G &
0 0 ~~~

—_—— -
D?, see (6.39) h e d | Ksl€
=0, see (6.28)

It can be seen from (6.52) that enforcing eq. (6.28) will decouple dissipation in the
softening plastic hinge from the dissipation in the rest of the beam. Therefore, eq. (6.28)
is further used to compute ;.

We conclude description of constitutive relations by defining plastic work of the beam

cross-section in the hardening regime

W’ = Mi’ = |M|€ = (M, + K,£) &, (6.53)

and plastic work for the beam finite element in the softening regime as

—_—p

mf:w%:umfz@@+ma§ (6.54)

6.3 Computation of beam plasticity material param-
eters

In the previous section, we have built the framework for stress-resultant plasticity for
beam finite element with embedded discontinuity. The material parameters that need to
be known for chosen material models are: (i) M, and K, for the plasticity with hardening,
and (ii) M, and K, for the softening plastic hinge. In this section we will elaborate on
determination of the above parameters.

The yield moment M, can be determined by considering the uniaxial yield stress of

the material o, the bending resistance modulus of cross-section W, the cross-section area
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A, and the level of axial force N. One can associate the yield moment of the cross-section

with the yielding of the most-stressed material fiber to get

v,
Ao,

The ultimate bending moment M, can be derived in a closed form by assuming elastic-

M, (N) = Wa,( (6.55)

perfectly-plastic response of material fibers, e.g. [Lubliner, 1990]. However, one may try
to determine a better estimate for M, which takes into consideration material hardening,
as well as possibility of local buckling (e.g. buckling of the flanges and/or the web of
the I-beam). This task is addressed in the present work by performing computations
with refined finite element model based on geometrically and materially nonlinear shell
element, which is able to capture local buckling and gradual spreading of plasticity over
the cross-section. The ultimate bending resistance M, can be obtained by using results
of such a shell model computations, as can be moduli K, and K.

To obtain desired results, a part of the frame member with a reference length L™/ <
L't (L*" is the total length of the frame member under consideration) is: (i) modeled
with shell finite elements, (ii) subjected to an external axial force N in the first loading
step, and (iii) subjected to a varying external bending moment at the end cross-sections
in the second loading step, while keeping N fixed, see Fig. 6.4 (b). It is assumed that
such a loading pattern would produce approximately constant internal axial force N = N
during the analysis. The computation with shell model takes into account geometrical
and material nonlinearity that include: plasticity with hardening and strain-softening,
strain-softening regularization, and local buckling effects. The results of shell analysis
are cast in terms of diagrams presented in Figs. 6.4 (d) and (g). One can associate the
ultimate bending moment M, with the peak point in the diagram at Fig. 6.4 (d), where

applied end moment is plotted versus the end rotation, i.e.
M, (N) = M (N). (6.56)

One can also use this point as a border-point between the hardening regime and the
softening regime, where the softening can be due to material and/or geometric effects. To
determine the values of the beam model hardening and softening parameters, we make
an assumption that the plastic work at failure should be equal for both the beam and the
shell model. In other words, we want the internal forces of the beam model to produce the
same amount of the plastic work as the internal forces of the shell model, when considering
the full failure of the part of the frame member of length L™/,

Since the plastic work is done in two regimes (hardening and softening), we have to

assure that the amount of plastic work in each regime matches for both models, i.e.

—p —p,ref

EV(N)=EV"(N), EV (N)=E"  (N). (6.57)
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Figure 6.4: Evaluation of beam material parameters by using results of refined analysis

Slika 6.4: Dolocitev parametrov za nosilce z uporabo rezultatov podrobnejse analize
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The plastic work in the hardening regime, EWW#, and the plastic work in the softening
regime, EWWE}C, are obtained from the shell model analysis, Fig. 6.4 (g).

The plastic work of the beam model in the hardening regime, EWP, can be determined
by observing that each cross-section in the frame member of length L/ is approximately
under the same force-moment state during the hardening regime. Integration of (6.53)

allows us to write
. Lrel etat My ~ 1 =
BV — / / W’drdl = L (M€ + 5 1€ ). (6.58)
0 0

In (6.58) above ¢ is the value of hardening variable that corresponds to the bending
moment M,, Fig. 6.4 (e). Since we have assumed linear hardening in the beam model

(6.38), we get
£ M. M,
K,
By using (6.59), (6.58) and (6.57), one can obtain an expression for hardening modulus

(6.59)

Ky (N) = S UQVE)V;M; ((NN)))Lref. (6.60)

The plastic work of beam model in the softening regime, EWP, can be determined by
assuming that the softening part of M — ¢ curve in Fig. 6.4 (d), obtained from the shell
model analysis, is produced by a very localized phenomenon (in a single cross-section)
related to the local buckling and/or to the localized strain-softening. By using (6.54), one

can compute the plastic work in the softening regime for the beam model as

=P t:p Eat tM:O = = 1 ;2
EV = / W' dr = / (Mu + ng) dE = - |K,|E . (6.61)
0 0 2

In (6.61) E is the value of the softening variable that corresponds to the total cross-section

failure, Fig. 6.4 (f). Since we have assumed linear softening in the beam model, we obtain

—_— Mu
Kl

aNIN

(6.62)

By using (6.62), (6.61) and (6.57), one can obtain an expression for softening modulus as

M? (N
K (N)| = :—(f) K, <0. (6.63)
2EW (N)
We note, that the choice of the reference length L™/ should have very small influence

on the values of the searched material parameters. The influence on the value of K
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should be small, since each cross-section is approximately under the same force-moment
state during the hardening regime. The influence on the value of K, should not be too
big neither, since the softening effect is localized. However, one should perform large
displacement correction of M, if the chosen length of L™/ enables large deflections, as

shown in example 5.4.

6.4 Computational procedure

In this section we will present a procedure for solving the set of global (mesh related)
and the set of local (element related) nonlinear equations generated by using the stress-
resultant plasticity beam finite element with embedded discontinuity presented in section
2.

The solution of the set of global nonlinear equations (6.26), along with the set of local
nonlinear equations (6.27) (note that (6.27) is reduced to (6.28) due to assumption (6.30)),
ought to be computed at discrete pseudo-time values 0,t1,ts,. .., tu_1,tn, tys1, ..., T by
means of the incremental-iterative scheme. We will consider the solution in a typical
pseudo-time incremental step from ¢,, to t,,1. Let us assume that all the variables, related
to an element e and its integration points ip = 1,2, 3 (a 3-point Lobatto integration scheme
is used) are given at t,, i.e.

=i o) =(e) . .
"L g, & and  MP, 2l M. (6.64)

O,n> Yy U

given: d\®

n

We have also added in (6.64): (i) the yield moment at integration point M;? (which is only
true if hardening plasticity has been activated so far) and (ii) position of the discontinuity
:cﬁf) and the ultimate bending moment M. (which is only true if softening plastic hinge
has been activated so far). We will then iterate in the pseudo-time step in order to

compute the converged values of the variables at ¢, .1, i.e.

e % =t e :(6) . . j e
find: d;ll, Rl f,f“, 0‘((9,7)1+1a £,41  and (if not given already) M? argl), M.

y u
(6.65)
The moments M,? and M are computed by using (6.55) and (6.56). Although they
depend on axial force N, we keep them fixed once determined.

The computation of solution (6.65) is split into two phases:

(a) The global (mesh related) phase computes the current iterative values (with (i) as
the iteration counter) of nodal generalized displacements at ¢,,1 while keeping the

other variables fixed, i.e.

global phase: d'{") = d' " 4 A, (6.66)
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The computation of iterative update Adgfﬂl Y will be explained below.

(b) The local (element and integration point related) phase computes the values of vari-
ables /{ﬁ’frpl, fn : 9 ” +17 §nll while keeping dn 1 ) fixed. The computation procedure
depends on weather the softening plastic hinge has been activated in the considered
element or not. Therefore, the local computation procedure on the level of a sin-
gle element can be based either on hardening plasticity procedure or on softening

plasticity procedure (excluding each other).

In the rest of this section we will first describe the local phase, which will be followed
by the description of the global phase. The hardening plasticity procedure is carried out
at each integration point ip (e.g. [Dujc and Brank, 2008]). We first provide the trial value

of the bending moment

M = BIR(, aff) 7). (6.67)

—trial,ip

and the trial value of the yield function ¢ . If the trial yield criterion

¢

trial,ip rial,ip — FP ?

(M7, 3(6,)) < (6.68)
is satisfied, the values of hardening plasticity local variables remain unchanged (the step
is elastic)

—trial,ip

¢

In the case of violation of the trial yield criterion (6.68), the values of local variables are

—=ip —=ip

S O — Ezj—pl - 'Li%ip7 gn—‘rl = gn . (669)

updated by backward Euler integration scheme
R =R 4 sien(MU T, Gl =€ T, (6.70)
where 77 | = T?H(tnﬂ —t,). The value of the plastic multiplier 7, is determined from
G M2 (@ R () TE () = 67 (i) = 0. (6.71)

For the linear hardening one can determine TZ’H explicitly. For a nonlinear hardening an
iteration procedure has to be used. The main result of the above described hardening

plasticity procedure is the new values of the bending moment M,ﬂl, computed as
M = BIGEAS, ag,) = ), (6.72)

and the elastoplastic tangent operator 8M;ﬂl / EMn +1 - The updated value of the rotation

jump is aé 31—}—1 = ozée)l
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The softening plasticity procedure is carried out at each finite element e. The dis-
continuity xff) can only appear at the position of the integration point with the largest
absolute value of the bending moment. We first provide the trial value of the bending

traction at the discontinuity
) L(e) '
fatmny = — / GO, 2)M(dLD 7 ol de. (6.73)
0

and the trial value of the failure function

—trial,(e) trial,(e) = =(e) ?
(s T(En ) < 0. (6.74)
If the trial failure criterion (6.74) is satisfied, the values of softening plasticity local vari-

ables remain unchanged

—trial,(e) e e =(e) =(e)

6 <0 = afu=ag, &n=§, . (6.75)
In the case of violation of the trial yield criterion (6.74), the values of local variables are
updated by backward Euler integration scheme

e e . trial,(e)\=(e) =(e) =) _ e)
044(9,7)1+1 = aé,’?z + Slgn(tM,nJr(l))szH v & =6, T+ 7§z+1= (6.76)

(e i(e)

where ﬁnll = i1 (tns1 — t,). The value of the plastic multiplier 7

nt1 1s determined from
condition

=€), (o e —(e) — =) —e =(©) —(e)

O (i1 (@ To)) T Tora)) = & (Fly) = 0. (6.77)
For the linear softening one can determine the plastic multiplier explicitly, whereas for
nonlinear softening an iterative solution procedure is needed. Note, that we compute the
bending traction in (6.77) as

it = = i Gzl )M (d R off) ) da. (6.78)

The main result of the above described softening plasticity procedure is the new value of
softening variable ozéi)l +1, which influences the stress state of the whole element by giving

the new values of the bending moment MffH as
MY, = BIGAD, af) ) — 7). (6.79)

The updated value of the plastic curvature is En’ipl = RDP,
Once the local variables are computed, we turn to the global phase of the iterative

loop in order to provide, if so needed, new iterative values of nodal displacements. First,
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the set of global equilibrium equations (6.26) is checked with newly computed M:ﬁrl from

the local phase
N, int,(e ext,(e),(7
HAe:ll[fn—l-l( - fn—l—l( M )]

) < tol. (6.80)

If the convergence criterion (6.80) is satisfied, we move on to the next pseudo-time incre-
mental step. If the convergence criterion fails, we perform a new iterative sweep within
the present pseudo-time incremental step. New iterative values of nodal generalized dis-
placements of the finite element mesh are computed by accounting for each element con-

tribution. A single element contribution can be written as

(e) fC! (Z) Ad(e)v(l) emt»(e) _ intv(e)v(i)
[ IIivhd Ifgha } ?ej)L,l(i) - ( T Toii > ’ (6.81)
ne1 \ D 0

where the parts of the element stiffness matrix can be formally written as

' (4)
(e),(d) _ [ oafint:(e) (@) fo,i) [ aFint(e)
Ko _( ad(®) ) K = PO ,
n+1

n+1 ’

(@) ()
hd,(iy [ onlQ ho(i) [ onl)
Kn+1 - (8,1?81)) ) Kn+1 - (604%)

n+1

(6.82)

The static condensation of (6.81) allows us to form the element stiffness matrix /135271(1)

that contributes to the assembly

¥ (B a0, ) = A (50 = pro0), (6.83)
where
—(e),(i) e),(i a,(i hao(i)\ "1 pohd,(i
Kn+1 - KgH)-l() - K£+() (Kn—H( )> Kn+§)- (6-84)

Solution of (6.83) gives the values of iterative update Adﬁi’l(i), which leads us back to
(6.66).

6.5 Examples

In this section we illustrate performance of the above derived beam element when ana-
lyzing push-over and collapse of steel frames. We also illustrate the procedure, presented
in Section 6.3, for computing the beam model plasticity material parameters by using
the shell finite element model. The beam model computer code was generated by using
symbolic manipulation code AceGen and the examples were computed by using finite

element program AceFem, see [Korelc, 2007b] and [Korelc, 2007a].
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6.5.1 Computation of beam plasticity material parameters

With this example we illustrate computation of beam plasticity material parameters M,
Kj and K, as suggested in Section 6.3. We consider a frame member with an I-cross-
section with flange width by = 30 cm, flange thickness ¢t; = 1.5 cm, web height b,, = 40
cm and web thickness ¢, = 0.8 ecm. The cross-section area is A = 122 cm? and the
bending resistance modulus is I = 43034.2 cm*. We model a part of the frame member
of length L™/ = 2L = 300 cm, which is 7 times the height of the section. This length
should be sufficient to capture the local softening effects due to local buckling and/or
strain softening. The frame member is made of an elastoplastic material (steel), whose
uniaxial response is plotted in Fig. 6.5. Young’s modulus is E = 21000 kN /cm?, yield
stress is o, = 24 kN/cm?, ultimate stress is o, = 36 kN/cm?, yield strain is ¢, = 0,/ E,
strain at ultimate stress is €, = 0.1 and strain at failure is ¢ = 0.12778.

The example has been computed with the finite element code ABAQUS [Hobbit et al.,
2007] by using shell finite element S4R with 5 integration points through the thickness.
Only one half of the considered geometry was discretized, see Figs. 6.6 and 6.7. The
symmetry conditions u, = ¢, = ¢, = 0 were used in the symmetry plane. The mesh
consists of equal squared elements. The free-end cross-section of the model was made
rigid by coupling the degrees of freedom of that cross-section.

The plasticity models with strain softening are mesh-dependent. In order to minimize
that effect, we have adjusted the post peak uniaxial stress-strain relation to fit the mesh
size, as suggested in [Ibrahimbegovic, 2009]. According to [Ibrahimbegovic, 2009] the

linear softening modulus is computed as

2
_leay

295

Kle =

S

, (6.85)

where [, is a characteristic dimension of the element (in the present case I, = 5 cm is
the side-length of the elements) and g, is the plastic work density (plastic work per unit
volume) in the softening regime of the shell material that corresponds to the gray-colored
area in Figure 6.5 (in the present case g, = 0.5 kN/cm?). The strain at failure, adjusted
to the mesh, is then

el = g, + —4_ — 0.10727. (6.86)

le -
s

E+Kle

The load was applied in two steps. In the first step we applied a desired level of
axial force N at the mid-point M P of the rigid cross-section, see Fig. 6.6. In the second
step we applied bending moment M at the point M P and performed nonlinear analysis

with the path-following method. Several analyses were carried out with different values
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Figure 6.5: Uniaxial stress - strain curve

Slika 6.5: Enoosna krivulja napetost - deformacija
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Figure 6.6: Boundary conditions for the shell model analysis

Slika 6.6: Robni pogoji pri analizi s kon¢nimi elementi za lupine

of the axial force (from N = —0.3N, to N = 0.3N,, where N,, = Ac,). For each case we
monitored the response until the bending resistance dropped to zero (or the analysis ran

into convergence problems).

The results of analyses are presented in Figs. 6.7 to 6.9. Final deformed configuration
of the shell model and distribution of the equivalent plastic strain are presented in Fig. 6.7
for pure bending case (N = 0). We can see that the considered part of the frame member
failed by localized buckling of the bottom flange. We also note strong localized yielding
of the flange which is concentrated in the neighborhood of the web. Such failure mode
was observed also for all other cases. In Figure 6.8, we show the corresponding moment-
rotation curves. We can see that the level of axial force has a significant influence on the
peak bending resistance and on the overall response. In Figure 6.9 we present the plastic
work versus rotation curves. Here, the value of the axial force does not influence much
the shape of the curve. The relation between rotation and plastic work is almost linear.
In figures 6.8 and 6.9, we marked the points with the maximum bending moment. We

assume that those points separate hardening regime from softening regime.

The obtained results by the shell model are now used for evaluation of the beam model

material parameters. In Table 6.1 we summarized the following shell model results: the
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Figure 6.7: Failure mode of the representative part of the frame member as computed by
the shell model

Slika 6.7: Porusitev dela nosilca pri simulaciji s kon¢nimi elementi za lupine
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Figure 6.8: Bending moment versus rotation curves for the end cross-section

Slika 6.8: Krivulje moment - rotacija za prerez na koncu nosilca
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Figure 6.9: Plastic work versus end cross-section rotation curves

Slika 6.9: Krivulje plasti¢no delo - rotacija na koncu nosilca

—p,ref
maximum bending moment M¢/, the plastic work in hardening regime EWV’ , and the
—p,ref
plastic work in softening regime E"Y for different values of axial force N. We can see
that M7/ decreases if N is compressive, whereas the tensile axial force has only slight

effect on M"¢/.

N/N, | arer ks | BT ) | BT )
0 550 86 53

01 521 73 15

—0.2 180 16 29

0.3 127 13 97

0.1 560 P 32

0.2 579 149 0

0.3 571 142 0

Table 6.1: Summary of results of the shell model analyses

Tabela 6.1: Povzetek rezultatov analize s koncénimi elementi za lupine

By using Table 6.1, we determined a bilinear approximation function for M/ as

Mef0(1.03 4 0.854°) if N < —0.035N,

Mrefo if N> —0.035N, (6.87)

v = {
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Figure 6.10: Approximation of the ultimate bending moment of the cross-section

Slika 6.10: Aproksimacija mejnega upogibnega momenta prereza

where M50 = Mre/(N = 0). We assume that M;ef(N) can be used to evaluate the

ultimate bending moment of the beam model M,, i.e.
M, (N) = M (N), (6.88)

see Fig. 6.10. The values for the ultimate resistance obtained with the shell analyses are
marked with dots in Fig. 6.10.

The beam model hardening modulus K}, can be evaluated point-wise by using (6.60),
(6.55), (6.88) and third column of Table 6.1. We get K}, ranging from 6.26-10° kN /cm? to
1.35- 107 kN/cm? with an average value of 1.06 - 10" kN /cm?. Although one could easily
find a higher-order function that fits these results, we assume for simplicity that the axial

force has no influence on the hardening modulus and adopt
Ku(N) =1.06- 10" kN /cm?®. (6.89)

The beam model softening modulus K, can be evaluated point-wise by using (6.63),
(6.88) and the last column of Table 6.1. The gray-colored fields in Table 6.1 present
unreliable results for EWP’M, since for those cases the shell analysis did not converge.
Softening modulus for the first three analyses ranges from —2.85-10° kN /cm? to —3.97-10°
kN/cm?. We assume that the axial force has no influence on softening modulus and adopt

the average value
K,(N) = —3.28-10° kN /cm®. (6.90)

In Table 6.2 we make a point-wise comparison between the shell analysis results M/
—p,ref

—p,ref — —P
EV" and EW and the corresponding beam model results M,,, EV" and EV , com-

puted by using approximations (6.88), (6.89), (6.90) and expressions (6.58), (6.61) and
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(6.53). We can see that the error in ultimate bending moment is small, while the error in

dissipated plastic work can be quite large.

__ TP _wob.ref. —p =P _=pref.
NN, | My [kNm] | M (] | B ] | (BB () | B (k) | 1B ()
0 550 0.00 50 42 46 12
—0.1 519 0.26 59 20 41 8
—0.2 473 1.54 o4 17 34 19
-0.3 426 0.22 48 12 28 ?
0.1 550 1.94 81 14 46 ?
0.2 550 5.07 109 27 46 ?
0.3 550 3.72 134 6 46 ?

Table 6.2: Comparison between approximations and shell analyses results

Tabela 6.2: Primerjava med aproksimacijami in rezultati analiz z uporabo konénih
elementov za lupine

6.5.2 Push-over of a symmetric frame

In this example we present a push-over analysis of a symmetric frame. The geometry is
given in Fig. 6.11, where Ly = 500 and Ho = 250 cm. The material and cross-section
properties of all frame members are equal. They are the same as those presented in Section
5.1. The vertical load is constant and equals g, = 0.05 kN/cm. The lateral loading is
presented in Figure 6.11, where Fy = 1 kN is a concentrated force and A is load multiplier.
The mesh consists of eight beam finite elements per each frame member.

We performed two analyses, one by using the geometrically linear and the other by
using the geometrically nonlinear beam finite elements. The results are presented in
Figures 6.12 and 6.13, where w,, is horizontal displacement of the top right corner of the
frame. In the left part of the Fig. 6.12 we present the total lateral load versus u,,, curves.
The points on those curves mark configurations where the softening hinge was activated
in one of the elements of the mesh. We can see that, even though some parts of the frame
are failing, the total resistance of the structure is still growing until the maximum load
is reached at 1527.3 kN for geometrically linear case, and at 1522.3 kN for geometrically
nonlinear case.

In the right part of Fig. 6.12 we present the plastic work versus u;,, displacement
curves. The results of the geometrically linear and the geometrically nonlinear elements
are completely the same. At the beginning of the analysis there is no energy dissipation
since the material response is elastic. The non-dissipative period is followed by a short

period with dissipation due to material hardening only, which ends with the first activation
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Figure 6.11: Symmetric frame: geometry and loading

Slika 6.11: Simetriéni okvir: geometrija in obtezba
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Figure 6.12: Load versus displacement and dissipated energy versus displacement curves
for symmetric frame

Slika 6.12: Krivulje obtezba - pomik in disipirana energija - pomik pri simetricnem
okvirju
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of softening plastic hinge in one of the beam finite elements. For a while we have a
combined hardening and softening energy dissipation, which is finally followed by a period

when the structure is dissipating energy only due to softening. On the left part of Fig.

11T ]

Figure 6.13: Symmetric frame: deformed shape and locations of softening plastic hinges
at up ~ 60 cm

Slika 6.13: Simetricen okvir: deformirana lega in mesta plasti¢nih ¢lenkov pri pomiku
gornje eteze u,, ~ 60 cm

6.13 we present the final deformed configuration of the frame. In the right part of Fig.

6.13 we present locations where the softening plastic hinges appeared during the analysis.

6.5.3 Push-over of an asymmetric frame

In this example we analyze an asymmetric frame presented in Fig. 6.14, where L, =
600 cm, Ly = 500 cm, Lz = 400 cm and He = 250 cm. All the other geometrical,
material and loading parameters are the same as in the previous example.

The results are presented in Figs. 6.15 to 6.16. The total lateral load versus w,,, curves,
where u;,, is horizontal displacement at the top-left corner of the frame, are presented on
the left part of Fig. 6.15. The results of geometrically linear and geometrically nonlinear
analyses are nearly the same before the ultimate resistance is reached at 1581.8 kN for
geometrically linear case and at 1578.4 kN for geometrically nonlinear case. After that
point the difference between those two analyses is bigger. The final computed equilibrium
configuration for the geometrically nonlinear case is at 4y, = 26.52 cm. In the next load
step one additional softening plastic hinge is activated, which results in the global failure
mechanism. Since our path-following algorithm is only governed by the the increase of
Utop, We are unable to capture the remaining part of the load-displacement curve.

In the right part of Fig. 6.15 we present the dissipated energy versus w,, curves. The

shapes of the curves are very similar to those from the symmetric frame case. Namely, first



Dujc, J. 2010. Finite element analysis of limit load and localized failure of structures

126 Doctoral thesis. Cachan, ENS Cachan, LMT.
Vv
)L4F£‘Utop f?ll /\4F9_
v HC
ABFQ AGFQ /\3F9_
v v HC
)LZFQ ,ﬁ]ﬂ /\4F9 l%l\i /\4F9 l%l /\2F9_
Y Y HC
AFq ﬁ]ﬂ /12F9 ﬁlﬁ /\2F9 ﬁﬂ AFq
Hc
Lgq Lo Lga
Figure 6.14: Asymmetric frame: geometry and loading
Slika 6.14: Nesimetri¢ni okvir: geometrija in obtezba
1500f B = 400p
z | . X T Sotenngtn
b" \\\ 9 300 _— Total Lin.
© [ Q — == Hardening Nonlin
o 1000j \\ 7 GC) ----- Softening Nonlin
—_ A ] —_— Total Nonlin.
g 7 ~ i % 200
S s T oninea 12 e ]
S 7 eI
I 1 a o0 ' -
% 5 0 15 2 2 w0 % " R
Utop [CM] Utop [CMY
Figure 6.15: Load versus displacement and dissipated energy versus displacement curves

for asymmetric frame

Slika 6.15: Krivulje obtezba - pomik in disipirana energija - pomik pri nesimetri¢nem
okvirju
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there is the elastic non-dissipative phase, followed by the pure hardening dissipation phase,
followed by the combined hardening and softening dissipation phase and finally the pure
softening dissipation phase. In the geometrically nonlinear case we do not have the final
pure softening dissipation phase due to activation of global failure mechanism. On the left
part of Fig. 6.16 we present the deformed configuration of the frame at u;,, = 26.52 cm.
Locations, where softening plastic hinges were activated at u,, ~ 26.52 cm, are presented
in the middle part of Fig. 6.16 for the geometrically linear case and in the right part of

the same figure for the geometrically nonlinear case.

|
A T

Figure 6.16: Asymmetric frame: Deformed shape and locations of softening plastic hinges

Slika 6.16: Nesimetricen okvir: deformirana lega in mesta plasticnih clenkov

6.5.4 Bending of beam under constant axial force

In this example we compare results of the beam model with results obtained by using the
shell finite element model from ABAQUS. For the comparison we choose the problem of
the bending of the beam of length L™/ under a constant axial force, presented in Section
5.1. For that reason, the geometric and material properties are the same as those in the
Section 5.1. The beam model analyses are performed with two sets of material parameters,
where the first set (SET1) is given by (6.88) to (6.90). In the second set (SET2) we replace
the expression (6.88) with

M = M5 — N |Au,], (6.91)

where M,, is the maximum concentrated moment applied at the end cross-section (point
MP, see Fig. 6.6), N is the applied axial force (positive when producing tension) and Aw,,
is the relative displacement in the y direction between the point M P and the position of
the local failure. The difference between the applied concentrated moment at the point
MP (see Fig. 6.6) and M thus arises due to large displacements correction. When the
yielding and local buckling of the beam are significant and the displacements in the y

direction are no longer negligible, the contribution of the axial force N to the bending
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moment must be taken into account. In this particular case we have N = —0.1Ny,
M, = 521 kNm and Aw, = 0.15 m, which leads to M; = 565 kNm.

Five beam finite elements are used to model one-half of the beam under consideration,
since the symmetry is taken into account. The symmetry conditions at the symmetry
plane are u = w = w’ = 0. The load was applied in two steps. In the first step the beam
was loaded with compressive axial force N = —0.1N,. In the second step the moment
M was applied at the free-end of the beam. In order to ensure the proper activation of
softening in the geometrically linear analyses the ultimate bending moment of the finite

element near the symmetry plane was slightly weakened.

M [KNm]

Dissipated energjkJ]

Figure 6.17: Comparison of results for the bending of the beam under compressive axial
force

Slika 6.17: Primerjava rezultatov pri upogibu nosilca pod vplivom tla¢ne osne sile

In Fig. 6.17 the results for geometrically linear and geometrically nonlinear cases
are compared with the results of the shell model from ABAQUS. On the left part of
Fig. 6.17 we present curves relating applied moment to free-end rotation. The ultimate
bending moments of the shell model, the geometrically linear SET1 beam model and
the geometrically nonlinear SET2 beam model are very close, whereas the geometrically
linear SET2 beam model gives slightly bigger and the geometrically nonlinear SET1 beam
model gives slightly lower value for ultimate bending moment.

On the right part of Figure 6.17 we present the plastic work versus rotation of the end
cross-section curves. There is hardly any difference between the beam model results when
¢ is smaller than 0.15. After that point the difference becomes bigger. The prediction

of the beam model for plastic work in hardening regime is in the case of geometrically
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linear analysis with SET1 material parameters 80% of the shell model prediction, and the
prediction for plastic work in softening regime is 92% of the shell model prediction. This
is in agreement with the results of Table 6.2. The predictions for plastic work of other
beam analyses give bigger differences compared to the shell model. We note that one
could get better agreements in plastic work by using better approximations for hardening

and softening moduli in place of simplifications (6.89) and (6.90).

6.5.5 Collapse of a simple frame

In this example we compare results of the nonlinear beam model with the results of the
shell model. We consider a simple frame presented in Fig. 6.18. The geometry of the
beam model (middle axes of the beam model correspond to the middle axes of the shell
model) is presented on the left part of Fig. 6.18. The geometry and the finite element
mesh of the shell model is presented on the right side of Fig. 6.18. The cross-section and
the material properties of the shell model are the same as those in the section 5.1. In the
shell model we made connections between the beam and the columns rigid by coupling
the degrees of freedom of the corresponding end cross-sections. The beam model mesh
consists of eight finite elements per each frame member. Two different sets of material
parameters are used for the beam model analysis. The first set (SET1) is given by (6.55)
and (6.88) to (6.90) and the second set (SET2) by

M, =12M0%) M, =12M" K, =06K"", K, =K. (6.92)

Support conditions are (v = w = w’ = 0 for the beam model and u, = uy, = u, = ¢, =
¢, = ¢, = 0 for the shell model).

The load applied to the frame is presented in Fig. 6.18. The vertical load is constant
and equal to ) = 500 kN, while the horizontal load multiplier A (Fy = 1 kN ) is controlled
with the path-following method.

The results are presented in Figs. 6.19 to 6.21. The total lateral load versus i,
curves (uyp is horizontal displacement of the top-right corner of the frame) are presented
on the left part of Fig. 6.19. The dissipated energy versus w,,, curves are presented on
the right part of Fig. 6.19. On the left part of Fig. 6.20 we present the equivalent plastic
deformation on the deformed configuration of the shell model. The deformed configuration
of the beam model, along with positions where the softening response was activated, is
presented on the right part of Fig. 6.20. Note, that in both models the localized failure
appears at the ends of the columns. In Fig. 6.21 we present the internal forces at the right
support of the shell model. Note that the axial force is not constant at the beginning of

the loading, but once the response becomes nonlinear it hardly changes.
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Figure 6.18: Simple frame: the beam and the shell model

Slika 6.18: Preprost okvir: ra¢unski model z elementi za nosilce in racunski model z
elementi za lupine

The lateral load versus uy,, curve (left part of Fig. 6.19) of the beam model with SET1
material parameters has a similar shape as the shell model curve, but the prediction of
the maximum resistance of the beam model is around 84% of the shell model’s resistance.
We have a similar situation as in the previous example, where the resistance of the cross-
section was greater than the one obtained by analysis in Section 5.1. On the bottom-right
part of Fig. 6.21 one can see that the axial force that corresponds to the maximum
bending moment M,,,, = 523 kNm is around N(M,.,) = —720 kN ~ —0.25N,. If we
compare M,q, to M, (—0.2Ny) = 473 kNm from Table 6.2, we can see that we have more
than 10% bigger bending resistance. One must also consider that plasticity (hardening
and softening) in the beam model is triggered at positions where we have rigid connections
in the shell model, which also decreases the resistance of the beam model compared to
the shell model.

The dissipated energy versus wy,, curve (right part of Fig. 6.19) of the beam model
with SET1 material parameters has a similar shape to the shell model’s curve. The
prediction of the SET1 beam model for the value of the dissipated energy that corresponds
t0 Usop = 20 cm is around 71% of the shell model prediction.

These results are significantly improved, and we obtain much better fit to the shell
model, when SET2 beam parameters are used; see Fig. 6.19. We recall that the latter

accounts for the large displacement correction of ultimate resistance.

6.5.6 Darvall-Mendis frame

We consider the clamped portal frame under vertical loading first studied by [Darvall
and Mendis, 1985] and later examined by [Armero and Ehrlich, 2006b] and [Wackerfuss,



Dujc, J. 2010. Metoda koné¢nih elementov za ra¢un mejne nosilnosti in lokalizirane porusitve ploskovnih konstrukcij

Doktorska disertacija. Ljubljana, UL, FGG.

131

SEr)

pZd
=
©
(4]
o
C_E — Non|[in ?
o 2 ngn"nggr—
T 10
|

O L L

0 5 10

Utop [CM]

Figure 6.19: Comparison of results for simple frame example

Slika 6.19: Primerjava rezultatov pri preprostem okvirju
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Figure 6.20: Deformed shapes of the simple frame

Slika 6.20: Deformirani legi preprostega okvirja
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Figure 6.21: Internal forces at the right support of the shell model

Slika 6.21: Notranje sile pri desni podpori pri analizi z elementi za lupine
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Figure 6.22: Geometry and loading of the portal frame.

Slika 6.22: Geometrija in obtezba portalnega okvirja
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2008]. The geometry of the frame is presented in Figure 6.22. The length of the columns
and the beam is L = 3.048 m, cross-section area of all the members is A = 0.103 m?

4. The elastic material response is defined

and their moment of inertia is I = 0.001 m
by the Young’s modulus £ = 2.068 x 10" kN/m?. The inelastic response is defined by
the ultimate bending moment M, ¢ = 158.18 kNm for the columns, the ultimate bending
moment M, p = 169.48 kNm for the beam, and the softening modulus Ky = ?TELI’ where
the values a = 0, —0.04, —0.06, —0.0718 are considered. Note, that in this example the
inelastic response does not include any material hardening. We also consider that the axial
force has no influence on the ultimate bending resistance of the frame members. The mesh
consists of eight geometrically linear beam finite elements, see Figure 6.22. The frame is
loaded with a vertical load A\Fy (Fo = 1 kN) applied at the node 5, see Figure 6.22. In
the numerical simulations we control the load multiplier A and the vertical displacement

u, at the node 5 by the path-following method.
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Figure 6.23: Vertical load versus vertical deflection curves

Slika 6.23: Krivulje vertikalna obtezba - vertikalni pomik

The vertical load versus vertical deflection curves are presented in Figure 6.23, where
the points on the curves mark configurations where the softening plastic hinge was acti-
vated in one of the elements of the mesh. In all cases hinges form at the same locations.
The first hinge forms in elements 4 and 5 at node 5, the second hinge forms in element
7 at node 7 and the third hinge forms in element 2 at node 3. This example shows the
significant influence of the softening modulus on the ultimate load of the structure. The
ultimate load in the case of perfectly plastic response of the hinges (a = 0) is 434 kN when
the third hinge forms. In cases a = —0.04 and a = —0.06 the structure fails when the
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second hinge forms when the vertical load reaches 383 kN and 350 kN, respectively. In the
case of a = —0.0718 the structure fails when the first hinge forms at 336 kN. In Table 6.3
we compare our results with the results obtained by [Darvall and Mendis, 1985], [Armero
and Ehrlich, 2006b] and [Wackerfuss, 2008].

[Darvall and Mendis, 1985]  [Armero and Ehrlich, 2006b]  [Wackerfuss, 2008] Present
a Hinge | u, [cm] AFy [kN] U, [cm] AFy [kN] u, [em]  AFy [kN] | w, [em]  AFp [kN]
0 1 0.50 336 0.50 337 0.53 342 0.50 336
2 1.14 427 1.14 428 1.13 435 1.13 427
3 1.34 433 1.34 434 1.33 440 1.34 434
-0.04 1 0.50 336 0.50 337 0.53 349 0.50 336
2 1.14 387 1.18 388 1.16 401 1.19 383
-0.06 1 0.50 336 0.50 337 0.52 348 0.50 336
2 1.19 336 1.29 337 1.23 349 1.23 350
-0.0718 1 0.50 336 0.50 337 0.50 336

Table 6.3: Comparison of the presented formulation with the literature

Tabela 6.3: Primerjava rezultatov, dobljenih s predstavljeno formulacijo, z rezultati iz
literature

6.6 Concluding remarks and chapter summary

In this chapter we presented the multi-scale model for computing the limit load of planar
metal frames under the push-over and the full collapse analysis. This approach combines
the best of two worlds: on one side the effectiveness and robustness of the macro-scale
beam model for the entire structure, and on another side, a refined representation of local-
ized instability effects (both geometric and material) by meso-scale effects based upon the
geometrically nonlinear elastoplastic shell formulation. The latter is captured and stored
within the macro-scale beam model in the manner which is compatible with enhanced
beam kinematics with embedded discontinuity. With the introduction of additional pa-
rameters related to plastic hinge into the Euler-Bernoulli kinematics we obtained the

equation for the enriched strain field

Il

e=€+€ €= Bd+Ga, e

where the strain operator related to additional parameters is obtained by enforcing the

strain free mode of the beam element and is finally computed as

G - _BDhinge~
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In order to account for the geometrically nonlinear effects, and related global buckling,

we used the von Karman axial strain when computing the virtual axial strain

5z = 5=VK B* B%" Bu,w’
[ o } - [ e g }5d+G5a.
~

We introduced the virtual strains into the principle of virtual work and obtained the

virtual work of internal forces as

J10) L)
- / sd” (BV) odr + / 5! (G + 6,,0)dz,

4

vV v
standard additional

and from the term ”additional” we obtained two additional equations per finite element
L Q)

nle = / GUNdr +ty =0, h'Y) = G Mdzx +ty =0,

0

0

which ensure that axial traction and moment (bending) traction at the discontinuity are
in equilibrium with the stress field in the element. The basic ingredients of the chosen
constitutive relations for the bulk material and the discontinuity are the usual additive
decomposition of regular strains into elastic and plastic part

e=e+e, =[5, &=[r,
limiting the plastic response to bending only

e=F=¢2, =0 <<= =0, a,=0,

the free energy of the bulk material considering isotropic hardening
(=€ ¢ TA/ (=€ (¢ 1—eT —e 1 =2
\11(675) :W(€)+\:(§):§ Ce +§Kh§7
the yield criterion for the bulk material

(M, q) = |M| — (M, —7q) <0,

the localization criterion

A(tar, @) = [tu| = (Mu —7) <0,

and the softening potential
1 =2
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The remaining ingredients of beam elastoplasticity were obtained by defining the plastic
dissipation
D' — M+ .
and by considering the principle of maximum plastic dissipation
minmax [L(M,7,7) = =D"(M,q) +76(M,7)] -
LI

Similarly, we also defined the plastic dissipation at the discontinuity
— —p . :ﬁ
D=D = tarog + qfa

and considered the principle of maximum plastic dissipation
. =P = = =P = = =

min max L (tMv q, ’7) =-D (tMa Q) + ’YQS('[;M? q) )

td 5
which is here limited to discontinuity only. Next we elaborated on determination of the
following four parameters: M, K, M, and K, which determine the beam constitutive
behavior. We associate the yield moment of the cross-section with the yielding of the
most-stressed material fiber
v

Aoy’

In order to obtain a good estimate for the remaining three parameters we consider mod-

M, (N) =Wa,(

eling a part of a frame member by using a refined finite element model which was in the
present work based on geometrically and materially nonlinear shell element. We associate
the ultimate bending moment M, of the beam model with the peak moment computed
with the refined shell model

M, (N) = M;(N).

We also used that point as a border-point between the hardening regime and the softening
regime, where the softening can be due to material and/or geometric effects. To determine
the values of the beam model hardening and softening parameters, we made an assumption
that the plastic work at failure should be equal for both the beam and the shell model
and since the plastic work is done in two regimes, i.e. hardening and softening, we had to
assure that the amount of plastic work in each regime matches for both models

werel

BV (N = BNy, BV () = BT ().

By assuming that each cross-section in the frame member of length L"¢f is approximately
under the same force-moment state during the hardening regime we obtained the following
expression for hardening modulus

() = SO ((NN)”W.
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Contraty, we assumed that all the softening effects are very local and limited to only one

cross-section and the softening modulus is then

M2 (N
:Z,r(ef ) i KS S O

K (N)| = —77—
2EW " (N)

The computational procedure presented in Section 6.4 is split into the local and global
phase. In the local phase we determine the updates for the hardening variables related to

element integration points by solving the following equation
& (M (A R (750)) 8E (7)) = 87 () = 0
n+1\@ni1 s B 1Vnv1) ) XS 1Tt Tn+1 -

The softening variables are determined by considering that the localization criterion is

zero in the softening step

=(e), (, e —(e) = =) —e =(©) —(e)
o () @y G, AEn G =0 G =0,

where we explicitly use the additional equilibrium equation to compute the bending trac-

tion at the discontinuity

Mn+1 - / Ge xd , L ( nll(l)vﬁp’lp Oééi)z—i-l)d‘r

In the global phase, where the single element contribution to the system of global equations

e o (%) (3)71 ext,(e wnt,(e),(s
FrANE: NG

is

hd hao e
K K AO‘((J 7)7,+1 0

we determine the updates for the current iterative values of nodal displacements

e),(i e),(i—1 e),(i—1
A2 = i ¢ ady

The static condensation allowed us to form the standard form of the element stiffness
matrix

RO = KOO - K0 (KI0) K,
thus the global solution procedure is completely the same as in the standard finite element
formulation. In the first numerical example in Section 6.5 we presented the shell model

computation and by using its results we determined a bilinear approximation function for

MrerO(1.03 + 0.85) if N < —0.035N,

_ Nref _ y
M, (N) =M, (N) = { Mrefo if N > —0.035N,

and we also assumed a constant values for hardening and softening modulus

Ku(N) =1.06-10" kN/cm®, K (N) = —3.28 -10° kN/cm”.
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These values were used in the rest of numerical simulations.

The multi-scale procedure proposed in this chapter belongs to the class of weak cou-
pling methods, where we carry out the sequential computations. The results of the
shell model computations, accounting for material and geometric localized instability,
are stored to be used within the beam model softening response. As presented by numer-
ical simulations, performance of the proposed multi-scale computational approach is very
satisfying. One of its main features is that detection and development of the softening
plastic hinges in the frame is fully automatic, and spreads gradually in accordance with
stress redistribution in the course of the nonlinear analysis. This is in contrast with many
standard computational approaches to the limit load, under the push-over and the full
collapse analysis of frames, which rely on predefined locations of plastic hinges and the

corresponding inelastic deformations.
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Chapter 7

Failure analysis of 2D solids

7.1 Introduction

In this chapter we present a quadrilateral two-dimensional elastoplastic finite element with
embedded strong discontinuity. The effective locking-free design of quadrilateral finite
element with embedded discontinuity is much more demanding, e.g. [Linder and Armero,
2007], [Manzoli and Shing, 2006], than that of the constant strain triangle. This might
be one of the reasons that the constant strain triangle has been used in majority of works
related to embedded discontinuity finite element modeling of failure in two-dimensional
solids, e.g. [Sancho et al., 2007], [Ibrahimbegovic and Brancherie, 2003], [Brancherie and
Ibrahimbegovic, 2008], [Mosler, 2005], [Jirasek and Zimmermann, 2001]. The derived
quadrilateral element does not show any locking problems. Its kinematics can model
linear jumps in both normal and tangential displacements along the discontinuity line.
We use the derived quadrilateral element to describe tensile fracture process in plain
concrete two-dimensional solids and to model the crack growth. The same formulation is
also suitable for failure analysis of ductile materials where localized shear bands form.
The outline of the chapter is as follows. In Section 7.2, we derive an elastoplastic
quadrilateral two-dimensional finite element with embedded discontinuity. In Section 7.3
we present details of the computational procedure. Numerical examples are presented in

Section 7.4 and concluding remarks and a short summary are given in Section 7.5.

7.2 Family of ED elements for planar problems

In this section we present a family of quadrilateral elements in the two-dimensional setting.
The finite elements of this kind can represent the elasto-plastic response, including both
hardening and the localized softening effects, the latter being associated with the strong

discontinuity in displacements.
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7.2.1 Kinematics

We consider a quadrilateral finite element occupying domain Q€ (see Figure 7.1), divided
with the discontinuity line I'® into two sub-domains, Q¢t and Q¢ (Q¢ = Q°F U Q).
Element’s geometry is defined by the bilinear mapping &€ — " (¢ € [-1,1]x[-1,1]; =" €

x1(&)

Ux2,Uy2

yI ano,y¥n1,&mo,:¥m1

Figure 7.1: Quadrilateral finite element with embedded discontinuity

Slika 7.1: Stirivozliséni konéni element z vgrajeno nezveznostjo

Q°) with
4
z" (5) QE:ZNa (E) La, Ly = [zavya]Ta £= [&ﬂ]Ta (7’1)
a=1
where x, are coordinates of the finite element node a and
1 a 1 2 3 4
Na <€> = Z(1+§af) (1+77a77>7 ga —1 1 I -1 . (72>
n, —1 —1 1 1

The superscript h is used to denote the discrete approximation of different fields. In
Figure 7.1, u,, and u,, are the nodal displacements in z and y direction of the node a. In
addition to (standard) nodal degrees of freedom we use strong discontinuity interpolation

parameters «,, and a,; for the normal direction and ., and a,,; for the tangential
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direction, along with the unit normal vector n and the unit tangent vector m (see Figure
7.1). The mid-point of the discontinuity line is denoted with xr, see Figure 7.1. We
assume that the domain of the discontinuity influence corresponds to a single element

and write the displacement field as:

4
[u;}tl7 UZ]T = uh(€7 I¢) = Z No(€)da +
a=1 -
Uq
+ MnO(Ev Fe)ano + M (57 Fe)anl + MmO(&y Fe)amﬂ + M (57 Fe)aml, (73)
ull
where d, = [t4,uye)” are the nodal values of w!, the part of the displacement field

h

arising from standard isoparametric interpolation of nodal displacements. Similarly, u

is the part which arises with the introduction of strong discontinuity and M (&, 1),
M,.(&,T¢), M, 0(&,T°) and M,,;(&,T¢) are the interpolation matrices related to dis-
continuity parameters that will be derived below. With four discontinuity parameters we

model four modes of element separation along I'® (see Figure 7.2):
1. "n0” - the constant mode of separation in the normal direction,
2. "n1” - the linear mode of separation in the normal direction,
3. "m0” - the constant mode of separation in the tangential direction and
4. "m1” - the linear mode of separation in the tangential direction.
We investigate the motion of two rigid bodies, Q¢ and Q°*, due to the particular sep-

aration mode(Figure 7.2). From (7.3) we can obtain the displacements for a mode,

mode € (n0,nl, m0,ml),

h
mode

h —h

7 — a7 —h . _
U - ud,mode + ua,modev ua,mode - Mmodeamode- (74)

From this equation we can then determine the interpolation matrix

—h —h
u —Uu
mode d,mode
M poge = —m0de . (7.5)
Umode

By examining Figure 7.2 we can determine u",_,

—h .
. and g 4. for each mode. By using

(7.5) we can then derive the interpolation matrices as follows:
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ano 3

1
Normal constant mode | Normal linear mode n

Tangential constant mode 1 Tangential linear mode n

Figure 7.2: Different element separation modes

Slika 7.2: Razli¢ni nac¢ini locevanja konénega elementa
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e Constant normal separation mode - "n0”
- B na,, for a e O
an0 { 0 otherwise (7.6)
_ _ 1 for x € Q°F
uy, = Hr(z)na,; Hr(z)= { 0 otherwise (7.7)
ﬁf;il,no = Z Naaa,no (78)
aeet
—=h _ =h
uy—u
M,, = noa = (Hr(w) - > Na) n (7.9)
n0 aeet
e Linear normal separation mode - "nl1”
dun = { 1 0 } To0n1 forae (7.10)
0 otherwise
uy = Hr(z) { —01 (1) ]mnl (7.11)
ﬂZ,nl = Z Naaa,nl (712)
aeQet
M _ EZO_EZ,nO_H 0 1]_ ZN 0o 17_ 713
nl = T - F(w) ~-1 0 €T S a 1 0 Lq ( . )
e Constant tangential separation mode - "m0”
— B ma,,, forac Q"
damo = { 0 otherwise (7.14)
u', = Hp(z)mam 7.15)
ﬂZ,m() - Z Naaa,mo (716)
aeet
M o EZ@O - ﬂZ,mO — g
mo = ———"0 = | Hp(z)— Y No|m (7.17)
*mo aeQet
e Linear tangential separation mode - "m1”
— B (m-xT,) ma,, foraecQ
dam = { 0 otherwise (7.18)
a', = Hp(z)(m - T)ma,, 7.19)
Hfil,ml = Z Naaa,ml (720)
acQet
Eviflnl - ﬁg ml
M, = " —"—|H(x)m -T— Y Nm T, |m (7.21)
m1
acQet

Remark 7.1. Motion

a stretch.

of the QT region in the "m1” mode is not a rigid body motion but
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Strains

We determine the strain field as the symmetric part of the gradient of the displacement
field in (7.3) (€ = V" = $[Vu" + (Vu")T]) which can then be written in a vector form

oul Oup oul  Ouj

— 7.22
¢ ox’ Oy’ Oy * Ox (7:22)
4
Z Bada + GnoanO + Gnlanl + Gmoamo + Gmlamla (723)
a=1
where
o () ng, 0 my 0
B, = 0 681\?5@ B,=| 0 n, | ,Bp,=| 0 m, (7.24)
% 66]1 Ny Ny My My
Go = — Y Bm+irB,n, (7.25)

Qe+ =
Le\,_/ Gho

Ga = - Y B, { }ma—l—(Sann{p, (7.26)
QEQS+ =
~~ Gnl
Gn1
acQet
—_——— Go
amO
G,, = HrB,m-— Z B,(m-T,)m+ ér B, mér. (7.28)
acQet =
N ~~ 4 Gml
E'ml

In above expressions we have used the folowing derivation rules (see e.g. [Mosler and

Bruhns, 2004] and references therein for more details)

V*(Hrm) = dér(n®n)’ = érB,n, (7.29)
N’ \,f_/
tensor form vector form
Ve (Hpm) = (51* (m &® n)s = 6men , (730)
SN—— Wf—’
tensor form vector form

5r(w) =

{oo forx el ’ (7.31)

0 otherwise

where V* = %(V + V7T). Note that &r is a coordinate along I'¢, which has 0 value at xr

and is positive in the m direction. We further divide the strain field into a regular part
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€ and a singular part €

€ = €+F§, (7.32)
4
€ = Z Bada + Enoano + anloznl + Emoamo + amlamla (733)
a=1
€ = Enoano + Gnlanl + Gmoamo + Gm1am1 (7.34)

We note that the singular part is just a particular representation of the localized inelastic

deformation introduced at the displacement discontinuity.

7.2.2 Equilibrium equations

Interpolation of virtual strains is carried out according to

4
Z Ba&a + Gnoan + énldnl + émOdmO + Gmldml- (735)

a=1
The discontinuity parameters can be viewed as additional (incompatible) degrees of free-
dom of the element. In that sense we use the following expression to compute the inter-
polation matrices of virtual strains (see e.g. [Ibrahimbegovic and Wilson, 1991]), which

ensures the convergence in the spirit of the patch test
- 1
Gmode = Gmode I GmodedQ- (736)
AQe Oe

By introducing the last result in (7.36) into (7.25)- (7 28), we obtain

. = w0dQ — - B,n+ 6B, .
G 0 AQe/ 0 AQe n+ 1"7 n, (7 37)
Gho
nO
A — 1
Gnl = Gnl_ GnldQ+5rB ’I’LSF, (738)
. Age Jor —
Tv 6
Gnl
. — 1 — l
Guo = G~ 5~ [ G~ 4= Bym+ GeB,m (7.39)
AQ& e AQe %/—/
Tv Emﬂ
GmO
~ _ 1 _
Gml = Gml — GmldQ+5anm§p (740)
. Ao Jor —
Evl éml

The weak form of the equilibrium equations or the principle of virtual work for an

element e of a chosen finite element mesh with N, finite elements, can be written as:

6Hmt,(e) . 5Hext,(e) = 0. (741)
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By using (7.35) for the definition of the virtual strains, we can write a single element

contribution to the virtual work of internal forces as:

STIH(e) = ¢le) / el odQ

4

- T
= Zt@/ d, BTodQ+
a=1 i
star:gard

~T ~T ~T ~ T
@) / 0G0 + 1 G 0 + GG 00 + G G, 0dQ), (7.42)

~
additional

where t(©) is the thickness of the element and
O = (04,04, 00" (7.43)

is the stress vector. From the term ”standard” in (7.42) we obtain the vector of element

internal nodal forces

) ) 7T )
fmt,(e) _ |:fmt,(e) } 7 fmt,(e) _ t(e) BZO’CZQ (744)

a a
Qe

From the virtual work of external forces 611¢"4(¢) we can get the vector of element external

nodal forces fet(©

, representing the consistent external load applied to the element’s
nodes. We note that the displacement discontinuity parameters do not contribute to the
external load vector. The finite element assembly of vectors £ and f4©) for all

elements of the chosen mesh, leads to a set of global equilibrium equations
Aé\f:gll (fint,(e) - femt,(6)> — 07 (745)

where A is the assembly operator. Note that we have only used one part of the right side
of equation (7.42) in (7.41) to get the set of global equations (7.45).

The other term in (7.42), denoted as "additional” (resulting from additional enriched
kinematics due to embedded discontinuity), will also contribute to the weak form of the
equilibrium. However, we will treat this contribution locally, element by element, only

for those elements where the discontinuity was activated. Then, in view of (7.41), the
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following four equations are obtained for each element of the chosen mesh

—-—T
pe = 4 G, odr+ | n"Blodl | = (7.46)
Qe FST/
—T
to | G, od+t"° / t,dl = 0,
Qe e
s s
—T
pe = 4 G, od+ | &n"Blodl | = (7.47)
Qe e h;t,—/
—-T
t© | Ged2+t9 [ &ot,dl =0,
Qe N I'e ,
i s
—-T
pe = G,,0d+ | m"Blodl | = (7.48)
o S o

—T
te [ G, odd+t® / tmdD = 0,
Fe

Qe
h‘é% h}r:eo
—-T
e = o) G,,0d+ | &m'Blodl | = (7.49)
Qe re S——~

=tm

—T
to | G, edr+t [ &ot,dl =0,
Qe Fe

S/

~~ ~\~
Qe re
hml hml

where t,, and t,, represent the normal and tangential components of the traction at the

discontinuity

t= [t tm]", (7.50)

and [, 0p(0)dQ = [;..(0)dI’ was used. We gather the equations (7.46) to (7.49) in a vector

form to write the element-based residual as:

i g

h — p&° re Rt Py
= —|— h == th + hreo — 0 (751)

hgnzv,el hl;l

The dedicated solution procedure for a set of global equations in (7.45) together with

a set of local (element) equations in (7.51) will be further addressed in Section 7.3.
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7.2.3 Constitutive relations

In what follows we choose plane stress constitutive relations, although the derived 2D
elements with embeded discontinuity could be also used for plane strain problems. We
will describe the constitutive behavior of the bulk material ¢\ I'® with elastoplastic model
with isotropic hardening, while the response of the discontinuity I'¢ is considered to be
rigid-plastic with softening. The basic ingredients of the chosen constitutive relations
are built upon the classical plasticity (e.g. [Ibrahimbegovic et al., 1998]) and can be

summarized as:

e The regular strains € (7.32) can be additively decomposed into elastic part € and
plastic part €’
E=¢+¢, (7.52)

e The free energy of the bulk material is assumed to be the sum of the strain energy

function W and the hardening potential =

W@i@::Wﬂﬁﬁ+5@):%€JC?“+§@L (7.53)
where

E
C —

1 —2

1 v
v 1 , (7.54)
0 0

E is the Young’s modulus of the material, v is the Poisson’s ratio of the material
and & > 0 is strain-like hardening variable.

e The yield function is assumed to be based upon the von Mises yield criterion (see

[Dujc and Brank, 2008] and references therein for more details), which can be written

as
_ 2
a(a,q):aTAa—O—i) <0, (7.55)
Oy
where
2 1o
A=— | -1 2 o0 (7.56)
2 ]
20, 0 0 6

whereas ¢ is the stress-like hardening variable conjugate to the equivalent plastic

strain & and oy is the uniaxial yield stress.

e The traction t at a point at the discontinuity I' is related to jump in displacements

U = [TUp, Um)" (see Figure 7.3) at this particular point

t = t(q@). (7.57)
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Figure 7.3: Neighborhood of a point of interest at the discontinuity I

Slika 7.3: Okolica obravnavane tocke na nezveznosti

e The localization (failure) criterion that activates localized softening at discontinuity

¢ is defined in terms of the traction ¢ and the stress-like softening variable (&)

(the later is defined in terms of the strain-like softening variable £).

6 =0(t,7) <0. (7.58)

e The softening potential

(11|

(&), (7.59)

defined in terms of the strain-like softening variable E

The remaining ingredients of the elastoplasticity with hardening,describing bulk material
Qe\I'®, can be obtained from the standard consideration of thermodynamics for associative
plasticity based upon the principle of maximum plastic dissipation (e.g. see [Lubliner,
1990], [Simo and Kennedy, 1992], [Ibrahimbegovic, 2009]). By using (7.52) and (7.53) the

mechanical dissipation at a point & € ¢\ I'® can be further written as

— def. . _ OU ... . v -
0<D™ oTe—-T(e,§) = (o — age)TE +oTe - a—gg, (7.60)
where (0) = 0 (0) /Ot denotes the derivative with respect to pseudo-time ¢ € [0, 7.
By assuming that the elastic process is non-dissipative (i.e. D = 0), with no change in
plastic state variables, we obtain from (7.60) that
v
- e

o = Ce°. (7.61)
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We can also define the stress-like hardening variable g by further considering (7.60) and
(7.53) as:

By replacing (7.61) and (7.62) in (7.60), the plastic dissipation can be obtained as
D' = oTE + g (7.63)

The principle of maximum plastic dissipation states that among all the variables (o, §)
that satisfy the yield criteria ¢ (o,§) < 0, one should choose those that maximize plastic

dissipation (at frozen rates € and €). This can be written as a constrained optimization

problem:

min max [L"(e,7,7) = —=D"(0,7) + 76(7,7)] , (7.64)

g,q Yy

where 7 > 0 plays the role of Lagrange multiplier. By using (7.63) and (7.55), the last

result can provide the evolution equations for internal variables that can be written as:

.’ . .00 . .
%_U — € +7§—i =0 = € =7240, (7.65)
Yy = . -
O - 159 o — =52 (1- L)\ "™=2 /T4s, (7.6
Jq Jq Oy Ty Ty

along with the Kuhn-Tucker loading/unloading conditions and the consistency condition
720, $<0, F6=0, Fo6=0. (7.67)

To obtain the remaining ingredients of the rigid-plastic response, describing softening
at the discontinuity I'®, we isolate one point at the discontinuity. We first define the strain
energy function due to softening potential in this point as ¥ = =. The dissipation can

then be written as:

0<DY ™a—V(E) =tTu — “=¢. (7.68)
3
where t is the traction defined in (7.57). Finally, by introducing the traction-like variable
__9v 02
0¢ 3

the result in (7.68) can be rewritten as

D=D =t"u+i. (7.70)
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The principle of maximum plastic dissipation at the rigid-plastic discontinuity can then
be defined as:

L'(t37) =D (t,3) +750(t.9)] (7.71)

min max
tg F

where § > 0 is the Lagrange multiplier. By using (7.70) and (7.58), we get from (7.71)

above the following evolution equations of displacement dicontinuity:

=p
oL = =0 =~ -0
5 u+78t 0=mwu Tt (7.72)
—p = =
oL = -0 = 00
T = Al = =7 7.73
accompanied by the Kuhn-Tucker loading/unloading conditions, and the consistency con-
dition _
720, 6<0, 76=0, 56=0. (7.74)

7.3 Computational procedure

In this section we present the details of a computational procedure for solving the set of

global equilibrium equations along with the local (element based) equations, generated

by the finite element with embedded discontinuity as presented in Section 7.2.

XrE 0O

Figure 7.4: Numerical integration scheme

Slika 7.4: Numeri¢na integracijska shema

The solution of the set of global nonlinear equations in (7.45) and the local nonlinear

equations in (7.51) is obtained at discrete pseudo-time values 0,71, T, ..., Th_1, Tn, Tnt1,
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..., T by means of the incremental-iterative scheme. We will consider a single-step scheme
providing the solution in a typical pseudo-time increment from 7, to 7,,.1. Let us assume
that all the variables, related to an element e, its bulk integration points bip = 1,2, 3,4

and its discontinuity integration points dip = 1,2 are given at 7, i.e.

17T —=dip

given: dﬁf) = [de ] , el Efjp, a® & and arg, Tre, (7.75)

a,n

T
(e) (e) (e) (e)
n0,n? anl,n’ O{mO,n7 O{ml,n .

where a'® = [a

Remark 7.2. j/-point Gauss integration scheme is used for the bulk and 2-point Gauss

integration scheme is used for the discontinuity, see Figure 7.4.

We also need as indicated in (7.75): (i) the starting point of the discontinuity xrg
(which is only true if the discontinuity in one of the neighboring elements ends at the
common edge) and (ii) the end point of the discontinuity xzrg (which is only true if
softening has been activated so far). We will then iterate in the pseudo-time step in order

to compute the converged values of the variables at 7,41, i.e.

e —obi —bi e =dip
find: difl,, €7, &1, all), &, and (7.76)

if not given already and if the softening conditions are met: xrg.
The computation of solution (7.76) is split into two phases:

(a) The global (mesh related) phase computes the current iterative values (with (i) as
the iteration counter) of nodal generalized displacements at 7,1 while keeping the

other variables fixed, i.e.

global phase: d'{") = d'f " 4 A, (7.77)

i—1)

The computation of iterative update Adffl’l( will be explained further below.

(b) The local (element and integration point related) phase computes the values of vari-
ables Eﬁ’f{’ , Efﬁl, a,(fll, Efﬁ:l while keeping d,(ﬁ’l(i) fixed. The computation procedure
depends on weather the softening has been activated in the considered element or
not. Therefore, the local computation procedure on the level of a single element
can be based either on hardening plasticity procedure or on softening plasticity

procedure (excluding each other).

In the rest of this section we will first describe in detail the phase (b). This will be
followed by the description of the phase (a). The softening plasticity procedure is carried

out only in those finite elements where:
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e discontinuity has been active at the previous time step 7,, i.e. xrg and xrg are

provided and the local softening variables changed, or

e discontinuity has not been active in the previous time step but the discontinuity in

one of the neighboring elements ends at the common edge, i.e. xpg is provided.

In the latter case we first compute the direction of the discontinuity by using the average

stress field in the element
n=n(ow(d, &), m=m(o"(ds), ")), (7.78)

We determine the direction of the discontinuity in the direction of principal stress if the
governing mode of separation is mode I, i.e. m is parallel to the maximum principal
stress. If the governing mode of separation is mode II, we set m to be parallel to one
of the directions of maximum shear stress. Once the direction of the discontinuity is
determined we are able to obtain the end point of the discontinuity xrg and the complete
description of the finite element with embedded discontinuity geometry (27, Q°t and
Ir). The main part of the softening plasticity procedure starts with the determination of
the trial values of the traction in discontinuity integration points. Since we use the rigid
plasticity law at the discontinuity, we are unable to determine the trial values by using the
constitutive law. We use instead the local equilibrium equations in (7.51). Since stress in

the bulk integration points is well defined we can always obtain the bulk contribution

Q€ trial
n0 n+1
¢ trial hﬂe trial Qe ©  —pbi
ria nln+1 € 7,
h’n+1 - th treral =h ( (dn+17 n P a'fl)) : (779)
mO,n+1
th trial
mln+1

We then further consider, that the integration at the discontinuity is carried out according
to

l ; l ,
/ f fl" d£ — Z f de d’Lp F’ gzp — :t2\r/§, wdzp — 17 (780)

is the value of this function evaluated

dip=1
where f(£r) in an arbitrary scalar function, f(£27)

at the Gauss quadrature point dip = 1, 2, fd’p

is the coordinate of the quadrature point and
w is the corresponding weight. By using (7.80), the contribution of the discontinuity

to equation (7.51) can then be written as

t, +t;
e Ol | gl + 22
re _ r I'‘n I'n
h = 5 o , (7.81)

Erto + &0t
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where ' = [t} tL]" is the traction in the first discontinuity integration point and £* =

[t2, tfn] is the traction in the second discontinuity point. To satisfy the local equilibrium

equations we solve the system of four algebraic equations
R T ) = 0 75

and determine the four unknown components of the traction in the discontinuity integra-

tion points

N Q°t 1 Q°t ! -
r tl,tm‘al 7 2(hy, nz(l1 hno nﬁrull 51“)
1trial nn+1 o (f €l Yip
tn+1 - 1,trial - 2 th tmtl;l }fﬂe trial ) (783)
L tm7n+1 | ( ml,n+1 m0,n+1 5{‘)
- (gr 'Ep)ll‘ .
r Q€ trial _; Q€ trial B
t2,t7‘ial 7] 2(hy nT;? _hnO nzlll 51")
2,trial n,n+l i (€1=€2)ip
tn+1 - 2,trial - th t'rzgl ;ﬂe trial . (784)
L tm n+1 2( ml,n+l m0,n+1 51")
7 L (€ —&)ir |

Next we provide the trial values of the failure function at the discontinuity integration

points B B el — .
S AE) <0or g = BB F(E,)) < 0. (7.85)

v~
?

—1,trial

If the trial failure criterion (7.85) is satisfied, i.e. if the yield function is less or equal to
zero in at least one discontinuity integration point, the values of softening plasticity local

variables remain unchanged

—1,trial —2,trial (e) () =1 =1 =2 =2
<0 or ¢ <0 = o, 11 =07, €n+1 = €n> £n+1 = gn (786>

In the case of violation of the trial yield criterion (7.85), i.e. the yield function is greater
than zero in both discontinuity integration points, the values of discontinuity integration

point variables are updated by backward Euler integration scheme

—1 —1 3925 =1 —1 3¢
Uy = + Tn+1 5y ot ‘{F €n+1 - 5 + Tn+15 a |§I‘ (787>
=2 =2 8¢ =2 =2 —2 a_
un—i— + 7n+1 ot ‘&F gn—i-l = gn + 7n+la_q|§12~, (788)

— -1 — -2
where 771”1 = Ypi1(Tng1 — 75) and 7i+1 = Ypt1(Tng1 — 7). Note that the relation between

the jumps in displacements evaluated at the discontinuity integration points and the

kinematic parameters related to discontinuity can be obtained as follows

I — -1 =77

-1 =2 =1 =2 =
U, +u, U, —u, U, +U, U, —U,
2

é-r 27 2 ) 6%—5121 )

(7.89)
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=1 =1 T

wherew = |u,,u,,| andu = |u

T
- um] . By using (7.87)-(7.89), we can thus determine

the updated values of discontinuity kinematic parameters

e e) (=1 =1 =2 =2
ol = @ (s Fri) Tos (Frs)) (7.90)

The values of the plastic multipliers ﬁ,ll 41 and ﬁi 41 are determined with an iteration

solution to the system of the following two equations

gl <t711+1 ( gw)d (5 +1ﬁ721+1>> q <571H—1 (%11+1>)> = 51 <Wi+177n+1) =0, (7.91)
32 <t721+1 (affll (ilzﬂﬁiﬂ)) q <§i+1 (%21+1>>> = 52 (7n+1,7n+1> =0. (7.92)

— = =2
New values of . n+1, ﬂiﬂ, £,41 and &, are then computed by (7.87), (7.88) and the

corresponding a,(w)rl is computed by (7.89). Note, that we compute the traction in (7.91)-
(7.92) in the same manner as in the case of trial values, i.e. by solving the system of four

algebraic equations

n

h (U(dffll,e B a( )) +h" (t711+17tn+1) =0 = t711+1> tn+1 (7.93)

The end result of the above described softening plasticity procedure are the new values

of parameters 0‘7(31, which influence the stress state of the whole element by giving the

new values of stress in the bulk integration points as
ol = C (e(d”,als)) —err). (7.94)

The updated values of the plastic strains are €2/ = e,

The hardening plasticity procedure is carried out at each integration point ip (e.g.
[Dujc and Brank, 2008]). We first provide the trial value of the stress

n

o = Cle(dt, o) — &), (7.95)

—trial,bip

and the trial value of the yield function ¢ . If the trial yield criterion

iristbiv (atrickbie, 7€) <0 (7.96)

n —

is satisfied, the values of hardening plasticity local variables remain unchanged (the step

is elastic)
bip —bip

—trial bip —pbip __ —pbip ¢
S 0 e €n+1 = Gn y €n+1 - é-’n,

¢
In the case of violation of the trial yield criterion (7.96), we first provide the updated

(7.97)

values of stress .
ol = I+ 7k 2cA] o, (7.98)
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(for more details on this computation see [Ibrahimbegovic and Frey, 1993a] and [Dujc and
Brank, 2008]). By using the backward Euler integration scheme we can then determine

the updated values of internal variables

—p,bip __ —p,bip —bip bzp <bip —bzp bzp bip
€n+1 6 + /yn+12A n+1- §n+1 n+1 n+1 Aan+17 (799)

where 707 = ’yfﬁl(tnﬂ —t,). The value of the plastic multiplier 727 is determined from

—t i e),(7) —p,bip —bi —gbip _bi —bip ,_pi
37 (ot (dD @ty ) @ (7)) =6 P (7E,) = 0. (7.100)

The final result of the above described procedure for hardening plasticity is the plastically

admissible value of the stress O'f;f_l, computed as

ol = C (E(dffl’l(i)7 al®) - Eﬁ’f{’) . (7.101)
and the elastoplastic tangent operator 80’2’21 a—fjﬁl The updated values of the discon-

tinuity parameters are aéi)l = al?.

Once the local variables are computed, we turn to the global phase (a) of the iterative
loop in order to provide, if needed, new iterative values of nodal displacements. First, the
set of global equilibrium equations (7.45) is checked with newly computed O'f:ﬁl from the

local phase

< tol. (7.102)

N int,(e ext,(e),(z
HA ] n+l()_fn+1()()]

If the convergence criterion (7.102) is satisfied, we move on to the next pseudo-time
incremental step. If the convergence criterion fails, we perform a new iterative sweep
within the present pseudo-time incremental step. New iterative values of nodal generalized
displacements of the finite element mesh are computed by accounting for each element

contribution. A single element contribution can be written as

e fa 70 ext,(e) int,(e),()
{ K(h; Kha ] Adn;)l( ) ( Fori” = Fuid ) : (7.103)
K K Aan—O—I 0

where the parts of the element stiffness matrix can be formally written as

K(el,{z) _ (afint,(e) > (1) Kfil(l _ <8‘fint’(e) ) (Z)

ad ) dal®) ’

i NG NG (7.104)
K ,gl) — ( h ) 7 K a’l(l) — ( oh ) )
n+ ad© g1 n+ dale) il

The static condensation in (7.103) above allows us to form the standard form of the
—>(e),(4)

ne1 that contributes to the finite element assembly

element stiffness matrix K

¥ (B adl, ) = A (50 = pro0), (7.105)
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where
—=(e),(4)

o).(i o, (i ha,()\ "L phd, (i
K. =KoY -k (k) K (7.106)
Solution of (7.105) gives the values of iterative update Adﬁ’l(i), which should be performed
as indicated in (7.77).

7.4 Examples

In this section we provide the results of a number of numerical simulations that can
illustrate a very satisfying performance of the proposed finite element. The code was
generated by using symbolic manipulation code AceGen and the examples were computed

by using finite element program AceFem, see [Korelc, 2007b] and [Korelc, 2007a].

7.4.1 Tension test

In this example we consider a square block of 20 cm x 20 cm x 0.1 c¢cm subjected to
uniaxial tension, see Figure 7.6. The block is made of material with Young’s modulus £ =
3000 kN/cm?, Poisson’s ratio v = 0.2 and the ultimate tensile strength o, = 3 kN/cm?.
The softening response is governed by the cohesive law at the discontinuity presented in

Figure 7.5. We can write the law in Figure 7.5 in terms of failure criterion

tn A

Ou

Un

Figure 7.5: Rigid-plastic cohesive law with linear softening in tension

Slika 7.5: Kohezijski zakon (toga plasticnost z linearnim mehéanjem v nategu)

¢(t,q) = tn — (0, —7q) <0, (7.107)
and the bilinear softening response

7= min [0, ~ K. (7.108)

where Ky = —45 kN /cm? is the linear softening modulus andz = in, see (7.72), (7.73) and
(7.107). We model the block with one finite element, which is supported at the left side
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Figure 7.6: Tension test on a square block

Slika 7.6: Natezni preizkus kvadratnega bloka

and pulled, by imposing displacements, at the right side (see Figure 7.6). Once the tensile
strength of the material is reached the discontinuity appears in the direction perpendicular
to the maximum principal stress. Note that the behavior of the discontinuity is only
defined for Mode I, i.e. the equations for the traction in the tangential direction and the

corresponding jumps are not considered in the simulation. In Figure 7.7 we present the
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Figure 7.7: Reaction force versus imposed displacement curves

Slika 7.7: Krivulje reakcija - vsiljen pomik

reaction force versus imposed displacement diagram. Note that the results of the present
formulation are in complete agreement with the results obtained in [Linder and Armero,

2007] for nonlinear elastic cohesive element, apart the local unloading branch that our
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rigid-plastic formulation can capture.

7.4.2 Bending test

Next we consider the bending test of the block with the same material and geometrical

properties as in the previous example. In Figure 7.8 we present the problem definition.

0.01C

0.008 -

0.00€ -

20 cr

0.004-

0.002

Imposed Displacemeniicm]

0.00C I I I I
0.0 0.2 0.4 0.6 0.8 1.0

Pseudetime

Figure 7.8: Geometry of the bending test of the square block and the imposed displace-
ment versus pseudo-time curves

Slika 7.8: Geometrija pri upogibu kvadratnega bloka ter krivulje vsiljen pomik - psevdo
cas

In the first part of loading the displacement at the top w,r and the displacement at
the bottom u,p are applied with the same rate. The tensile strength of the material
is reached at u,7 = wu,p = 0.001 cm and at that point the discontinuity in Mode I
appears. This is followed by a non-uniform regime of loading with the rate of imposed
displacement at the bottom being twice the rate of imposed displacement at the top,
see right hand side of Figure 7.8. In Figure 7.9 we present the results of our simulation
along with the results obtained in [Linder and Armero, 2007]. The differences in results
are hardly noticeable up until the point when the first fibers of the discontinuity fail
completely, resulting with ¢, = 0. After that the results no longer coincide, since the
integration scheme in [Linder and Armero, 2007] considered five integration points along
the discontinuity and can therefore represent a smoother transition from the softening

regime to the complete failure.

7.4.3 Partial tension test

In the above numerical examples we have evaluated the performance of the present for-

mulation for the normal opening response. To evaluate the performance of the present
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Figure 7.9: Top reaction force versus imposed top displacement curves

Slika 7.9: Krivulje reakcija na vrhu - pomik na vrhu

formulation for the tangential response, i.e. the Mode II response with linear softening at
the discontinuity in its tangential direction, we consider the partial tension test presented
in Figure 7.10. The block is of the same dimensions as in the previous sections, with the
same value of Young’s modulus E = 3000 kN/cm? but with a Poisson ratio v = 0.0. We
consider a pre-existing discontinuity at the center of the block and from the beginning
there is no resistance in the discontinuity, i.e. the discontinuity provides no stiffness in
the tangential direction and the traction is always zero (¢,, = 0). The equations involving
the normal response are simply left out in this simulation. Again we model the block
by using only one finite element. The block is supported at the two nodes on the left
hand side and we pull apart the two nodes on the right hand side, thus causing a linear
displacement distribution along the height of the Q region. In this way the only stress
that develops is 0, which is only limited to Q* region and all the other stress components
remain zero throughout the test (0., = 04y = 0, = 0).

In Figure 7.11 we present the stresses that develop in the element with the increase
of imposed displacements. Again we compare the results of the present work with the
results obtained in [Linder and Armero, 2007]. Note that the results presented in Figure
7.11 are in complete agreement. The stress component oy, in the 2~ region is unaffected

by the imposed displacements and is always equal to zero, while the stress component o,
Euy

in the Q7 changes with the increase of imposed displacement according to a;y ==

7.4.4 Three point bending test

In this example we consider a classical benchmark problem of a notched concrete beam

under three point bending. In Figure 7.12 we present the geometry of the specimen, a
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Figure 7.10: Partial tension test of the square block

Slika 7.10: Delni natezni preizkus kvadratnega bloka
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Figure 7.11: Stress at integration points in Q1 and €~ region versus imposed displacement
curves

Slika 7.11: Krivulje napetosti v integracijskih tockah na obmocjih Q% in Q= v odvisnosti
od vsiljenega pomika
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Figure 7.12: Three point bending test of a notched concrete beam

Slika 7.12: Tritockovni upogib zarezanega betonskega nosilca

200 cm x 20 cm x 5 cm simply supported concrete beam with a 2 cm x 10 cm X 5 cm
notch placed at the bottom of the beam. The beam is loaded by downward displacement
imposed at the top in the center. The beam is made of material with Young’s modulus £ =
3000 kN/cm?, Poisson’s ratio v = 0.2 and the ultimate tensile strength o, = 3.33 kN /cm?.
The softening response is governed by the rigid-plastic cohesive law at the discontinuity

presented in Figure 7.13. The law in Figure 7.13 can be also written in terms of failure

tn A

Ou

Un

Figure 7.13: Rigid-plastic cohesive law with exponential softening in tension

Slika 7.13: Kohezijski zakon: toga plasticnost z eksponentnim mehcanjem v nategu

criterion (7.107) and the exponential softening law

- _Eou
q =0y (1 —exp ) ) (7.109)

where Gy = 0.124 - 1072 kN/cm is the fracture energy. The response of the discontinuity
in the tangential direction is not considered in the simulations. In Figure 7.14 we present
the two different finite element meshes that were used in simulations. The coarser mesh
is made of 530 finite elements and the finer one of 2186 finite elements. On the left hand
side of Figure 7.15 we plot the reaction versus imposed displacement diagrams computed

for both meshes. The discontinuity starts at the notch when the tensile strength of
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Figure 7.14: Coarse (top) and fine (bottom) finite element meshes for the three point
bending test

Slika 7.14: Groba (zgoraj) in fina (spodaj) mreza konénih elementov pri tritockovnem
upogibu
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Figure 7.15: Reaction force versus imposed displacement curves and scaled (100 times)

deformed meshes

Slika 7.15: Krivulje reakcija v odvisnosti od vsiljenega pomika ter povecana (100 krat)
deformirana mreza
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the material is reached and propagates in the direction perpendicular to the maximum
principal stress, i.e. in the Mode I fashion. We have encountered a problem when using
the above criterion to determine the discontinuity direction, namely the direction of the
maximum principal stress at some point suddenly changes for 90 degrees. This causes a
problem in convergence in the simulation with the fine mesh and a non-physical response
when using the coarse mesh, see left hand side of Figure 7.15. The discontinuity direction
problem was also reported in [Mosler and Meschke, 2003] and we direct the reader therein
for further discussion. To obtain the solution without the discontinuity direction problem
we considered a predetermined direction of the discontinuity, i.e. discontinuity can only
propagate perpendicular to the length of the beam. With this modification we were able
to obtain with both meshes the results that are within the experimentally established
bounds of [Petersson, 1981] and [Rots et al., 1985]. The results of all simulations are
given in Figure 7.15 (left). In the center and right hand side of Figure 7.15 we present
the deformed configuration (scaled 100 times) of the area near the notch for both course

and fine mesh.

7.4.5 Four point bending test

In this example we study the four point bending test on a beam with a notch. In Figure

20.3cn 39.7 cn 12.2 cnr 39.7 cn 20.3 cn
0.13P, P,
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Figure 7.16: Four point bending test
Slika 7.16: Stiritockovni upogibni test

7.16 we present the specimen geometry along with loading conditions and supports. The
specimen is made of material with Young’s modulus £ = 2880 kN/cm?, Poisson’s ratio
v = 0.18 and the ultimate tensile strength o, = 2.8 kN/ecm?. The behavior of the
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discontinuity is governed by the failure criterion (7.107) and the softening law (7.108),
with softening modulus being K, = —39.2 kN/cm?. In Figure 7.17 we present the mesh

Figure 7.17: Finite element mesh for the four point bending test

Slika 7.17: Mreza koné¢nih elementov pri stiritockovnem upogibu

that we used in simulations. With respect to the description of the displacements jumps
along the discontinuity line we considered three cases: (i) "n0 + m0” - the constant jump
in displacements in both normal and tangential direction, (ii) "n0 + nl” - linear jump
in displacement in normal direction only and (iii) "n0” - constant jump in displacements
in normal direction only. In the mixed mode case ("n0 + m0”) we considered a reduced

shear stiffnes for the tangential response according to relation

where k,, = 2.88 kN /cm3. The results of the simulations are presented in Figures 7.18 and
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Figure 7.18: Load versus crack mouth sliding displacement curves and the corresponding
crack paths

Slika 7.18: Krivulje obtezba v odvisnosti od relativnega zamika na ustju razpoke
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7.19. On the left hand side of Figure 7.18 we plot the applied load - crack mouth sliding
displacements curves of our simulations along with the envelope of results the we adopted
from [Linder and Armero, 2007]. We can see that all the proposed formulations give a
good prediction of the limit load of the structure, while only the mixed mode formulation
can capture the true softening response of the structure. On the right hand side of Figure
7.18 we plot the crack paths that correspond to curves on the left hand side of the same

figure.

NN

Figure 7.19: Scaled deformed mesh of the "n0 + m0” (left), "n0 + n1” (middle) and "n0”
formulation

Slika 7.19: Povecane deformirane mreze za "n0 + m0” formulacijo (levo), "n0 + nl1”
formulacijo (sredina) in "n0” formulacijo (desno)

In Figure 7.19 we present the deformed (scaled 200 times) mesh of the area near the
notch for all formulations. We claim that the crack paths presented in Figure 7.18 and

the deformed meshes presented in 7.19 are in good agreement with those from [Linder

and Armero, 2007].

7.4.6 Delamination

We consider a delamination test shown in Figure 7.20 as presented in [Manzoli and
Shing, 2006]. The properties of the material are: Young’s modulus £ = 50 kN/cm?
and Poisson ratio v = 0.3. We model the interface as an embedded discontinuity, whose
properties are determined with the failure criterion (7.107), the ultimate tension stress
o, = 107! kN/ecm?, and the exponential softening law (7.109), with the fracture energy

Gy =5-10"3 kN/cm. The simulations are performed by using a coarse and a fine-type



Dujc, J. 2010. Metoda koné¢nih elementov za ra¢un mejne nosilnosti in lokalizirane porusitve ploskovnih konstrukcij

Doktorska disertacija. Ljubljana, UL, FGG. 169
A
Ry.ty
0.05 Cni O 1)1 1 2. S
Y Ry,uy
0.45cir

\J

Figure 7.20: Delamination test data
Slika 7.20: Delaminacija: podatki

Figure 7.21: Coarse (top) and fine (bottom) finite element meshes for the delamination
test

Slika 7.21: Groba (zgoraj) in fina (spodaj) mreza koncénih elementov
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finite element mesh, as presented in Figure 7.21. The reaction force versus imposed dis-

0.0014F

0.001z [

0.001C

0.000¢

0.000€

R, [KN]

0.0004f p— Fine
- Coarse,
0.000zf === Manzoli

0.000C L L L
0.00 0.05 0.10 0.15 0.20

Uy [cm]

Figure 7.22: Reaction force versus imposed displacement diagram

Slika 7.22: Sila v odvisnosti od vsiljenega pomika

placement diagrams are presented in Figure 7.22. One can see, that the results of both
coarse and fine mesh are in good agreement with the results obtained in [Manzoli and
Shing, 2006] by using a fine mesh and a Q4SH-NU type finite element. Figure 7.23 depicts
the deformed meshes that correspond to the imposed displacement u, = 0.2 cm. Note
that the deformed meshes are not scaled and one should for a more realistic representation

use a geometrically non-linear framework, which is out of the scope of this work.

7.4.7 Elasto-plastic tension test

In the last example we consider a tension test of a metal strip. The geometry of the
strip is presented in Figure 7.24 and the thickness is 0.055 cm. One of the shorter edges
is built-in and the opposite edge is pulled by imposing the displacements as depicted
in Figure 7.24. In this example we consider the bulk material as elastoplastic with the
following properties: Young’s modulus E = 21000 kN/cm?, Poisson’s ratio v = 0.3, yield
stress o, = 40 kN/cm?, ultimate stress o, = 42 kN/cm?, and hardening modulus K, =

1000 kN/cm? where we compute the stress-like variable related to isotropic hardening as
q=—Kit. (7.111)

The softening response is activated once the ultimate shear stress 7, = % = 21 kN/cm?
is reached and then the Mode II propagation of the discontinuity starts. The response of
the discontinuity is governed by the cohesive law depicted in Figure 7.25, which one can

also represent in the form of failure criterion

Ot 7) = |tw| — (r, —7) <0, (7.112)
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Figure 7.23: Deformed configuration of the coarse (left) and fine (right) mesh

Slika 7.23: Deformirana konfiguracija grobe (levo) in fine (desno) mreze
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Figure 7.24: Tension test of a metal strip

Slika 7.24: Natezni preizkus metalnega traka
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Figure 7.25: Rigid-plastic cohesive law with linear softening

Slika 7.25: Kohezijski zakon: toga plasticnost z linearnim mehcanjem
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and the stress like softening variable

7 = min [ru, —KE] , (7.113)

where K, = —400 kN /cm? and E = |ﬁn|7 see (7.72), (7.73) and (7.113). In our simulations
we only considered constant jumps in the tangential direction. We assumed that there is
a small imperfection in the metal strip which one can interpret as the starting point of

the discontinuity (see Figure 7.24). Several simulations were made with different mesh
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X
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o
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0.0 | | | |
0.00C 0.00% 0.01C 0.015 0.02¢ 0.025

uy [cm]

Figure 7.26: Total reaction force versus imposed displacement curves

Slika 7.26: Reakcija v odvisnosti od vsiljenega pomika

sizes ranging from 6 to 384 finite elements. The sum of reaction forces at the right edge
versus imposed displacement diagrams are presented in Figure 7.26. One can see that
the mesh size has very little influence on the results in this particular example. All the
curves have three distinguished phases, namely the linear elastic phase, which is followed

by the isotropic hardening phase and the final softening phase. Figure 7.27 depicts the

Figure 7.27: Discontinuity paths for several mesh sizes

Slika 7.27: Lega nezveznosti pri razlicnih mrezah

discontinuity paths for different mesh sizes. In Figure 7.28 we present the (scaled 10

times) deformed configurations for different mesh sizes.
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Figure 7.28: Scaled deformed configurations

Slika 7.28: Povecane deformirane konfiguracije

7.5 Concluding remarks and chapter summary

In this chapter we presented the quadrilateral two-dimensional elastoplastic finite element
with embedded strong discontinuity. With the introduction of four additional parameters
related to discontinuity line into the isoparametric 2D solid finite element we obtained

the enriched displacement field

4
u(€,T) = Z N.(&)d, + Z M 10de (&, 1) mode,  mode € (n0,nl, m0,ml),
a=1 mode
;2 ul
d «

where we asociate the aditional parameters with the following modes of separation
e "n0” - the constant mode of separation in the normal direction,
e "nl1” - the linear mode of separation in the normal direction,
e "m0” - the constant mode of separation in the tangential direction and
e "m1” - the linear mode of separation in the tangential direction.

By investigating the rigid body motion of the domains Q¢ and Q¢" separated with the

discontinuity line I'* we determined the interpolation matrices for all additional modes as

—h —h
M . Upode — u’d,mode
mode — — .
Amode

The enriched strain field is determined as the symmetric part of the gradient of the

displacement field

4
€= Z Bada + Gnﬂano + Gnlanl + Gmoamo + Gmlaml-

a=1
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The virtual strains were determined according to
4
€ = E Bada + GnOQnD + Gnlanl + Gmoamo + Gmlamla
a=1

where we used the following expression

1

Gmode - Gmode - i Gmodede
AQG Qe

in order to ensure the convergence in the spirit of the patch test. We introduced the
virtual strains into the principle of virtual work and obtained the virtual work of internal

forces as

SII(e) = ¢le) / el odO)

4
= >t [ 4 Bloan+
a=1 Qe

J/

P
standard

T T - T T
e ~ ~ A A
() / 0G0 + 01 G, 0 + QoG 00 + 01 G odS),
€

J/

~
additional

and from the term ”additional” we obtained four additional equations per finite element

he hhs
Qe re

e R A ZSIO + ;}ff‘z =0,
T o

which ensure that all the components of the traction at the discontinuity are in equilibrium
with the stress field in the element. The basic ingredients of the chosen constitutive
relations for the bulk material and the discontinuity are the usual additive decomposition

of regular strains into elastic and plastic part

6+Ep’

M|

€ =

the free energy of the bulk material considering isotropic hardening

(e, §) = W () + 5 = ye70e +20),

the yield criterion for the bulk material

—\ 2
5(076) = O-TAO- - (1 - i) < 07
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the cohesive law at the discontinuity written in terms of jump in displacements

which one can also write in terms of localization criterion

¢=9(t.q) <0,
and the softening potential

E().

plastic dissipation

Df =

The remaining ingredients of the bulk elastoplasticity were obtained by computing the

+ 7,
and by considering the principle of maximum plastic dissipation

mmmaxﬁp( 0,3,7) = -D'(o,
oq 7

7) +76(e,7)] -
Similarly, we also defined the plastic dissipation at the discontinuity
D=D =t'% + q{'

and considered the principle of maximum plastic dissipation

=p

minmax |L'(£,7.79) = =D (,7) +76(t.7)]
7q 7
which is here limited to discontinuity line only. The computational procedure presented

in Section 7.3 is split into the local and global phase. In the local phase we, if not already
given, provide the discontinuity geometry

n=n ( w9 (g

p?
n+1» en

), m=m (0"

531733’“%) y  ITE,
by considering the average stress field in the element. The updates of the softenin
y g g g
variables and the jumps in displacements at the discontinuity line integration points are
determined by simultaneously solving the following equations
=L/ o (5 = — (=1 —1 =/
Qb tn+1 n+1 /yn—l—l’ ,711—&-1 » 4 €n+1 ’7n+1 = ¢ ’Yn—&—l? 7n+1 = 07
e =1 =2 = =2 =2 =2 =1 =2
Cb (t?ﬁ-l (a;-&)-l (7n+1a7n+1>> 4 (§n+1 <7n+1>)) =0 (

7n+17 ’Yn—f—l) = 07
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where we considered the following relation between the jumps in displacements evaluated

at the discontinuity integration points and the kinematic parameters related to disconti-

nuity
T
=1 =2 =1 =2 = =2 =1 =2
(e) =1 =2y _ Uy + Uy Uy — Uy Uy + Uy Uy — Uy
« (u U ) - 9 )1 2 9 ) 1 2 )
é-F S é-F - £F

and we explicitly used the additional equilibrium equation to compute the traction at the

integration points of the discontinuity
hQE (o-(dgtej-lvggbip? agf—?—l)) + h’Fe (trlerla ti+1) =0 = trlz+17 t721+1'

In the local phase we also determine the updates for the hardening variables related to

element integration points by solving the following equation
P, _bi e),(3) —p,bip /—bi _zbip b —bip ,__b;
O (et (il T ) AEna (Toa) = & (o) = 0.

In the global phase, where the single element contribution to the system of global equations

KO R )0 (AP (g g
|: Khd Kha :| AagLel,l(i) - ( 0 ) )

18

n+1
we determine the updates for the current iterative values of nodal displacements

e),(t e),(i—1 e),(i—1
A = 1 AdOA

The static condensation allowed us to form the standard form of the element stiffness
matrix

—(e),(i) o). (i a,(i hay(i)\ "L pohd(i
Kn+1 = wa)rl() - Kviﬂ() (Kn+1( )> Kn+(l)7

thus the global solution procedure is completely the same as in the standard finite element
formulation.

A finite element with embedded strong discontinuity has been presented and used to
model the fracture process in two-dimensional concrete solids, delamination of composite
materials and failure of ductile materials. The element has linear interpolations of the
displacements jumps (in both normal and tangential directions), which are important for
its locking-free response. In order to make the discontinuity propagation algorithm more

robust the continuity of the discontinuity line between the elements has been enforced.
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Chapter 8

Conclusion

The aim of this work is to increase the understanding of structural behavior at the limit
loads and at loads that cause structural failure through the development of numerical
methods like the finite element method with embedded discontinuity. In the thesis the
emphasis was on the treatment of material nonlinearities and localized failure of material.

In the research work presented in the thesis we reached the following conclusions:

e We have revisited [Ibrahimbegovic et al., 1992], [Ibrahimbegovic and Frey, 1993b],
[Ibrahimbegovic and Frey, 1994] and programmed a nonlinear elastic stress-resultant
plate finite element for limit load analysis of reinforced concrete plates with Eu-
rocode 2 [Eurocode 2, 2004 recommendations to describe the constitutive behavior
of reinforced concrete. The results of the presented approach for the analysis of
limit load of reinforced concrete plates are in good agreement with the available
experimental results (which are available in the literature) for those plates, where
the load is monotonically increased until the failure of the plate. The essence of this
approach is that it takes into account the gradual degradation of reinforced concrete
due to crushing of the concrete and the yielding of the reinforcement. Although the
approach is based on the nonlinear finite element method it is relatively simple and
robust. The advantage of this approach, compared to the theory of plastic lines, is
the information on the displacements (limit ductility), which may be interesting for

studies on limit state of serviceability.

e We have derived and programmed the small strain stress resultant elastoplastic and
elastoviscoplastic plate finite element, where both isotropic and kinematic hardening
were considered. We have also derived an algorithm, that unifies both inelastic for-
mulations within one computational framework. Numerical results of the presented
formulation have been compared with the stress formulation from Abaqus [Hobbit

et al., 2007] as well as with the stress resultant formulation with o parameter that
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takes into account gradual spreading of through-the-thickness plasticity. It has been
shown that, regarding the accuracy of the limit load computation, the mesh density

plays more important role than the type of elastoplastic formulation.

We have revisited [Simo and Kennedy, 1992], [Brank et al., 1997] and programed the
inelastic geometrically exact shell finite element, based on stress-resultant plastic-
ity with isotropic and kinematic hardening. We have also derived a computational
algorithm for the multi-surface plasticity of the shell stress-resultant formulation.
Several numerical examples have been presented, which show a very satisfying per-
formance of the presented approach compared to results from literature. In numer-
ical example presented in Section 4.4.1 we have encountered some problems with
convergence of the plasticity loop. We believe this was caused by the relatively large
jumps between two equilibrated configurations that occur due to local buckling of
the cylinder. This problem could be circumvented by a more sophisticated path
following approach. In Section 4.4.3 we present the limit load analysis of rectan-
gular plate. The comparison of the results obtained by the geometrically nonlinear
shell formulation with the results of the geometrically linear plate formulation pre-
sented in Chapter 3 show that geometrically nonlinear effects can be significant

when analyzing thin metal plates.

We have derived and programmed the elastoplastic Euler-Bernoulli beam finite el-
ement with embedded discontinuity. We also presented a sequential multi-scale
procedure to obtain the beam constitutive model parameters. The multi-scale pro-
cedure belongs to the class of weak coupling methods, since we carry out the se-
quential computations. The results of the shell model computations, accounting for
material and geometric localized instability, are stored to be used within the beam
model softening response. As presented by numerical simulations, performance of
the proposed multi-scale computational approach is very satisfying. One of its main
features is that detection and development of the softening plastic hinges in the
frame is fully automatic, and spreads gradually in accordance with stress redistri-
bution in the course of the nonlinear analysis. When analyzing frame structures,
we noticed that the size of the load step has an influence on the results in the
softening stage of the structure. If the step is too big, several discontinuities can
appear simultaneously, which leads to convergence problems or to an equilibrated
configuration, which would not have been encounter if smaller load steps had been
used. In order to circumvent the above mentioned problems, we adapted the size
of the load step, so that only one new discontinuity can appear in the frame within

one load step. One possibility for the future work in the context of failure analysis
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of frame structures is a development of a new formulation, where the multi-scale

procedure is carried out simultaneously.

e We have derived and programmed an elastoplastic quadrilateral two-dimensional
finite element with embedded strong discontinuity. The discontinuity kinematics
allow to model linear jumps in both normal and tangential displacements along the
discontinuity line. In one of the early versions of the derived formulation we allowed
the appearance of the discontinuity in any finite element, if the stress level in that
element triggered the softening response. This approach often led to convergence
problems if several discontinuities appeared at once or to an over stiff response, if
the discontinuities in the neighboring elements were not aligned properly. In order
to make the discontinuity propagation algorithm more robust, the continuity of the
discontinuity line between the elements has been enforced. We performed several
numerical simulations where we modeled the crack growth in brittle materials and
the delamination of the composite materials. The comparison shows that of our
results are in good agreement with those from literature. The proposed formulation
can be also used to model the failure of ductile materials where localized shear
bands form. The results of our simulations show that the results are independent
of the mesh. The convergence of the presented formulation depends on the problem
of interest. When analyzing only one finite element, we did not encounter any
problems, while the analyses of a more complex structures sometimes demanded a
change of the load step (either smaller or larger) in order to obtain a converged
configuration. It still remains an opened question, how to make the approach more
robust. In numerical simulation presented in Section 7.4.4 we encountered a problem
of determining the proper direction of the crack growth. This could be avoided
with a formulation, where the direction of the crack growth would be determined
by considering the stress state in the patch of the elements instead of only using
one element. With some minor modifications of the present formulation one would

obtain a formulation that is suitable for analysis of failure in soils.

e Finally, we should mention that all finite elements have been generated by the
AceGen [Korele, 2007b] computer program for symbolic expression manipulation
and that all the numerical simulations have been preformed in the AceFem [Korelc,
2007a] computer program. These programs have been found to offer a versatile

environment for fast production and testing of new finite element formulations.
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Razsirjeni povzetek

Najbolj pogosto uporabljeno orodje za racunanje obnasanja konstrukcij je metoda konénih
elementov. To je numeriéna metoda, s katero resujemo robni problem (t.j. parcialne
diferencialne enacbe s pripadajoéimi robnimi pogoji), ki opisuje dolocen fizikalni prob-
lem. Osnovni gradnik te metode je t.i. kon¢ni element. 7Z mrezo konc¢nih elementov
iStemo aproksimacijo resitve na obmocju, ki ga obravnavamo. V nasem primeru opisemo
z mrezo konc¢nih elementov celo konstrukcijo ali pa samo del konstrukeije (konstrukci-
jski element), ki ga analiziramo. Popolna trodimezionalna analiza celotne konstrukcije,
pri kateri bi upostevali njeno toéno geometrijo in bi vsebovala podrobne opise vseh ge-
ometrijsko in materialno nelinearnih pojavov (npr. plastifikacijo jekla, razpokanje betona,
zdrs med betonom in jekleno ojacitvijo, lokalno odpoved materiala, velike pomike in
rotacije, lokalni in globalni uklon, ...) je, kljub vedno bolj zmogljivim ra¢unalnikom in
vedno boljsim modelom za opis omenjenih nelinearnih pojavov, Se vedno neizvedljiva,
hkrati pa tudi ni smiselna. Pri modeliranju tako privzamemo dolo¢eno mero fizikalne
in matematicne idealizacije. Ponavadi trorazsezno telo (v nasem primeru konstrukeijski
element), z upoStevanjem dolo¢enih kinemati¢nih predpostavk, modeliramo kot dvodi-
menzionalno (stene, plosée in lupine), oziroma kot enodimenzionalno (nosilci, palice). V
ta namen uporabljamo koncne elemente za stene, plosce, lupine, nosilce in palice. Nadalje
si modeliranje obnasanja konstrukcij in konstrukcijskih elementov pogosto poenostavimo
z uporabo pribliznih ali poenostavljenih konstitutivnih modelov.

V disertaciji so izpeljani razlicni konc¢ni elementi, ki so primeri za uporabo pri analizi
obnasanja konstrukcije (ali konstrukeijskih elementov) vse do njene popolne porusitve. V
ta namen se najprej ukvarjamo z neelasticnimi materialnimi modeli za opis dveh tipi¢nih
gradbenih materialov - jekla in armiranega betona. Nato pa se ukvarjamo Se z opisom
lokalne odpovedi materiala, ki postopoma vodi k mehcanju konstrukcije, torej k taksnemu
odzivu, ko se njeni pomiki povecujejo ob hkratnem zmanjsevanju obtezbe. Za dolocitev
mejne obtezbe (t.j. tiste obtezbe, ki jo konstrukcija Se lahko prenese, preden se za¢ne njeno
mehéanje), smo tako razvili nelinearno elasti¢ne ter elastoplasticne materialne modele za
razlicne konstrukcijske elemente. Skupna lastnost vseh izpeljanih materialnih modelov

je v tem, da so doloceni na nivoju rezultant napetosti (t.j. notranjih sil), kar jih naredi
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robustne in racunsko manj zahtevne.

Ko pa se lotimo obravnavati obnasanje konstrukcije vse do njene popolne porusitve,
pa uporaba nelinearno elasti¢nih oziroma elastoplasti¢nih modelov ne zadostuje vec. Do
zaCetka porusitve konstrukcije (oziroma njenega dela) ponavadi pride zaradi zelo lokalnih
pojavov, ki jih z uporabo materialnih modelov za zvezno snov ni mo¢ primerno opisati.
Kot primer si lahko zamislimo vec¢jo razpoko, ki nastane v betonski steni na mestih natezne
odpovedi betona. Sirina te razpoke je zelo majhna v primerjavi s preostalimi dimenzijami
stene, vendar ima vpliv na obnaSanje stene, saj v trdno telo vnese nezveznost. Le-to pa
je zelo tezko opisati s standardno metodo koné¢nih elementov. Z vkljucitvijo singularnih
polj, s katerimi opisujemo obmocja taksnih nezveznosti (t.j. obmocja lokalne porusitve
materiala), v standardno metodo kon¢nih elementov, pa lahko pridemo do robustnega
nacina za opis lokalne odpovedi materiala. Pridemo do t.i. metode kon¢nih elementov z
vkljucéenimi nezveznostmi (angl. "embedded discontinuity finite element method”).

V doktorski disertaciji smo si zastavili ve¢ nalog povezanih z analizo mejne nosilnosti
konstrukcije, oziroma s porusno analizo konstrukcij. ReSevanje vsake naloge je prikazano
v svojem poglavju. Za prvo nalogo smo si izbrali izpeljavo konénega elementa za racun
mejne nosilnosti armiranobetonskih plos¢. V ze obstojeco racunalnisko kodo za konéni
element na osnovi Reissner-Mindlinove teorije plosé, ki je predstavljen v [Bohinc et al.,
2009], smo vgradili materialni model za armiranobetonske plosce, ki je opisan v [Ibrahim-
begovic et al., 1992], [Ibrahimbegovic and Frey, 1993b] ter [Ibrahimbegovic and Frey,
1994], s tem da smo upostevali dolocila Evrokoda 2 [Eurocode 2, 2004] za opis konsti-
tutivnega obnaSanja armiranega betona. S tem smo prisli do robustnega in relativno
enostavnega modela za materialno nelinearno analizo armiranobetonskih plos¢, s katerim
lahko ocenimo njihovo mejno nosilnost, kar ima precejsnjo prakticno vrednost.

Druga naloga je bila konsistentna izpeljava elastoplasticnega in elastoviskoplasticnega
materialnega modela za plosce, ki upostevata tako izotropno kot tudi kinemati¢no utrje-
vanje in sta dolo¢ena z rezultantami napetosti. Izpeljali smo nov numericni algoritem, ki
hkrati zajema tako elastoplasticno kot tudi elastoviskoplasti¢no formulacijo. Oba materi-
alna modela smo nato vgradili v Ze omenjeni kon¢ni element na osnovi Reissner-Mindlinove
teorije plos¢. S tem smo si omogocili materialno nelinearno analizo metalnih plosé¢, ki ima
prav tako prakticno vrednost.

Tretja naloga je bila izpeljava geometrijsko in materialno nelinearne (elastoplasticne)
formulacije za geometrijsko tocne lupine, ki uposteva tako izotropno kot tudi kinemati¢no
utrjevanje in je doloCena z rezultantami nepetosti. Poseben poudarek je bil na izpel-
javi to¢nega plasticnega algoritma za elastoplasti¢nost lupin z rezultantami napetosti, ki
vsebuje dve funkciji tecenja. V obstojeci geometrijsko tocni konéni element za lupine

(glej [Brank et al., 1995] in [Brank and Ibrahimbegovic, 2001]) smo nato vgradili nee-
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lasticni materialni model s pripadajocimi novimi algoritmi.

Prve tri naloge so se torej nanaSale na materialno nelinearno analizo plos¢ in lupin
iz kovin in armiranega betona. Modeli, ki omogocajo tovrstne analize imajo precejsnje
prakticne vrednosti, vendar ne omogocajo porusne analize, t.j. analize, ki bi omogocala
popolno porusitev konstrukcije ali konstrukcijskega elementa. Taksnih analiz pa smo se
lotili v naslednjih nalogah.

Cetrta naloga se je tako nanagala na porusno analizo ravninskih okvirnih konstrukcij.
Ta tema ima prakti¢no vrednost pri sodobnem projektiranju, Se posebej pri potresnem
inzenirstvu. Uporabili smo metodo konénih elementov z vgrajenimi nezveznostmi. Cilj je
bil izpeljava novega elastoplasticnega konc¢nega elementa za ravninske nosilce z vklju¢eno
nezveznostjo v rotaciji. Konc¢ni element je bil izpeljan na osnovi Euler-Bernoullijeve
teorije nosilcev. Ker smo tudi v tem primeru neelasticne materialne modele izpeljali
na nivoju rezultant napetosti, smo se srecali s problemom doloc¢itve potrebnih material-
nih parametrov. V ta namen smo uporabili geometrijsko in materialno nelinearne konc¢ne
elemente za lupine. Izkazalo se je, da tako konsistentno izpeljani koncni elementi lahko
ucinkovito nadomestijo standardne konéne elemente, ki se uporabljajo za porusno analizo
okvirjev, pri katerih se vsa nelinearnost veze na vzmeti (ponavadi locirane na obeh koncih
kon¢nega elementa).

Zadnja naloga v okviru doktorske disertacije se je nanasala na izpeljavo nove druzine
stirivozlisénih ravninskih konénih elementov, ki upostevajo tako plastiéno utrjevanje kot
tudi lokalno plasticno mehc¢anje materiala. Zopet smo uporabili metodo konc¢nih elemen-
tov z vgrajenimi nezveznostmi. Posebnost izpeljanih novih konénih elementov je v tem,
da so skoki v pomikih na mestu nezveznosti linearni tako v smeri normale, kot v smeri
tangente na nezveznost. Vecina obstojecih ravninskih konénih elementov z vklju¢enimi
nezveznostmi namrec¢ uposteva zgolj konstantne skoke v pomikih znotraj enega elementa.
Poleg tega je ponavadi za odziv zvezne snovi upostevan zgolj linearno elasticni materi-
alni model. Z novimi kon¢nimi elementi je mogoce slediti nastanku in Sirjenju razpoke
v krhkih dvodimenzijskih telesih ali formiranju lokaliziranega plastificiranega obmocja v
duktilnih dvodimenzijskih telesih. Resitve, ki jih dobimo z novimi konénimi elementi so

neodvisne od mreze koncénih elementov.

Analiza mejne obtezbe armiranobetonskih plosc

V drugem poglavju se ukvarjamo z materialno nelinearno analizo armiranobetonskih plos¢
z metodo konénih elementov. Za armirani beton uporabimo konstitutivni zakon, zapisan
na nivoju rezultant napetosti. Ideja je povzeta po [Ibrahimbegovic et al., 1992], [Ibrahim-

begovic and Frey, 1993b], [Ibrahimbegovic and Frey, 1994]; spremenimo jo v toliko, da
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uporabimo priporocila Evrokoda 2 [Eurocode 2, 2004] za opis konstitutivnega modela
betona.

S tem pristopom lahko identificiramo mejno stanje armiranobetonske plosce pri mono-
tonem povecevanju obtezbe ploSce; npr. pri obremenitvi zaradi lastne in stalne obtezbe.
Ce pa je obtezevanje plosce taksno, da je prisotno veliko pomembnega razbremenjevanja
in ponovnega obremenjevanja, se moramo omenjenemu nacinu racunanja mejne obtezbe
odpovedati. Omeniti je potrebno, da je ze pri monotonem povecevanju verjetno, da bo
prislo do lokalnega razbremenjevanja zaradi lokalne spremembe togosti plosce, vendar
predpostavimo, da so neelasticni efekti zaradi taksnega razbremenjevanja zanemarljivi.
Poleg tega predpostavimo tudi, da pomiki plosce niso tako veliki, da bi prisli do izraza
membranski efekti, povezani s pojavom osnih (membranskih) sil v ploséi. Taksne pojave
pri analizi mejnih nosilnosti armiranobetonskih plosé lahko obravnavamo kot sekundarne
in zato zanemarljive.

Konstitutivni model za armirani beton je razdelejen na dve stanji: na stanje ner-
azpokanega betona (stanje /) in na stanje razpokanega betona (stanje II). Razpokano
stanje se aktivira, ko pride do porusitve betona v natezno najbolj obremenjenem vlaknu
prereza. V stanju I upostevamo linearno elasticne konstitutivne zveze za izotropen ma-
terial

qg=Csv, m=CgK,

kjer sta m in q vektorja momentov in precnih sil, C's in C's pa sta matriki elasti¢nih
konstant za plosce (glej (2.4)). Podobno kot v stanju I, tudi v stanju II upoStevamo

linarno elasti¢en odziv za strizni del

q= 057a

medtem ko pri upogibnem delu zanemarimo vpliv Poissonovega koli¢nika in upostevamo

neodvisna odziva v dveh pravokotnih smereh, dolocenih s kotoma ¢ in ¢ + 7, v obliki

m = m(K),

kjer je & vrednost ukrivljenosti v smeri ¢ oz. ¢ + 7, m pa pripadajoc¢i moment. Odziv v

teh dveh smereh je dolocen s koli¢ino efektivne armature v teh smereh (slika 2.4)
Ay = Zi:ai cos’(¢ — i), agyr = Xl: a; cos?(¢ + g — ),

kjer je a; kolicina armature v ploSci polozene v smeri «;, in z odsekoma linearnim dia-

gramom, ki je dolo¢en z naslednjimi stanji prereza:

e pojav prve razpoke v betonu (tocka A na sliki 2.3),
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e zacetek plastifikacije armature (tocka B na sliki 2.3),

e porusitev betona v tlaku (tocka C' na sliki 2.3).

Lo¢imo med izotropno armiranimi plos¢ami, pri katerih je efektivna kolicina armature
enaka za vsak kot ¢ (razdelek 2.3.1)

otroni
a, """ = const.,

in anizotropno armiranimi plos¢ami, pri katerih efektivna koli¢ina armature ni konstantna

ay(¢) # const..

Pri slednjem obravnavamo dve moznosti (razdelek 2.3.2): s fiksno smerjo razpoke ter z
rotirajoco smerjo razpoke. Glede na gornje kriterije dolo¢imo kot ¢.

Uporabljen pristop za rac¢un mejne obtezbe armiranobetonskih plosc se izkaze kot
zelo zadovoljiv. Rezultati analiz se dobro ujemajo z razpolozljivimi eksperimentalnimi
rezultati (ki so na voljo v strokovni literaturi) za tiste plosce, kjer se je obtezba monotono
povecevala vse do porusitve (razdelek 2.4). Bistvo naSe analize je, da uposteva postopno
degradacijo armiranega betona zaradi razpokanja betona in zaradi plastifikacije armature.
Ceprav analiza temelji na nelinearni metodi konénih elementov, je razmeroma preprosta

in robustna in zato tudi uporabna v projektantski praksi.

Neelasticna analiza metalnih plosc

V tretjem poglavju izpeljemo materialni model za elastoplasti¢ne plosce, ki uposteva tako
izotropno kot tudi kinematicno utrjevanje. Model je dolocen z rezultantami nepetosti
(notranjimi silami). Elastoplasti¢no formulacijo nadgradimo v elastoviskoplasti¢no tipa
Perzyna, glej npr. [Koji¢ and Bathe, 2005] in [Kleiber and Kowalczyk, 1996]. Oba nee-
lasticna modela sta izpeljana ob predpostavki hipnega elasticnega odziva in principa
maksimalne plasticne disipacije (za plasti¢nost) oz. kazenske oblike principa maksimalne
plasti¢ne disipacije (za viskoplasti¢nost), glej npr. [Ibrahimbegovic et al., 1998].

Osnovni gradniki tega konstitutivnega modela so:
e Razcep celotnih deformacij € na elasti¢ni €° in plasti¢ni e? (viskoplasti¢ni €'P) del
e =g+ el?,

e Predpostavka, da ima deformacijska energija naslednjo obliko, ki vsebuje tudi ¢lena

zaradi izotropnega in kinemati¢nega utrjevanja

1 1 /2
(0 (ee’ £, %) = §€G’TC€€ + = (6) + 5 (ngm> kTDk,
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kjer je C' matrika elasti¢nih konstant za plosce (glej (3.9)), & parameter, ki doloca
izotropno utrjevanje, = je funkcional povezan z izotropnim utrjevanjem, Hy;, kon-
stanta kinemati¢nega utrjevanja, D je matrika konstant za kinemati¢no utrjevanje

(glej (3.10)) in 3¢ je vektor "zaostalih” deformacij (t.i. ”back-strain”).
Funkcija tecenja ¢, dolo¢ena z rezultantami napetosti o, ¢ in «

¢(0.q,0)=(0+a) Ao+ a) - (1—1)220,

Oy

kjer je ¢ napetosti podoben parameter povezan z izotropnim utrjevanjem, o vector
napetosti podobnih koli¢in povezanih s kinematicnim utrjevanjem, A je matrika
konstant, s katerimi opisemo izotropno plasti¢nost pri ploscah (glej (3.12)), o, pa je

napetost na meji tecenja pri enoosnem preizkusu.

Princip maksimalne plasticne disipacije DP, ki ga pri plasti¢nosti opiSemo z iskanjem

minimuma naslednjega funkcionala
Lr (0’, q, &, ’7) =-DP (0-7 q, a) + 7¢ (Ua q, a) )
kjer je v Lagrangev mnozitelj.

Kazenska oblika principa maksimalne plasticne disipacije, ki jo v primeru visko-

plasti¢nosti zapisemo v obliki iskanja minimuma naslednjega funkcionala
vp vp 1
L" (0-7Q7a> =-D (U,q, OC) + Eg <¢ (0-7Q7a>>7
kjer je n parameter viskoznosti in

_ [ 3¢ >0

kazenski funkcional.

Resevanje se izvede v ¢asovnih korakih. Nove vrednosti plasti¢nih spremenljivk na koncu

tipiénega casovnega koraka [t,,t,.1] dolo¢imo z resitvijo ene skalarne enacbe

¢n+1((0'n+1 + Oén+1) (%+1) y An+1 (’Vn+1)) = Ont1 (7n+1) =0—=7pt1

kjer je y,41 plasticni mnozitelj, 7, pa njegova skonvergirana vrednost na koncu koraka.

V primeru viskoplasti¢ne analize zgornjo enacbo zamenjamo z

n _
_E7n+1 + Gnt1 (Vnt1) =0 — i1,
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kjer je At = t,.1 —t,. V kolikor v viskoplasti¢ni formulaciji postavimo viskozni parameter
na 1 = 0, dobimo plasti¢no formulacijo in tako z enim racunskim algoritmom zajamemo
obe neelasti¢ni formulaciji. Rezultate nasih formulacij primerjamo (glej razdelek 3.4) z
rezultati formulacije, ki je dolo¢ena na nivoju napetosti [Hobbit et al., 2007], kakor tudi z
rezultati formulacije, doloc¢ene na nivoju rezultant napetosti s parametrom «, ki uposteva
postopno Sirjenje plastificiranega obmocja v smeri debeline plosce. Pokazalo se je, da ima
gostota mreze koncnih elementov vecji vpliv na nivo limitne obtezbe, kot pa izbira same

formulacije.

Neelasticna analiza metalnih lupin

V cetrtem poglavju se ukvarjamo z elastoplasti¢no analizo tankih metalnih lupin z metodo
koncnih elementov. Vse konstitutivne zveze so napisane na nivoju rezultat napetosti, s
cemer se Stevilo integracijskih tock po debelini lupine zmanjSa na vsega eno, kar naredi
analizo mnogo hitrejSo v primerjavi s pristopom, ki je dolo¢en z napetostmi, glej npr.
[Brank et al., 1997]. Podoben pristop je bil z uporabo nekoliko drugacnega koncénega
elementa in z druga¢nim utrjevanjem Ze prikazan v [Simo and Kennedy, 1992].

Osnovni gradniki konstitutivnega modela so:

e Razcep celotnih deformacij € na elasti¢ni €° in plastiéni e del

e=¢e"+¢€".

e Predpostavka, da ima deformacijska energija naslednjo obliko, ki vsebuje tudi ¢lena

zaradi izotropnega in kinemati¢nega utrjevanja
e I >~ 1 e, T e = (] 1 T
¥ (e, ¢, %) = 5" Ce —|—:(§)—|—§% Do,

kjer je C matrika elasti¢nih konstant za lupine (glej (4.31)), & parameter, ki
dolo¢a izotropno utrjevanje, = je funkcional povezan z izotropnim utrjevanjem,
D = %Hka s je matrika konstant za kinemati¢no utrjevanje, Hy;, je konstanta
kinematicnega utrjevanja, Ig je enotska matrika velikosti 8 x 8 in 3¢ je vektor ”za-

ostalih” deformacij.

e Funkcija tecenja ¢, dolo¢ena z rezultantami napetosti o, ki jo omejujeta dve ploskvi
(slika 4.1)

ou(o.q,0) = (0 +a) Ay (o +a)- (1——)2 p=12,
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kjer je g napetosti podoben parameter povezan z izotropnim utrjevanjem, o vector
napetosti podobnih koli¢in povezanih s kinemati¢nim utrjevanjem, A, je matrika
konstant, s katerimi opiSemo izotropno plasti¢nost pri lupinah (glej (4.33)), o, pa

je napetost na meji tecenja pri enoosnem preizkusu.

e Plasti¢na disipacija
DP = oTel + qfl +a’x>0.

e Princip maksimalne plasti¢ne disipacije, ki ga opiSemo z iskanjem minimuma nasled-

njega funkcionala
2
L"p <U7 q, &, ’.Yl, 72> =-DP <U7 q, a) + Z ;y,uqb,u (0-7 q, a) )
pn=1

kjer sta 77 in 7, Lagrangeva mnozitelja.

Notranje spremenljivke racunamo na dva nacina (glej razdelek 4.3.2). Pri prvem nacinu

reSujemo le enacbe povezane s funkcijo tecenja

¢1(’71,n+17 72,n+1) -0

R” (Vint15 V2nt1) = G2(Vint15 Y2imr1)

ki jih zapiSemo v vektor RP. Z resitvijo za plasticna mnozitelja v; 41 in ¥2,41 nato
doloc¢imo nove vrednosti plasticnih spremenljivk. Pri drugem nacinu pa v vektorju R”

nastopajo tudi evolucijske enacbhe

_EZH +e) + Zi:1 Yun+1Vpn+1
- v{a+1 +&+ Ei:l Vusn+15n+1 ~0
P1ns1 ’
Gan+1

I
R? (€ﬁ+1a Ent1 V41 ’Y2,n+1) =

tako da tudi plasticne spremenljivke dolo¢imo neposredno. Ko imamo opravka z ve¢ploskovnimi
funkcijami tecenja, nimamo vedno informacije o tem, katera ploskev bo v skonvergiranem
stanju aktivna (v zgornjih enacbah smo predstavili le moznost, ko sta obe ploskvi aktivni).

Tako pri dveh ploskvah lo¢imo med tremi moznimi sistemi enacb

Rp — ¢1,n+1 -0 Rp _ ¢1,n+1 -0 Rp _ Vl,nJrl -0

12 ¢2,n+1 ’ Y2,n+1 ’ ¢2,n+1 ’
s katerimi pokrijemo vse mozne koné¢ne izide (R}, obe ploskvi sta aktivni, R} le prva
ploskev je aktivna in R} le druga ploskev je aktivna). Predstavljeni sta dve proceduri za
dolocitev pravilne resitve (glej razdelek 4.3.2). Pri prvi proceduri poistemo resitve za vse

tri mozne sisteme enach in na koncu izberemo tisto resitev, ki zados¢a Kuhn-Tuckerjevim
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pogojem obremenjevanja in razbremenjevanja (Y, n+1 > 0, ¢pnt1 < 0). Pri drugi proce-
duri pa iStemo resitev le enega sistema enach, ki pa se lahko med postopkom spreminja,
in sicer upostevamo, da morajo biti pri vseh aktivnih ploskvah plasti¢ni mnozitelji vedno
nenegativni (7, ,4+1 > 0). Predstavljenih je ve¢ numeri¢nih primerov (glej razdelek 4.4),

ki kazejo dobro ujemanje nase formulacije z rezultati iz literature.

Predstavitev koncepta vkljucene nezveznosti

V petem poglavju je na primeru kon¢nega elementa za palico predstavljen koncept vkljuce-
ne nezveznosti (angl. ”embedded discontinuity”). Obravnavamo natezni test idealizirane
palice, ki je predstavljen na sliki 5.1. Odziv palice je linearno elasticen dokler ni dosezena
nosilnost materiala, nato pa se nosilnost palice linearno manjsa z vecanjem pomika, glej
sliko 5.1 desno spodaj. Na zgornjem levem delu slike 5.1 je prikazana kljuc¢na lastnost
porusitve, in sicer, da pride do zmanjSanja nosilnosti zaradi zelo lokalnih efektov, ki so
skoncentrirani v okolici najsibkejse tocke palice (mi smo izbrali sredino palice). Na sliki 5.1
levo spodaj je prikazana porusitev zaradi t.i. "necking efekta”, ki je znacilen pri natezni
porusitvi metalnih palic. Omeniti je potrebno, da je razen sredine idealne palice, kjer se
pojavijo nepovratne (plasticne) deformacije, celotna palica v elasticnem obmoéju. Tako
je celoten odziv palice v mehcanju odvisen le od obnasanje sredinske tocke palice. Na
zgornjem desnem delu slike 5.1 je predstavljena razporeditev pomikov vzdolz osi palice,
ko nosilnost palice e ni v celoti izérpana. Skok v pomikih % si lahko razlagamo tudi kot
lokalno plasticno deformacijo na mestu nezveznosti.

Izpeljave koncénega elementa, ki je predstavljen v petem poglavju, sledi naslednjemu
postopku. V standarni izoparametricni kon¢ni element za palico dodamo parameter «, s

katerim opisemo kinematiko nezveznosti ter dobimo obogateno polje vzdolznih pomikov

u(€) =) " Na(€)do + Mo (&),

———
& obogatitey
Uik
kjer s h ozna¢imo diskretno aproksimirano koli¢ino, ¢ € [—1,1] je brezdimenzionalna
lokalna koordinata, a = 1,2 je indeks vozlisca, N, je interpolacijska funkcija (glej (5.2)),
d, je vozliséni pomik in M, je interpolacijska funkcija povezana z nezveznostjo (glej (5.5)).
7 ulixr oznacimo izraz, ki izhaja iz standardne metode konénih elementov. Z odvajanjem

polja pomikov po koordinati z (glej (5.1) in sliko 5.3) pridemo do polja deformacij

du 2
= 5 = Ba da + Ga 5
€= ; ©) ()

€d
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kjer je B, deformacijski operator, ki ga povezujemo z vozlis¢nimi pomiki (glej (5.7)),
Gy = Go + ﬁa je deformacijski operator, ki ga povezujemo s kinematiko nezveznosti in
ga razdelimo na zvezni G, in nezvezni G, del (glej (5.7)), €q je del deformacij, ki izhaja
iz vozlis¢nih pomikov, €, pa del deformacij, ki izhaja iz nezveznosti. Upostevamo, da se

virtualne deformacije znotraj konc¢nega elementa interpolirajo kot
2
¢=>_ Bu(&)dq + Gady,
a=1

kjer je d, virtualni vozliséni pomik, & je virtualni parameter nezveznosti ter

A 1
Go=G, — Te . Godzx,
operator, s katerim zagotovimo konvergenco elementa v smislu patch testa. Ce v princip

virtualnega dela notranjih sil vstavim nastavek za virtualne deformacije, dobimo

2
5Hint,(e) — ZA(e)/ dAaBa()'dx—i—A(e)/ OA[GAadeJ
1 ‘ -

a=

J/ ~\~

dodatno

standardna MKE

kjer je A(®) povrsina preénega prereza elementa e, Q° obmoéje elementa in o napetost v

elementu. Iz izraza "dodatno” tako dobimo eno dodatno ravnotezno enacbo

hle) = Al (/ G, odx + t) =0,

ki zagotavlja, da je napetost na nezveznosti t v ravnotezju z napetostnim stanjem v
koncnem elementu. Togi plasti¢ni kohezijski zakon, predstavljen na sliki 5.5, gradimo na

osnovi kriterija zacetka nezveznosti

ter potenciala, povezanega z mehc¢anjem materiala

=6 = iK.E

2
kjer je o, nosilnost materiala, g napetosti podobna koli¢ina povezana z mehcanjem, E je
parameter, ki opisuje mehcanje materiala, K; pa je modul linearnega mehcanja. Preostale

sestavine kohezijskega zakona dolo¢imo z upostevanjem plasti¢ne disipacije

_p

D’ =ta+E,
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ter principa maksimalne plasticne disipacije, ki ga zapisemo kot
min max [L (t,q,7) = =D (t,q) +7¢(t,q)
tg 5
kjer je ﬁ Lagrangev mnozitelj. ReSevanje se izvede v casovnih korakih, racunski postopek

pa je razdeljen na lokalni in na globalni del. V lokalnem delu na koncu ¢asovnega koraka

[T, Tni1] doloéimo popravke k spremenljivkam mehcanja z resitvijo ene skalarne enacbe

z: tht1 (%n-i—l) - (Uu - En—i-l (ﬁn—&-l)) = z (§n+1) =0,

kjer je 7,,, mnozitelj povezan s togo plasticnostjo na nezveznosti. Da dolo¢imo napetost

na nezveznosti, eksplicitno upostevamo dodatno ravnotezno enac¢bo

ral G
lny1 = _/ Ga0n+1d$ = O0pt1s
e

kjer s o¢ '\, oznacimo vrednost napetosti v integracijski tocki elementa. V globalni fazi

)

dolo¢imo popravke Adffj’l(i‘l za trenutne vrednosti vozlis¢nih pomikov

kjer je i Stevec globalne iteracijske sheme. Prispevek enega kon¢nega elementa k sistemu
globalnih enacb je
{ K© K r) ( A ) ( Fo — p® )
e ]\ sallp v =idl )
kier so K@ K/ K" in K" podmatrike tangentne matrike elementa (glej (5.49)-
(5.55)), Fr0) g0 notranje vozliséne sile (glej (5.47)), £<4'” pa zuanja vozliséna
obtezba. S pomocjo staticne kondenzacije pridemo do tangentne matrike koncnega el-
ementa ' .
A I S (et

ki je povsem enake oblike kot v standardni metodi kon¢nih elementov in je s tem globalni
sistem reSevanja nespremenjen. V prvem numericnem primeru v razdelku 5.4 je prikazan
konvergencni test enega konc¢nega elementa, medtem ko v drugem numeri¢nem primeru

analiziramo konstrukcijo sestavljeno iz stirih vzporednih palic.

Porusna analiza metalnih nosilcev in okvirjev

V Sestem poglavju obravnavamo porusno analizo metalnih nosilcev in okvirjev. Tipicen
primer porusne analize je t.i. ”push-over” analiza pri potresnem inzenirstvu. To je nelin-
earna staticna analiza konstrukcije na katero nanesemo potresno ekvivalentno horizontalno

obtezbo, ki konstrukcijo poriva preko njene nosilnosti, glej npr. [Fajfar et al., 2006].
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Poskodbe, ki so jih utrpele konstrukcije pri potresih, kakor tudi eksperimentalna dog-
nanja, kazejo, da pride do porusitve kostrukcij sestavljenih iz preck in stebrov zaradi
lokalne odpovedi materiala na omejenem Stevilu kriticnih mest. Ta mesta se ponavadi
opisuje s plasticnimi (neelasti¢cnimi) ¢lenki. Obicajni pristop za dolo¢itev nosilnosti,
oziroma za doloc¢itev obnasanja okvirne konstrukcije v primeru porusne analize, je uporaba
plasticnih ¢lenkov, ki se modelirajo z neelasticnimi vzmetmi. Neelasti¢ne vzmeti se vkljuci
v obi¢ajno mrezo kon¢nih elementov na vnaprej dolocena kriticna mesta (npr. [Wilson,
2002]) ali pa se uporabi koncne elemente, v katerih je ze upostevana vzmet v obeh vozliséih
(npr. [Powell, 1986]).

V Sestem poglavju predstavimo alternativo zgoraj omenjenim pristopom, ki temelji na
nelinearni analizi z uporabo konénih elementov z vklju¢enimi nezveznostmi. Predstavljen
je tudi pristop za doloc¢itev materialnih parametrov za nosilce, ki sloni na predhodni analizi
dela konstrukcije s podrobnejsim rac¢unskim modelom za lupine. S tem zdruzimo pozi-
tivne lastnosti obeh racunskih modelov, t.j. robustnost in ucinkovitost konénih elementov
za nosilce, s katerimi modeliramo celotno konstrukcijo, ter podroben opis dogajanja na
kriticnih mestih ki ga omogocajo kon¢ni elementi za lupine. Pri slednjem upostevamo
tako geometrijsko kot tudi materialno nelinearnost.

Izpeljava koncnega elementa za nosilce sledi naslednjemu postopku. 7 vpeljavo do-
datnih parametrov o = [, ], ki dolocata skok v osnih pomikih «,, oz. skok v rotaciji
ap na mestu nezveznosti (plasticnega ¢lenka), v Euler-Bernoullijeve kinemati¢ne enacbe

dobimo polje obogatenih deformacij €, ki jih delimo na zvezni € in nezvezni del €
e=€+€ €=Bd+Ga, €e=6,,a,

kjer je B deformacijski operator, ki ga povezujemo z vektorjem vozlisénih pomikov (glej
(6.11)), d,, je Diracova delta, G pa operator vezan na dodatne parametre, ki je dolocen
ob zahtevi, da je konéni element zmozen opisati brezdeformacijsko stanje (glej (6.12) in
(6.13))

G = —BDge.

Da bi zajeli geometrijsko nelinearne efekte, povezane z globalno nestabilnostjo konstrukcij,
uporabimo von Karmanove nastavke (glej (6.18) in (6.19)) za doloc¢itev osnih virtualnih

deformacij 0

= _ S=VK U u,w w,w'’
{56—55 }:{B B B 5d + Goar,

0K 0 BY BY

~~
BVK

kjer je 02" von Karmanova virtualna deformacija, 6% zvezni del virtualne ukrivljenosti,

0d je vektor virtualnih vozlisénih pomikov, da je vektor virtualnih parmetrov nezveznosti,
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komponente deformacijskega operatorja B"% so pa dolocene v (6.20). Ce v princip vir-

tualnega dela vstavimo nastavek za virtualne deformacije, dobimo

I (e)
6Hint,(e) — / 5dT (BVK)T odx + / 5aT(GT0' + (5$d0')d1',
0 0

vV Vv
standardna MKE dodatno

kjer je L'® dolzina elementa e, & = [N, M]” je vektor notranjih sil, N je osna sila, M pa
upogibni moment. Iz izraza "dodatno” dobimo dve dodatni ravnotezni enacbi

150 (e
hg\f;):/o G'Ndz 4ty = 0, ple) — i Gede—l—tM:O,

ki zagotavljata, da sta osna sila v nezveznosti ¢, in upogibni moment v nezveznosti ty; v
ravnotezju z napetostnim stanjem v kon¢nem elementu. Osnovni gradniki konstitutivnega

modela so:
e Aditivni razcep celotnih deformacij € na elasticne €° in plasticne €’
e=¢+¢e, €=r, &=[7r,
e pri cemer plasticnost omejimo samo na upogibni del

E=E=¢, =0 < =0, a,=0.

e Predpostavka, da je prosta energija zvezne snov sestavljena iz deformacijske energije

elasticnih deformacij W (€°) in ¢lena zaradi izotropnega utrjevanja Z(€)

(e 8) = W (&) +5() = ye 7O + JE

kjer je C = DIAG[EA,FEI], E je elasticni modul, A je povrSina preénega pre-
reza, I je vztrajnostni moment prereza, £ > 0 je parameter povezan z utrjevanjem

materiala, K > 0 pa linearni modul utrjevanja.

e Funkcija tecenja za zvezno snov

¢(M,q) = |M| - (M, —7q) <0,

kjer je M, > 0 upogibni moment na meji tecenja, ¢ pa upogibnemu momentu

podobna koli¢ina povezana z linearnim utrjevanjem materiala.
e Kriterij zacetka nezveznosti

kjer je M, > 0 upogibna nosilnost prereza, ¢ pa upogibnemu momentu podobna

koli¢ina povezana z mehcanjem.
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e Potencial, povezan z mehcanjem

kjer je K < 0 linearni modul mehc¢anja, E pa koli¢ina, ki opiSe mehcanje.

Preostale sestavine za elastoplasti¢ni odziv materiala dolo¢imo z upostevanjem plasti¢ne
disipacije

D’ = MF" +€,
ter principa maksimalne plasticne disipacije, ki ga zapisemo kot

min max [ZP(M, 7,7) = —EP(M, q) +79(M, G)] )

Mg 5

kjer je 7 Lagrangev mnozitelj. Podobno definiramo tudi plasti¢no disipacijo na nezveznosti

— —p _=

ter tudi tu upostevamo princip maksimalne plasti¢ne disipacije

. =4 = = =P = = =
?’llI:l mf“X L (tM7 q, ’y) =-D (tMa Q) + fygb(tMa q) )
M9 ¥y
kjer je ﬁ Lagrangev mnozitelj.
Materialno nelinearni odziv konénega elementa za nosilce, je dolocen s parametri: M,
Ky, M, in K. Upogibni moment, ki oznanja zacetek materialno nelinearnega odziva, je
dolo¢en z momentom, ki povzroci plastifikacijo najbolj obremenjenaga vlakna v pre¢nem

prerezu in je odvisen od nivoja osne sile

N

M, (N)=Wao,(1 - Aay>’

kjer je W upogibna odpornost prereza. Da dobimo ustrezne vrednosti za preostale tri
parametre, se obrnemo na modeliranje dela konstrukcije s podrobnejsim modelom, ki
v naSem primeru sloni na geometrijsko in materialno nelinearnih konc¢nih elementih za
lupine. Maksimalna upogibna nosilnost nosilca M, je tako dolo¢ena z maksimalno nosil-

nostjo, ki smo jo zabelezili pri analizi z lupinastimi konénimi elementi M/ (N)
M, (N) = M (N).

Ta vrednost nam tudi pomaga, da v rezultatih lupinastega modela lo¢imo med rezimom
utrjevanja in rezimom mehcanja, do katerega lahko pride zaradi odpovedi materiala

(mehé¢anja) ali pa lokalne geometrijske nestabilnosti (uklona). Nadalje predpostavimo,
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da mora biti plasticno delo (glej (6.53) in (6.54)), ki ga opravi model nosilca, enako
plasticnemu delu, ki ga opravi model lupine. Ker pa plasticno delo poteka v dveh rezimih
(utrjevanje in mehcanje), zagotovimo, da je tudi v posameznem rezimu plasti¢no delo pri

obeh modelih enako

B () =27 (), BT ) =BT (V).
kjer je EW’ plasticno delo pri utrjevanju za model z nosilci, v plasticno delo pri
utrjevanju za model z lupinami, EWP plasti¢no delo pri meh¢anju za model z nosilci ter
Eﬁpm‘ plasti¢no delo pri mehéanju za model z lupinami. Ce upostevamo, da so vsi
precni prerezi v vzorcu dolzine L™/ pod (priblizno) enakim napetostnim stanjem, dobimo

naslednji izraz za modul utrjevanja

i, () = M (V) — M, (V)L™
' 25T (N)

Nasprotno pa v primeru mehcanja upostevamo, da se vse zgodi le v enem prerezu in tako
dobim modul mehc¢anja kot
M; (N)

—p,ref ?

2EW " (N)

|Ks (N)| = K, <0.

Resevanje se izvede v casovnih korakih, racunski postopek pa je razdeljen na lokalni in
na globalni del. V lokalnem delu na koncu tipi¢nega ¢asovnega koraka [t,,, t, 1] dolo¢imo

nove vrednosti spremenljivk povezanih z utrjevanjem materiala z resitvijo enacbe
i 1) —pip (=t = -
¢ (anH(dnH( )7 ﬁfl (”er)ﬂ)) Q(£n+1(7np+1>)) =¢ (Y1) =0,

kjer je ip = 1,2,3 indeks integracijske tocke, i Stevec globalne iteracijske sheme, 7211
pa plasti¢ni mnozitelj povezan z utrjevanjem. Spremenljivke, povezane z mehcanjem, pa

doloc¢imo z resitvijo naslednje enacbe

=€), (o e —(e) — =) —e =(©) —(e)
o () (@GN, T TN =0 G =0,

kjer je i(fil plasti¢ni mnozitelj povezan z mehéanjem. Upogibni moment na nezveznosti

dolo¢imo z uporabo dodatne ravnotezne enacbe

s == [ GG M, R 0f)

V globalni fazi dolo¢imo popravke Adne}rlZ Y za trenutne vrednosti vozligénih pomikov

400 = a4 )
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Prispevek enega koncnega elementa k sistemu globalnih enach je

e a (@) (e),(?) ext,(e int,(e),(7
K K’ Ad, "\ (e - o0
KM ha ( %(i 0 ’

n+1

kjer so K@, K/* K" in K" podmatrike tangentne matrike konénega elementa (glej
(6.82)), fol(e)’(i) so notranje vozliscne sile (glej (6.25)), ff;f:’l(e) pa zunanja vozliséna
obtezba. S pomocjo staticne kondenzacije pridemo do tangentne matrike koncnega el-
ementa ‘ .
RN = B aclal? (1100 g

ki je povsem enake oblike kot v standardni metodi kon¢énih elementov, zato je globalni
sistem reSevanja nespremenjen. V prvem numeri¢nem primeru v razdelku 6.5 je prikazan
izracun s koncénimi elementi za lupine in z rezultati tega izracuna smo dolocili bilinearno

aproksimacijo za upogibno nosilnost

MerO(1.03 4 0.855) if N < —0.035N,,

_ agref _
M, (N)=M;“(N) = { Mredo if N> —0.035N, ’

medtem ko smo za modula utrjevanja in mehc¢anja upostevali kar konstantni vrednosti
Ky(N) =1.06-10" kN/em®, K (N) = —3.28-10° kN/cm”,

kjer z M]ff ozna¢imo aproksimirano funkcijo na osnovi analize z lupinami, M0 je
upogibna nosilnost prereza dolo¢ena pri analizi z lupinami pri ni¢ni vrednosti osne sile in
N, = Ao,. Materialni parametri doloceni pri analizi z lupinami so bili nato uporabljeni
v vseh nadaljnih numeri¢nih primerih z uporabo konénih elementov za nosilce.
Predstavljen pristop spada v kategorijo simulacij na ve¢ nivojih (angl. ”multi-scale”),
kjer najprej izvedemo izrac¢un na podrobnejSem modelu in dobljene rezultate nato nesemo
v bolj robustni makro model. Rezultati analize z lupinami, kjer so upostevane tako
materialne kot tudi geometrijske nelinearnosti, so tako shranjeni in upostevani v modelu za
nosilce. Ena glavnih lastnosti tega pristopa je avtomatsko zaznavanje in razvoj plasti¢nih
¢lenkov (nezveznosti), ki se pojavijo postopoma, v skladu s prerazporeditvijo obremenitev
tekom nelinearne analize. Pri mnogih standardnih postopkih za rac¢un t.i. ”push-over”

analiz je namre¢ potrebno vnaprej dolociti kriticna mesta ter njihov odziv.

Porusna analiza z ravninskimi kon¢énimi elementi

V sedmem poglavju obravnavamo druzino Stirivozlisénih elastoplasticnih ravninskih el-
ementov z vgrajeno nezveznostjo. Izdelava ucinkovitih stirivozlisénih konénih elemen-

tov z vgrajeno nezveznostjo, ki niso podvrzeni blokiranju, je mnogo bolj zahtevna (glej
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npr. [Linder and Armero, 2007] in [Manzoli and Shing, 2006]), kot pa v primeru trikot-
nih elementov, ki so sposobni opisati zgolj konstantno napetostno stanje. Morda je tu
potrebno iskati vzrok, da je bila do sedaj vecina raziskav povezanih z vklju¢evanjem
nezveznosti v ravninske koncne elemente izvedena ravno s trikotnimi elementi, glej npr.
[Sancho et al., 2007], [Ibrahimbegovic and Brancherie, 2003], [Brancherie and Ibrahimbe-
govic, 2008], [Mosler, 2005], [Jirasek and Zimmermann, 2001]. Kinematika discontinuitete
omogoca linearna skoke tako v smeri normale kot tudi v smeri tangente nezveznosti.

S predstavljenim kon¢nim elementom lahko analiziramo natezno porusitev ravninskih
betonskih vzorcev s pripadajoc¢im Sirjenjem razpoke. Ista formulacija se lahko uporabi
tudi za analizo porusitve duktilnih materialov, pri katerih pride do pojava striznih pasov
in tudi za analizo delaminacije pri kompozitnih materialih.

Izpeljava koncnega elementa, ki je predstavljen v sedmem poglavju, sledi naslednjemu
postopku. Z vpeljavo stirih dodatnih parametrov (oo, ain1, Qumo In Qi1 ), povezanih s kine-
matiko nezveznosti, v izoparametri¢ni ravninski kon¢ni element, pridemo do obogatenega
polja pomikov

4
u(€,T°) = ZNa(é)da + Z M 04 (€, 1) mode, mode € (n0,nl,m0, ml),

a=1 mode
N NG

J/ J/

g g

h
ult ul

kjer povezujeme dodatne parametere z eno od naslednjih oblik obnaSanja nezveznosti
e "n0” - konstaten skok pomikov v smeri normale nezveznosti,
e "nl” - linearen skok pomikov v smeri normale nezveznosti,
e "m0” - konstaten skok pomikov v smeri tangente nezveznosti,
e "ml” - linearen skok pomikov v smeri tangente nezveznosti.

S h oznac¢imo diskretno aproksimirano kolicino, & = [¢,n]T € [—1,1] x [—1,1] je brezdi-
menzionalana koordinata znotraj elementa, z I'* oznacimo nezveznost znotraj elementa e,
a=1,2,3,4 je indeks vozlisca, N, je interpolacijska funkcija (glej (7.2)), dy = [ug, uy)T so
vozligéni pomiki, M,,eq je interpolacijska matrika povezana s parametri nezveznosti, z u/
oznac¢imo del polja pomikov, ki izhaja iz interpolacije vozlisénih vrednosti, z u” pa del,
ki izhaja iz parametrov nezveznosti. S preucevanjem togih pomikov obmoéji Q¢ in Q¢+
(Qf = Qe UQT), ki sta loceni z nezveznostjo I'® (glej sliko 7.2 ), dolo¢imo interpolacijske

matrike povezane s parametri nezveznosti kot

—h —h
Upode — u’d,mode

Mmode =

— )
Amode
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kjer sta @’ . in ﬁz,mode dolocena v (7.4), @mode Pa je vrednost togega pomika na nezveznosti.

Polje obogatenih deformacij dobimo s simetri¢nim gradientom polja pomikov

4
€ = Z Bada + Gnoan() + Gnlanl + Gmoamo + Gmlamla

a=1
kjer je B, deformacijski operator povezan z vozlis¢tnimi pomiki (glej (7.24)), Gno, G,
G0 in G,,,1 pa so deformacijski operatorji, ki so povezani s kinematiko nezveznosti (glej
(7.25)-(7.28)). Upostevamo, da se virtualne deformacije znotraj kon¢énega elementa inter-

polirajo kot
4
€= Z Bada + GnOan + Gnl&nl + C;"mOdmO + Gmld/mla
a=1

kjer so d,, vozliséni virtualni pomiki, &g, Gn1, Gmo I Ay, 80 Virtualni parametri nezveznosti
ter G,o, Gp1, G in G,,1 operatorji, ki jih dolo¢imo kot

N 1
Gmode - Gmode - GmodedQ>
AQe Qe

da zagotovimo konvergenco v smislu t.i. ”patch” testa. Ce v princip virtualnega dela

vstavimo izraz za virtualne deformacije, dobimo

STIH(e) = (@) / el odO

4

= 3 / d, BTod+

€
a=1
N

~
standardna MKE

AT AT AT AT
£t / oG, 00 + 0G0 + 0o G000 + 01 G, odSD,

(& J/

~
dodatno

kjer je t©) debelina elementa in o = [0, 0y, 0zy)T vektor komponent napetosti. 1z izraza
"dodatno”, ki se pojavi v principu virtualnega dela, tako dobimo stiri dodatne ravnotezne
enacbe (glej (7.46)-(7.49))

s o
(e) _ p0° re hnl hnl —
h h* +h P + nte 0,
P T

ki zagotavljajo, da je vektor napetosti na nezveznosti t = [t,,, t,,]7, kjer je t,, komponenta
napetosti v smeri normale nazveznosti in ¢,, komponenta napetosti v smeri tangente
nazveznosti, v ravnotezju z napetostnim stanjem v elementu. Osnovni gradniki material-

nega modela za zvezno snov, kakor tudi za nezveznost so:
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e Razcep celotnih (zveznih) deformacij € na elasticni € in plasti¢ni €’ del
€e=¢€+¢.

e Predpostavka, da je prosta energija zvezne snov sestavljena iz deformacijske energije

elasticnih deformacij W (€°) in ¢lena zaradi izotropnega utrjevanja Z(€)

kjer je C matrika elasti¢nih konstant (glej (7.54)), € > 0 pa parameter povezan z

utrjevanjem materiala.

e Funkcija teCenja za zvezno snov

_\2
5(0'75) = O-TAO- - (1 - i) S 07

Oy
kjer je A matrika konstant, s katerimi opisemo izotropno plasti¢nost pri ravninskih
problemih (glej (7.56)), o, je napetost na meji te¢enja pri enoosnem preizkusu, g pa

napetosti podoben parameter povezan z izotropnim utrjevanjem.

o Kohezijski zakon na nezveznosti zapisan s skoki v pomikih na nezveznosti w =
g = T
[T, U]

t =t(u),
ki ga lahko zapiSemo tudi s kriterijem zacetka nezveznosti

6 =0(t,7) <0,

in potencialom povezanim z meh¢anjem materiala

(11|

(£),
kjer je E koli¢ina, ki opiSe mehcanje.
Preostale sestavine za elastoplasti¢ni odziv materiala dolo¢imo z upostevanjem plasti¢ne
disipacije
D’ =oTe + GE,

ter principa maksimalne plasticne disipacije, ki ga zapisemo kot

min max W(a,@,ﬁ) =-D"(a,7) +76(0,79)] ,

o.q y
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kjer je 7 Lagrangev mnozitelj. Podobno definiramo tudi plasti¢no disipacijo na nezveznosti
— —p - =
D=D =t'u+¢,

ter tudi tu upostevamo princip maksimalne plasticne disipacije

. =P = = =P = = =

min max [L (t.q,7) = —D (t,9) +7¢(t, Q)] ,
tq 5

kjer je 5 Lagrangev mnozitelj. ReSevanje se izvede v casovnih korakih, racunski postopek

pa je razdeljen na lokalni in na globalni del. V lokalnem delu na koncu tipi¢nega ¢asovnega

koraka [7,, T,41], ¢e ni ze doloCeno, najprej, z upostevanjem povprecnega napetostnega

stanja v kon¢nem elementu, dolo¢imo geometrijo nezveznosti
— avg(d(e) —p,bip) _ avg d(e) —p,bip
n=nlo i 1s €D , m=m|(oc"(d, ,,e")), zrg,

kjer je m normala nezveznosti, m tangenta nezveznosti, o*¥ povprecna napetost v ele-
mentu, doloena na osnovi napetostnega stanja v integracijskih tockah bip = 1,2, 3,4, ter
zrp konéna tocka nezveznosti v elementu (glej sliko 7.4). Nove vrednosti spremenljivk
za mehcanje materiala ter skokov v pomikih v dveh integracijskih tockah nezveznosti,

dolo¢imo s hkratnim resevanjem naslednjih enacb

=1 o) (=1 =2 = (= —1 =l =
¢ (trlLJrl (a’flll <7n+177n+1)> » q (gnJrl <7n+1)>) = ¢ < n+177n+1> = 07
=2 e =1 =2 = =2 =2 =2 =1 =2
¢ (tiﬂ (0‘51411 (7n+1a7n+1)> 4 (5n+1 (’Yn+1)>) =0 <7n+17’7n+1> =0,

kjer z indeksom 1 opiSemo koli¢ino, ki se nanasa na prvo integracijsko tocko, z indeksom 2
opisemo koli¢ino, ki se nanasa na drugo integracijsko tocko, ﬁ,ll 41 in ﬁi 41 Pa sta plasticna
mnozitelja povezana z mehcanjem. Upostevali smo naslednje zveze med skoki v pomikih

v integracijskih tockah nezveznosti ter kinemati¢nimi parametri nezveznosti

T
=1 =2 =1 =2 =1 =2 =1 =2
U, +u, U, — U, U, +U, U, —U,

2 Y

G-g 2 g-a

kjer sta &L in €2 koordinati integracijskih tock na nezveznosti (glej (7.80)). Pri izratunu

a@ @) =

napetosti v integracijskih tockah nezveznosti smo eksplicitno uporabili dodatne ravnotezne

enacbe
h% (U(dfzelugﬁ’bip:a;ell)) + R (b1 tog) =0 = o, t2 .

V lokalni fazi dolo¢imo tudi nove vrednosti spremenljivk v integracijskih tockah elementa,

ki so povezane z utrjevanjem materiala, z resitvijo naslednje enacbe

<, _bi e),(1) —p,bip /—bi _ b _bi —bip ,__p;
&7 (o (dPD @y ) g€ () = 6 T (7R = 0,
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kjer je ¢ Stevec globalne iteracijske sheme, 72211 pa plastiéni mnozitelj povezan z utrje-

vanjem. V globalni fazi dolo¢imo popravke Adffl’l(i_l) za trenutne vrednosti vozliscnih

pomikov
e),(i e),(i—1 e),(i—1

Prispevek enega koncnega elementa k sistemu globalnih enach je

K®© KT (@) Adifj-’l(i) fe:jf,l(e) . fini,l(e)(i)
[ Khd Kha :| Aa(e),(i) = ( 0 > )

n+1 n+1

kjer so K, K/ K" in K" podmatrike tangentne matrike konénega elementa (glej
(7.104)), 490 5o notranje vozlisine sile (glej (7.44)), £<4' pa zunanja vozliséna
obtezba. S pomocjo staticne kondenzacije pridemo do tangentne matrike konc¢nega ele-
menta 4 .

RO =Kl e (s) w
ki je povsem enake oblike kot v standardni metodi kon¢nih elementov in je s tem globalni
sistem resevanja nespremenjen.

V razdelku 7.4 so prikazani numeriéni primeri, kjer analiziramo dvodimenzionalne
betonske vzorce, delaminacijo kompozitnih materialov ter porusitev duktilnih materialov.
Element omogoca opis linearnih skokov pomikov tako v smeri tangente kot tudi normale.
Da je postal postopek Sirjenja razpoke bolj robusten, smo povezali nezveznosti med dvema

sosednjima elementoma.

Zakljucki

Namen dela je poglobitev znanja o obnasanju konstrukcij v okolici mejne nosilnosti, ter
pri obremenitvah, ki povzroc¢ijo porusitev konstrukcije, z uporabo numeri¢nih metod, kot
je na primer metoda konc¢nih elementov z vklju¢enimi nezveznostmi. V disertaciji smo se
osredotocali predvsem na modeliranje materialnih nelinearnosti in na modeliranje lokalne
porusitve materiala v kontekstu omenjene numeri¢ne metode.

V raziskovalnem delu, ki je predstavljeno, smo izvedli naslednja dela in prisli do nasled-

njih ugotovitev:

e Izpeljali in sprogramirali smo nelinearno elasticen koncni element za ra¢un mejne
obtezbe plosc, ki je definiran z rezultantami, njegovo delovanje smo pa preverili
z racunskimi primeri. Upostevali priporocila Evrokoda 2 [Eurocode 2, 2004] za
opis konstitutivnih zvez armiranega betona. Rezultati racunskih primerov se dobro
ujemajo z razpolozljivimi eksperimentalnimi rezultati (ki so na voljo v strokovni

literaturi) za tiste plosce, kjer se je obtezba monotono povecevala vse do porusitve.
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Bistvo uporabljene analize je, da uposteva postopno degradacijo armiranega betona
zaradi razpokanja betona in zaradi plastifikacije armature. Ceprav analiza temelji na
nelinearni metodi konénih elementov, je razmeroma preprosta in robustna. Pred-
nost prikazanega pristopa, glede na precej uporabljano teorijo plasti¢nih linij, je
informacija o velikosti pomikov pri dosezeni mejni nosilnosti, ki je lahko zanimiva

za Studij mejnega stanja uporabnosti.

Izpeljali smo elastoplasti¢no in elastoviskoplasticno formulacijo za plosce in ju, z
novim algoritmom, ki hkrati zajame obe neelasti¢ni formulaciji, vgradili v konéni
element za Reissner-Mindlinove plosce. Obe formulaciji sta definirani z rezultantami
napetosti in upostevata tako izotropno kot tudi kinemati¢no utrjevanje materiala.
Konéni element smo preverili z rac¢unskimi primeri, kjer smo rezultate nase formu-
lacije primerjali s formulacijo, ki je dolo¢ena na nivoju napetosti in s formulacijo z
rezultantami napetosti, ki uposteva postopno plastifikacijo v smeri debeline plosce.
Ugotovili smo, da ima gostota mreze konénih elementov vecji vpliv na nivo mejne

obtezbe, kot pa izbira same formulacije.

Izpeljali smo geometrijsko in materialno nelinearno (elastoplasticno) formulacijo za
geometrijsko tocne lupine, ki vsebuje tako izotropno kot tudi kinemati¢no utrjevanje
in je doloc¢ena z rezultantami nepetosti. Razvili smo tudi algoritem za elastoplasticne
lupine z rezultantami napetosti, ki vsebuje dve funkciji tecenja. V obstojeci ge-
ometrijsko tocni konéni element za lupine smo vgradili neelasti¢ni materialni model
s pripadajoCimi novimi algoritmi in ga preverili z racunskimi primeri. Primer-
java rezultatov nase formulacije z rezultati iz literature kaze dobro ujemanje. Pri
racunskem primeru v razdelku 4.4.1, smo imeli nekaj tezav s konvergenco plasticne
zanke, ki najverjetneje nastane zaradi velikih skokov med dvemi ravnoteznimi kon-
figuracijami, zaradi pojava lokalnih uklonov. Z uporabo boljsega pristopa za sle-
denje obtezne poti bi se problemom s konvergenco izognili. V razdelku 4.4.3 smo
na primeru jeklene plosce primerjali elastoplasticno formulacijo za lupine z elasto-
plasticno formulacijo za plosce, ki je predstavljena v tretjem poglavju. Ugotovili

smo, da so lahko geometrijsko nelinearni efekti pri analizi tankih plosé zelo veliki.

Izpeljali in sprogramirali smo elastoplasticno formulacijo z vklju¢enimi nezveznostmi
za analizo ravninskih nosilcev. Formulacija je izpeljana na osnovi Euler-Bernoullijeve
teorije nosilcev in vsebuje tako utrjevanje materiala kot tudi njegovo lokalno meh¢anje.
Izpeljan je tudi postopek zaporednega racuna na ve¢ nivojih, s katerim dolo¢imo
konstitutivne parametre za nosilce. 7 rezultati analize, ki je izvedena s konénimi

elementi za lupine, zajamemo materialne in geometrijske nelinearnosti, vklju¢no z
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lokalnimi efekti. Te rezultate shranimo in jih uporabimo pri analizi s kon¢nimi ele-
menti za nosilce. Z numeri¢nimi testi smo ugotovili dobro delovanje predstavljenega
pristopa. Ena glavnih lastnosti tega pristopa je avtomatsko zaznavanje in razvoj
plasti¢nih ¢lenkov (nezveznosti), ki se pojavljajo postopoma v skladu s prerazpored-
itvijo obremenitev tekom nelinearne analize. Pri analizi ravninskih okvirjev se je
izkazalo, da lahko velikost obteznega koraka vpliva na resitev v obmocju mehcanja
konstrukcije. Ce je korak prevelik, se lahko nezveznosti naenkrat pojavijo na veé
mestih, kar lahko privede do problemov s konvergenco ali pa je posledica prevelikih
korakov neka nova ravnotezna lega, ki je drugacna od tiste, ki bi jo dobili z manjsim
korakom. Tako smo pri racunskih primerih uporabili tako velikost koraka, da je
v enem obteznem koraku nastala kvecjemu ena nova nezveznost. Naslednji korak
pri analizi okvirjev bi lahko bil razvoj nove formulacije, kjer bi vec¢nivojska analiza

potekala istoc¢asno.

e Izpeljali smo elastoplasticno formulacijo z vgrajenimi nezveznostmi za analizo ravnin-
skih problemov. Formulacijo smo vgradili v izoparametri¢ni Stirivozliséni koncni
element in ga preverili z racunskimi testi. Pri opisu kinematike nezveznosti smo
upostevali linearne skoke v pomikih, tako v smeri tangente kot tudi normale nezve-
znosti. V prvih razli¢icah formulacije se je lahko nezveznost pojavila v kateremkoli
kon¢éneme elementu, ce je tako narekovalo napetostno stanje v njem. Tak pristop je
privedel do problemov pri konvergenci ali pa je zaradi razli¢no orientiranih nezveznosti
v sosednjih elementih prislo do pretogega odziva. Da je postal postopek Sirjenja
razpoke bolj robusten, smo povezali nezveznost med dvema sosednjima elementoma.
Primerjava rezultatov nase formulacije pri analizi porusitve betonskih vzorcev ter
analizi delaminacije kompozitnih materialov kaze dobro ujemanje z rezultati iz lit-
erature. Na primeru analize elastoplasti¢nega vzorca z duktilno porusitvijo smo z
razlicnimi gostotami mrez pokazali, da je rezultat neodvisen od mreze koncnih el-
ementov. Konvergenca predstavljenega pristopa je zelo odvisna od obravnavanega
problema. Analize z enim kon¢nim elementom delujejo brez tezav, medtem ko je pri
analizi bolj kompliciranih konstrukcij vcéasih potrebna intervencija in je potrebno
spremeniti dolzino obteznega koraka, da pridemo do uravnotezene konfiguracije.
Zaenkrat obstaja Se odprto vprasanje, kako narediti racunski postopek Se bolj ro-
busten. Pri racunskem primeru v razdelku 7.4.4 smo imeli tezave z dolocitvijo
pravilne smeri Sirjenja nezveznosti. Temu problemu bi se lahko izognili z razvojem
formulacije, ki bi za kriterij smeri Sirjenja nezveznosti, upostevala napetostno stanje
v §irSi okolici elementa in ne le v enem elementu. 7 manjsimi spremembami Ze

obstojece formulacije, pa bi dobili orodje, ki bi bilo primerno za analizo drsin pri
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zemljinah.

e Vsi, v tej disertaciji predstavljeni konéni elementi, so bili pripravljeni v programskem
okolju AceGen [Korele, 2007b]. Vsa testiranja konénih elementov so bila izvedena v
programskem okolju AceFem [Korelc, 2007a]. Obe programski okolji sta se izkazali
za vsestranski orodji, ki omogocata hitro ”proizvodnjo” in testiranje novih formulacij

konénih elementov.
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