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Abstract

We construct face two-colourable triangulations of the graph 2K, in an orientable sur-
face; equivalently biembeddings of two twofold triple systems of order n, for all n =
16 or 28 (mod 48). The biembeddings come from index 1 current graphs lifted under a
group Z,, /4 x Ky.
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1 Introduction

A complete graph K, has a triangulation in an orientable surface if and only if n =
0,3,4 or 7 (mod 12), [5]. In such a triangulation the number of faces around each ver-
texisn — 1, and so if n — 1 is even, i.e. n = 3 or 7 (mod 12), it may be possible to colour
each face using one of two colours, say black or white, so that no two faces of the same
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colour are adjacent. In such a case we say that the triangulation is (properly) face two-
colourable. In this case the set of faces of each colour class forms a Steiner triple system of
order n, STS(n) for short, i.e. a collection of triples which have the property that every pair
is contained in precisely one triple. We say that the two STS(n)s are biembedded in the (ori-
entable) surface. An obvious question therefore is whether, for each n = 3 or 7 (mod 12),
there is a biembedding of some pair of STS(n)s in an orientable surface. The answer is in
the affirmative; the case n = 3 (mod 12) is dealt with in [5] and the case n = 7 (mod 12)
in [6].

In [2] an extension of the above was considered. The necessary condition for the graph
2K,, i.e. the graph on n vertices with each pair of vertices joined by two edges, to have a
triangular embedding in an orientable surface is n = 0 or 4 (mod 6). Such triangulations
may be face two-colourable, in which case each colour class forms a twofold triple sys-
tem of order n, TTS(n) for short, i.e. a collection of triples which have the property that
every pair is contained in precisely two triples. Again we say that the two TTS(n)s are
biembedded in the (orientable) surface. For such biembeddings to admit a cyclic automor-
phism it is necessary and sufficient that n = 4 (mod 12) [2] and a complete solution was
provided in that paper. However the method is rather complex. In this paper, for the case
n = 28 (mod 48), we give a much simpler construction based on cyclic biembeddings of
Steiner triple systems of order 12m + 7, m > 0. These were found by Youngs [6] and
index 1 current graphs corresponding to these solutions are readily accessible. They can be
found in [3]. The biembeddings of the TTS(n)s which we obtain from these biembeddings
of Youngs however are not cyclic; they have an automorphism group Z2,,+7 X K4 where
Ky is the Klein 4-group.

Further we extend our method to find new biembeddings of TTS(n)s for n =
16 (mod 48); these have an automorphism group Zj2,,+4 X Ky4. Finally iterating this latter
process we obtain biembeddings of twofold triple systems of order 4°(12m + 4) with an
automorphism group Zig,+4 X (K4)%, s> 1, m > 0.

We will also construct our biembeddings from index 1 current graphs lifted under the
appropriate current group G of order g. These will satisfy the following properties, which
are sufficient to construct a biembedding of a pair of TTS(n)s in an orientable surface, [5],

(4], [3].
(1) Each vertex has degree 3.

(ii) Each edge is assigned a current from the set G \ {0} so that each current appears
exactly once. Note that a current of ¢ in one direction is equivalent to a current of —
in the opposite direction.

(iii) At each vertex, the sum of the directed currents is the identity (Kirchoff’s current
law, KCL).

(iv) The directions (clockwise or anticlockwise) assigned to each vertex are such that a
complete circuit is formed, that is, one in which every edge of the graph is traversed
in each direction exactly once.

(v) The graph is bipartite.
Hence, such a current graph has 2(g — 1)/3 vertices and g — 1 edges. We use a Mobius

ladder graph with (g — 1)/3 “rungs”. Set u := (g — 1)/3. The formal definition of
such a graph is as follows. The vertex set is {z;,y; | 0 < ¢ < u — 1} and the edge

setis {{zs,yi }, {@i, zit1 } {wi, vir1} | 0 <@ < u—2} U {{zu1,%u-1}, {Z0, Yu—1},
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Figure 1: A Mobius ladder graph

{Zu—1,Y0}}. In order to obtain a complete circuit, vertices x;, 0 < i < u — 1, and y,,—1
are assigned a clockwise direction and the vertices y;, 0 < ¢ < u — 2, an anticlockwise
direction.

In this paper we represent these graphs as shown in Figure 1, where the directions of
rotation are not indicated but implicit as defined above.

We build the Mobius ladder graphs with currents assigned to the edges, so that Con-
ditions (ii) and (iii) are met, from gadgets, i.e. edge labelled subgraphs which we link
together by concatenation; we will define the linking of two gadgets D; followed by D
by D : D5 and the sequential linking of k gadgets by [D; :]1<i<k.

For ease of notation we will label the elements of K4 as x, y, z and 0, such that

Hence, the identity element in the group Z,, x K4 is (0, 0).

2 The case n = 28 (mod 48)

Letv = n/4 = 12m + 7, m > 0. From [6] there exists a Mobius ladder graph that lifts
under Z, to yield a biembedding of a pair of STS(v)s. Let £ be such a graph.

We begin by labelling Figure 1 as follows, z; = v;, ¥; = Vito2m+1, 0 < @ < 2m.
Thus the bipartition of £ consists of the sets of even-indexed and odd-indexed vertices
respectively.

Vo U1 V2 V24 V2i+1 V2i+2
A e o o e o o
bo as a2i+2
Cco Com+4-2 &) C2i+2m+2 C2i42
A2m 2 bQ'm+2 b2i+2'm+2
B o o o e o o
V2m+1 V2m+2 V2m+3 V2i+2m+1 V2i+2m+2 V2i+2m+3

V2m—2 Vo2m—1 V2m

Vgm—1 Vam Vgm+1

Figure 2: Vertex and edge labels of L.



270 Ars Math. Contemp. 8 (2015) 267-273

Noting that by replacing a directed edge label by its inverse in the opposite direction,
we can arrange the directed edge labels so that they point in to even-indexed vertices and
out of odd-indexed vertices. Thus the directed edge labels will be taken to be as shown in

Figure 2.
As L satisfies Kirchoff’s current law we have the following equations.
a; +b;+c¢ = O(mod 12m—|—7), 2.1)
;42 + bZ + Ci+2m+2 = 0 (mod 12m + 7) (22)

We will require the following gadgets where indices are taken modulo 4m + 2:

X
(ao,0)  (bo,0)  (ag,z) (ao,2) (c0,0)  (bo,0) (0,2)  (co,2) (bo,z) (az,y)

(cam+2,2)

(bo,y)  (a0,2) (ao,x) (co,y) (bo,y) (0,2)  (co,®)  (bo,2)
Y,
(bi,y)  (ai,2)  (biyz)  (ay)  (biy)  (ai,2)  (bi,®)  (@ite,y)

(Ci+2m+2-, Z)

(ai,O) (bl()) (all) (l),’,Z) (ai,O) (bLO) (ai,x) (bz,Z)

Equations (1.1), (2.1) and (2.2) verify that the gadgets X and, for 1 < j < 2m, Yy;
satisfy KCL. Now consider the Mobius ladder graph X : [Y2; :]1<j<2m. Equations (1.1),
(2.1) and (2.2) verify that this graph also satisfies KCL.

Hence, we can lift under the group Z2,,,+7 xK4. Thus, we can construct a biembedding
of a pair of TTS(48m + 28)s, m > 0, with Zy9,,,17 X K4 as an automorphism group.

We conclude this section by giving two examples.

Example 2.1. Let m = 0, v = 7 and n = 28.
A Mobius ladder graph £, which yields the well known toroidal biembedding of a pair
of STS(7)s,has ag = 1, bg = 2 and ¢y = —3, i.e.

In this case our construction gives just the gadget X, labelled as follows.

(170) (270) (1,.7}) (172) (73#0) (2%0) (va) (733 Z) (2337) (Ly)

(1,'}/) (27y) (LZ) (137) (73':[/) (2,:[/) (O~Z) (73117) (272) (10)
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Example 2.2. Letm = 1, v = 19 and n = 76.
A Mobius ladder graph, £, yielding a biembedding of a pair of STS(19), is as follows.

1 w 7 wvi —4 vy =9

A

-9 w3 =2 v 5 wvs 1

Thus (ao, b07 CU) = (17 7, —8), (a27 bg, 02) = (—4, —9, —6) and (CL4, b4, 04) =
(=2, 5, —3). Our construction gives the following Mgbius ladder graph.

(170) (770) (1,LE) (172) (7870) (7 0) (va) (7832) (73 'T) (*47?/)

(17y) (77 y) (lﬁz) (1,1‘) (78711) (77y) (O,Z) (78,$) (77Z) (7470)

(7411/) (79’?/) (747 Z) (797'77) (7471/) (797y) (747'2) (79717) (72731)

(—=4,0) (=9,0) (—4,2) (-9,2) (—=4,0) (-9,0) (—4,2) (-9,2) (-2,0)

(7273/) (5’y) (7272) (51‘) (7273/) (5,@/) (727 Z) (51) (Ly)

(—2,0) (5,0)  (—2,2) (5,2)  (-2,0) (5,0)  (—2,2) (5,2) (1,0)

3 The case n = 16 (mod 48)

Letv =n/4 = 12m + 4, m > 0. In [2] a Mébius ladder graph £ based on the Colbourn
and Colbourn difference triples, [1], on the set Z12,,+4 \ {0} was constructed. In that paper
the ladders were lifted under the cyclic group Zj2,,+4 to yield a biembedding of a pair of

TTS(v)s. Similarly to Section 2 label the vertices and edges of L as follows (taking indices
modulo 8m + 2):

Vo U1 V2 V24 V2i+1 V2i+2
A e o o e o o
bo as bai @2;+2
Co Com+-2 C2; C2i+4m+2 C2i42
Agm+2 bam 12 @2itam+2 | b2itam+2
B e o o e o o
Vam41 Vam+-2 Vam+3 V2i4+4m+1 V2i+4m+2 V2i4+4m+3
Vam—2 Vam—1 Vam
o o o B
b4m—2 A4m
Cam—2 C8m
asm b8m
o o o A

V8m—1 V8m V8m+1
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where v corresponds to the difference triple 3m + 1, 3m+ 1, 6m + 2. Note that this means
that the vertices with even indices correspond to the Colbourn and Colbourn difference
triples.

Without loss of generality, in £, either ag = ¢ = 3m + 1 and by = 6m + 2 or
ag = bp = 3m + 1 and ¢y = 6m + 2. Both of these cases occur in the Mobius ladder
graphs constructed in [2], depending on the residue class of v modulo 72 and we consider
them separately in Subsections 3.1 and 3.2, respectively.

We will make use of the following gadget where 2 <7 < 8m:

(ai,y) (bi,y) (@, 2) (bi, )

(Citam+2,2)

(bi,0) (ai, ) (bs, 2) (@iy2,0)

Note that in this case, because the initial Mdbius ladder £ yields a biembedding of a pair of
twofold triple systems V;, is simpler than the gadget used in Section 2. In fact it is “half”
that gadget.

As L satisfies Kirchoff’s current law we have the following two equations.

ai+bi+e; = 0(mod12m +4), G.1)
Git2 + b+ Citamya = 0 (mod 12m + 4) 3.2)

These two equations together with Equation (1.1) verify that V; also satisfies KCL.

31 ag=co=3m+1and by =6m+ 2

In this case it follows, from [2], that £ yields the following two equations

(6m + 2) 4+ c4mie + a2 = 0(mod 12m + 4), (3.3)
bsm + Cam + (B3m + 1) 0 (mod 12m + 4). (3.4)

In this case we will require the following gadget:

(ao0,y) (ao,0) (ao,2) (bo, ) (bo, 2) (az,0)

Equations (1.1) and (3.3) verify that 1} satisfies KCL.
As ag = 3m + 1, Equations (1.1), (3.1), (3.2), (3.3) and (3.4) verify that the M&bius
ladder graph Vj : [V} :]i—2;, 1<j<am satisfies KCL.
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32 ag=bg=3m-+1landcg =6m+ 2

In this case it follows, from [2], that £ yields the following two equations

(Bm+1) 4+ camye + a2 = 0(mod 12m + 4), (3.5)
bgm + Cam + (Bm+1) = 0(mod 12m + 4). (3.6)
In this case we require the following gadget:
Vo
(ao,y) (0,2) (co,y) (ao, z)

((:4771+2~, Z)

(ao,y) (ao,0) 0,z) (co,0) (ao, 2) (az,0)

Equations (1.1) and (3.5) verify that Vj satisfies KCL.

As ag = 3m + 1, Equations (1.1), (3.1), (3.2), (3.5) and (3.6) verify that the M&bius
ladder graph Vj : [V; :]i=2;, 1<;<am satisfies KCL.

Thus, we have constructed (Z12,,+4 X K4)-biembeddings of a pair of TTS(48m + 16)s,
m > 0.

Finally note that the gadget V; contains a vertex with currents (3m+1,x), (3m+1, )
and (6m + 2, 0) pointing outwards. Similarly the gadget Vj contains a vertex with currents
(3m+1,2), (3m+1, z) and (6m+2, 0) also pointing outwards. We call this vertex a. Our
constructed Mobius ladder graphs £’ contain just one of these two gadgets. By reversing
the directions on all of the edges of £, labelling the vertex « as vy and the edge with label
(6m + 2,0) as by, and extending in the same manner as above, the construction, using the
gadget Vj, can be reapplied. Repeated application of this process yields (Z12,,+4 X (K4)%)-
biembeddings of a pair of TTS(4°(12m + 4))s, s > 1, m > 0.
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